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Advanced Denoising Algorithms

in Mixed Noise Environments

Sang-Bum Bae

Department of Control and Instrumentation Engineering
The Graduate School

Pukyong National University

Abstract

Noise, which is the main cause of degradation, takes-different forms
depending on its sources and types. Moreover, the-AWGN and Impulse
noise are representative. Therefore, a number of researches to remove
noise and restore the original signal have been processed.

However, the - Fourier transform can' not represent the| local
characteristics of signal since it transforms the whole signal by using a
basis function. The STFT needs to have a proper window size for
signal to analyze' so has limited performance in the analysis for
multiscale signals.

The wavelet transform;. which has been. proposed to overcome
limitations with the Fourier transform-and-STFT, has been applied to a
variety of signal processing fields. In order to remove AWGN by using
wavelets, Donoho and Johnstone proposed threshold-based algorithm. In
the SSNF algorithm, noise was removed by using spatial correlation
among wavelet coefficients in the neighboring scale. Additionally,
UDWT was proposed to improve the noise removal performance of

OWT. However, these existing noise removal algorithms do not have

- viil -



method removing noise mixed complexly.

Therefore, in this thesis, in order to restore signal in complex noise
environment, an algorithm using the inflection point of error distribution
function, an algorithm using distribution characteristics based on the
wavelet approximation coefficients and a noise removal algorithm by
wavelet pair with half-sample delay characteristics were proposed.

In a noise removal algorithm using the inflection point of error
distribution function, first inflection point was established after peak
point from smoothed data for histogram of error function and this
preserves the edge part of signal and removes complex noise part
concurrently.

And a noise removal algorithm using distribution characteristics based
on the wavelet approximation coefficientsuses the average value of
error function and normalized data number. According~to characteristics
of noisy signal the algorithm changed threshold value adaptively and
separated the edge ‘and noise parts.

In a noise removal algorithm by wavelet pair. with half-sample delay
characteristics, the error data was acquired from difference between two
approximation coefficients representing half-sample delay characteristics.
And noise part was removed by applying new threshold value into the
error data.

In order to demonstrate’ the superiority, of proposed~algorithms in this
paper, existing algorithms were ‘compareds by using” SNR as the

judgement criterion for noise removal.
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[ 1ea= 1 (2.30)
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of, 42t AWt - c ViV, C Vo C ol EASHA At ol

.

V.cV,_olmg, 9o MeEzt vV, & stsle] WEIzt Ve o] 39
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V,=V, ®W, W, (2.46)
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Zg ¢ (2.58)
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Fig. 2.7. Wavelet decomposition.

d,

234 dolBa A
ol My that o g, 2 (244)9 oo} o

o] M MEE V9 ol A
o Am o3t WEYH 498 I8V, & BAY 5 gow, 4 37
v,k wielAel (s £ 09 08 A 259 @ A (260)7% o) e

Y A% scale j-1olM 9 s f(#)E 4 (2613 2.
=Y < f(t) )> ¢ (t) (2.59)
=Y <f(t) ) (t) (2.60)
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Fig. 2.8. Up—sampling.
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0, n odd
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Fig. 2.9. Wavelet reconstruction.

2.3.5 Down-sampling

oto] HAH o gRE AsE FE&skal EAst= T4 down-sampling
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,26,
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A7IA, X(—2)= A QTHRAM AT
X(—z)=-+a2"—a z2+a—a_, 2z '+a_,z >+ (2.74)
olm, X(z)oF X(—z)° & 2 (2.75)¢ 2t}
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(2.75)
=2(+ +a, Pa a, 22+ ayta_, 2Vt a,4z74+ )
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A7ZE dolxit

X))+ X(—2)=2Y(:% (2.76)
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2

Y(z)= (2.77)

a2 2 y(n)ol ik o]AkAzE Feldl W3(discrete time Fourier
transform)-> 2] (2.78)3} 7t}
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V() = 2 X)) + X(- 7))
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= X+ X))
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Fig. 2.10. Effect of down-sampling.
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ok olsk o] 4l
X(/@22)e) o8 3 E ), aliasingS FHA7 3, olw] AEE e
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2.3.6 Up-sampling

Up-samplingS 19H 28 % 2] (2.66)°o]4 YEelon oA A5 9
7} sample Abeldl zero(0)E Aste Aol 3] Lo %
(n)= { y Ggy Aoy Ay Gys G_q, (_g, Qs ---}.CLE Eeld
up-sampling y(n)= {---+ay, 0, a, 0, a9, 0, a_y, 0, a—y, 0, ---}2} 3]
Aok 28a ol#HE an)H yn)e z-FFolA o9l 4 (279 % 4
(2.80) .= Lt o}zl T

8

X(i)=-++a 2+ alztata_ 2z ' +Ha 2+ (2.79)
2 1 0 1 2

Y(z)= -'dayzta 2" Fagta, 2 Fa 2+ (2.80)

Sl F 4 W A (266028 B4 (2819 AL Pl

Y(2) =Y yln)z"

(2.81)
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kA A (28Dl gk o] AkAIRE Frefel Weke A (2.82)9F T

4

Y(el?)= X (e/?*) (2.82)
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(b) Frequency spectrum of discrete time-signal (up—sampling)

Fig. 2.11. Effect of up—sampling.
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2.3.7 Haar ¢lo]B.2
Haar flojB 7]ANA = A (2.83)3 e ZAZE HA Jeo
£ scaling 524 4935 tH23].

1, 0<t<1
o(t)= { (2.83)

0, otherwise

ofm A4 jol malA, Teel A @8NE P 2i< t< 2(+1)dA
W f(0)9) Bitgholh,

1 27(1+1)

= f(&)dt (2.84)

2791

gl ¢(t)ol] taiA e 2] (285)F ol &at= Aol 9l A (2.86)

‘ e 0=t< 2/
b(277t)= { (2.85)
0, otherwise
f;0)= Y7 ¢, 0QFt=1) (2.86)
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ol dA= A (2.88)3 £

W,=V,_ 0V, (2.87)

g()(t):f—1<t)_fo(t) (2.88)

Telm A (280)% wol sgldel AATFE FAAD AT

o Hdolg Fal xdET

ot)= p(2t)+ p(2t—1) (2.89)
upebd AR 0< t< 12l g o ()= 2 (290)3 o] e

NAT, ey H ey, A @8HolA AAF jae Adas Aol o

f71(t)zc—1,o ¢(2t)+c_1,1¢(2t_ 1) (2.90)

T

3 FUE Fh0<t<loA I=o0plEZ f ()= A (2859 2
(2.86) 2.2 HE 2] (29D)¥} o] Hr}

folt)=cy o o) (2.91)

2En A @BNRRE o B ey, g 247 obdlel 453

ol glojzit}.

2

1 2°(1+1) I+1

o= flt)dt= f(t)dt (2.92)

’ 20 J o9, I
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1 27'(21+1) 1+1/2
C 1= 1 f)dt = 2/ f(t)dt (2.93)
’ 2 271(21) l
1 27'(21+2) I+1
Coypi41= T f@)dt=2 f(t)dt (2.94)
’ 2 271(21+1) 1+1/2

webd §le] 45z obde] 4 (2959 #AE QEth

1
€17 o (coyort co1oirn) (2.95)

TR A (2994 =09 BF, A (296)3 el dr

00,0:%<C—1,0+ C—1,1) (2.96)

aHEw 4 (283)04 4 (291 2 A (296 25E w4 4 (297)

-

KeX =S
= T«

go() = ¢y 0 0(2t) + c (28 =1)— 6y ()

= c_ |, ZOET) trg_ (T %Cfl.,o(ls(t)_ %C—l,l(f)(t)

=c_1,00(2t) %), 62T 1)_%071,045(2”—%C—l,oﬁﬁ(%_ 1)

(2.97)

—%c_ngb(Qt)— %c,ug{)@t—l)

= %C*I,O p(2t)— %C—l,o p(2t—1)

e 6Ri=1)= ge 1,620
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delm §le) Ae vhgw 2ol thal mdw

g0(t) = %¢<2t)(c—1,o_ R %‘75(275_1)(071,0_ ¢ 1)

(2.98)

1

) (o107 con1)(0(28) = 6(2t—1))

rlo

T o< t< 1o A, g,(t)E A (299)9F o] el A9, 74 F
2] (2.100) 2 A (21013 #Z

90 (t)= d0,0¢<t) (2.99)
1

dy,o= B (C—Lo_ 6—1,1) (2.100)

P(t)= ¢(2t)= ¢p2t—1) (2.101)

olwl 4] (2.101)& Haar dlo]B oA A (2.102) 2 o] A=},

1 0 N 1/2
P(t)=1—1, 1/2<t<1 (2.102)
0, otherwise

o714, g,(t)= Haar dlo]Bale] A Holol] o5 My Ao mA of

dho] At o] FHA

w®)= 3 dy,t—0) (2.103)

|=—o0c0
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1

dy = 5(0—1,21_6—1,%“) (2.104)

919l 4 (2103) 2 4 (210H)% " A5 jol a el

theol 453 gol Al EAWL
g,t)= Y7 d; w2 t—1) (2.105)
|=— o0
1
d;, = D) (cj—l,Zl - Cj—1,21+1) (2.106)

5o 17 2125 4 (2.83)3 2] (2.102)o1 4 A Al E Haar dlo]X 3l 7]
AE Yeida )

¢ (1) y (1)
1

1 172 |1

(a) Scaling function (b) Wavelet
Fig. 2.12. Haar functions.

R | -1

oko]l 2l (295)¢ AUwrsl®E Ao A (2107)3 o] EIHW, o= 2

]
@8DAM S ol ojuF T Mol Foln T AlMe] Higow
EARE TAAFE o nok 9 dAddAe T T 450 FRgon
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1
Cik— §<cj—1.2k+cj—1,2k+1) (2.107)

HORFE, j= scale @S UEHY, ke AE AAS HERT o
714, A (2108)9] dEx S-S zte uAE e F4 ¢ 0 T3

& A, oA =9 gy, v A (2109)9F o] A dTh

(k) = %(5(l~c)+5(l€+ 1) (2.108)
1
Yiie™ o (Cj—l.k+ cj—l.,k—H) (2.109)

whEbA] 9ol A (21009 ¢ o A (2109 y;_, o BAE 2] (2.110)
I 2t

Cik™ Yj—1 2k (2.110)

Nz sFk)e gAY 28s 50 ¢, 5 A
as}—t— ﬁoﬂ -% dolFe-. ojrstH, oju &7 A
sampling ¥ t}.

e AAHH Fdd AYE -2l (2106)e) FAAFE ot A
(211D o] Al 38 44, A (2112)9 dE~ $58 2+ b
el 79 ¢ 0 X W, ojAY =9y, & A (2113)7 3]

AR

1
d; 1= 5( i—1,2k Cj—1,2k+1) (2.111)

,36,



§0)= 5 (56— 3(k+1)) 2112)
1
Yji-16= o (Cj—l.k_ cj—l.,k—H) (2.113)

e A (211D 49 A 2113)9] y,_, o B 4 (21149
Faguy

dj = Yj—1.2k (2.114)

olo

wEbd A 2114 4,7 982 9 gk uAE ZEHE 53
ci_ e AEsks Aol s Ao sk, ol =9 =L 2wj=

down-sampling ¥ t}.

anl

Lo

a3 4 (21093 4 (211202 FdFE A9 D hk) gkl

Wa Fu e Bheel 45 Renrk
;I(w)z eIl g (w/2) (2.115)
é(w)z —jej“)/2 sin(w/2) (2.116)

w99 F Homye ol 45e Qe

| HW) P+ | Hw+) ’=1 (2.117)
| Gw) P+ Glw+m) P=1 (2.118)
| Hw) P+ Gw) *=1 (2.119)

,37,



g ol#d Hw)d Gw)e 982~ So]l AFztes 27 9sia s
& o] zHEo] whErlojo} i)
| Hir+w)|=| Hr—w)| (2.120)
| Gr+w) =] Glr—w)| (2.121)

21 (212003 4 (212D 244 A (21173 A (2118)el A& 45 of

el A (2122)9F 4 (2123)0] AAAH, AN wE 7/2—wE WA
AL F AL ZbzE A (2124)9F 4 (2125)2 Ha, ol# 3 F S w3}
= FEHE QMF(quadrature mirror filter)2} 3t}

| Hw) P+ | Hr—w) =1 (2.122)
| Gw) P+ | Er—a) P =1 (2.123)

| Hx/2—w) P+ Hrbn/2+w) |?
(2.124)

=\ BN DIE R ° &

| Gn/2—w) P4 | Ga=n/24w)|?
(2.125)

| Gr/2—rE + (Gl 2 By =1

Cit0k= Cjpt dj (2.126)

Citok41= Cj i dj (2.127)
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A4, O A" I hk)9 ¢k)E oS A3 o] e

h(k)=§(k)+5(k—1) (2.128)

g(k)=6(k)—d6(k—1) (2.129)

21 (2.66)1 A, 281 ¢] up-samplingol] ™3k TIAHE ZAHAIG9F AHA A S
of A&3to] b F A4S derh

Cj k2 k even
§= (2.130)
0, k odd
d; 12 k even
G.= (2.131)
0, k odd
o 4 ol gk g dE hk)e =32 2 (2132)¢ 2ot

Q= § &1 (2.132)

3k 28 9] up-sampling®] non-zero AlFE Alolel zeroZ At} et A
o o&] o]FfAER "] M k7t evend A -l= §:°l non-zero
A7t EHo2 ¥y, k7F-oddDs 4 $ols Toles) Azed ¢, °

non-zero AlF7F 8o g Ho] A (2132)% thL9o A (2.133)3 2o th
A

C k/2 k even
a,= (2.133)

Cj, (k—1)/2> k odd
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Cj k/2 o7k evenel A, ]‘7(]g71)/27]— oddoll Al Z+7} &5 o
2 AgHez, ak—t— AR ¢ pll AFHS dAFEAA T oW HkEsho]
0 . = Cp= Co/F W, k=1 A,
=€ (1_1)p= o5 HOl, FLT AFgho]l A& FH €
FLF Al oal, 9 (o WY gAd "By gk)e] =9 4
(2.134)9F #Zo] FdH

Br= G Crr (2.134)

olxel HAI} FdeA == p.olA k7t evend AFol= (9
non-zero AlT7F 8 o2 HW, k7F odd¥ AS-ol= 1o o3& FIZEH
(19 non-zero AF7F EHoZ Hof 2 (2134)= U9 4 (2.135)%}
2ol thAl dE

d; /29 k even
b= (2.135)
_djy(kfl)/ga k odd

e HoezRy, 29 5= o8 2, 4% 4,00 ATHE A5
A 7 o wkEske] s B9, odde] AlFgkel tidk £ E7F even
Algrell gk F-5 9k whojzt g

T 4 (2133)3F A -QIBEFH Lol EFH oo 5.9 F2 4
(2.136) 3 #th.

¢ pat di ko s k even
a,+ B,= (2.136)
¢ k-1)/2 i (r—1)2» Kk odd

whebA] 2] (2.126)3 2] (2.127) 2 2 (2136).2HEH U3 23 e &
A7F =g}
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Cio k= QT By, (2.137)

el Horiy, Aefede] TAAT ¢;o, = 3 A ofd e 2
AHAI =9} A A S ZH2E up-sampling 3 5, o] AS tXE FE h(k)9t
g(k)E Sl Agsts Aol 93] dojxth

g 9o BAHorREH NFTE Hestn FAsE FAHCA ALEH

ztzte] A e k() k), hk), gk)= 2 (2108 =2 A (2.112),
21 (2.128), A (2129)25-¥, ofele] #AF o] Al

h(k)=2h(—k) (2.138)

g(k)=2g(—k) (2.139)
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A3 71EY xol=2 AA GnyF

3.1 OWT (orthogonal wavelet transform) € i gl &

JolB el Wse MTERY wol=2E AAs7] 9
ol o]o] Donoho2} Johnstone A Fkol 7] %3F 4-0]
=5 Aokttt o]y wolz AAE AE x(k)7t =

2R AAE s(k)E Bdahs BARZA, ak)} sk)e] BAE gl 4
(3.1 o] TdHHI6][17].

ro
2

z(k)= s(k)+ ow(k) (3.1

Utk 283 o EEWAE v, (k) =ol27F T3 E noisy
= R R

T a wkek gjol Bl 7] A7} orthogonal & A%, AWGNS #Z& =17]
9] AWGNOe ® YA ¥, EE scaledlA SASHA AAAHS 24 g=
thowEbd 2 (3l e FejBdy WMshe 3o 2 (32)9F #Zo] %d
2h=

W, (k)= W, (k) +.0 W, (k) (3.2)

ANA, W, (k) 2 W, (k), W, (k)= 272 923F 9 AWGN, L8 3L noisy

ANz hE olrdy WIS gusitt Z=AHH A3

= NS x(k)ZEEH 943

s(k)E Hdst7] Sl s W (R)ZHH mol= AFEuks A7 sfoknt &,

ojuf w-o]zeo] Yl w e Zho] HT

Donoho®} Johnstone2 A Az Aol ol wol|=2E A A7 3 Ly

T AR o™, shrinkage $H+9 F 7HA dHi= 4 (33) ® 4 (34)
2.

'S



ns(d; )= sen(d; ;) (|d; | = A), (3.3)

d; if |d; [ =X
77H(dj, K= (3.4)

0, otherwise

2l (33) 2R (), & (z),=max{x, 0} & 9usiy, 4 (3.3)
S soft-thresholding®] 2t &}, 4] (3.4)Z hard-thresholding©]2} 3t} =
3 9o AEERE 2 (3.3)9 soft-thresholding& "kill or shrink”ell, 2
(34)2] hard-thresholding> "kill or keep”dl &3t ZA3E vepdit
=, soft-thresholding #lol B2l FAAS d, o 2717 dAF A 2o
2 A5l d ok A Akele] A gte 9y, whte] d5-2 4,0 2
717 A B #ZE Ao e zero@E EH3A "t olgte 2,
hard-thresholding> flo] 22l AlAS d, o =717k A% A 2ok &
deollE d 5 adE BESR] ¥, 2384 42 FfdE zero(0)
£ =9stA |

ofgfe] 9 312> 2 (33) % 4 B4R FEHH soft-thresholding 7
hard-thresholding& WERHIL 9lom, 7 32%= 1 oE ®olil gl

1 1 1 1 1 T T T T

0.8 || === Soft-thresholding ]
0% Hard-thresholding ol
04} =

02} o’ b

02} o’ -
041 o i

Denoised coefficient
S

-0.8 | b

-1
-1 -0.8-06-04-02 0 02 04 06 08 1
Noisy coefficient

Fig. 3.1. Soft-thresholding(dashed line) and hard-thresholding(solid line).
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|
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Sample number

(a) Wavelet detail coefficients

10 T T T T v T A 1

05F =

-1.0 N 1 N 1 N 1 N 1 N 1
0 100 200 300 400 500

Sample number

(b) Soft-thresholding




10 T T T T v T T T T T
0.5 =
N\
=
=™ 0.0
e
<
0.5F -
-1.0 N 1 N 1 N 1 N 1 N 1
0 100 200 300 400 500

Sample number
(c) Hard-thresholding
Fig. 3.2. Thresholding for wavelet detail coefficients.

A Aol AelBEl AAA Wol| e}, o]2fd & fte
& ouE JARE ISR o], mol=g FEth ¥ AAd e Aoltt

A Ak .2 4], Donoho®} Johnstene 2] (35)¢ %

VisuShrink universal threshold= = ¢3S o},

rlo
N
AN
o
fr
_|>L
oo
A
uls

A= o0 v2log(N) (3.5)

o714, o= MAD/0.6745°]™, MAD* finest scale?] AFZYH FHH
median absolute deviatione "] &tal, N2 noisy Az o] ZolE e
o} o] &} o], rmolzd gk A HAEE FE o= AFES T
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223l OWToell 93 wol= A7 ¢alg]Feol A= shrinkage 3= A
soft-thresholding & A &3tgom, ol 2 (3504 AAH AAZS A
Gtk EgE o2 d AAIFE 7IWke] woj= AlA daelEe VEA R

geol Aol oo sRu

Step 1. flolB& A5 A7) #1380, noisy Aol thak ol HekS
T gkt

Step 2. 7t scaledl Al A A& NS AFE8-3}9], shrinkage $t+E& %83k},

Step 3. o227} AAE FAHE AIEE A7] 98, 9 dFezo o

o
9 o]

B WA A w

3.2 SSNF(spatially selective noise filtration)- &1 8 &

dolrdg HMIE B3l 7+ scaledl A9 HolE = wHek scaleo] A scale
A Agole Azl 23E dfte] AEEe] dolE Algoa vERY

Al Foh 22 scaleo] 9] scale®2 X EFE ANF o] o X9 Ho] F
o ] <

’
w0
e}
o,
)
=2
o)
>
1.011
A0,
N
=

[

b
&
i
(d

il

o

)
w
e
i
)
=

2,
ne
2
2
£
o

(36)e] Corr?, 24 Al geh,
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Corr ', = ];I(:)dj—m‘.,k (3.6)

o714, jE scale WFEE Uiy, ke HojwdEE U
k=1,2,-,Nolt}. 183 p= UH scale Aol #Holl ARS8 = scaled]
F4E YEhlY, Xu 52 p=2% A &390

F 91 scaled] dlolBE M AlF=HE
Corr?, & A F PCorr, 9t Pd; 2 747t 2 (37) 2 A 38)= A8t

o] F 2o <] Corrﬁk-‘ﬂ powers 2 (3.9)¢} 2ol AEA Ao}

P Corr,= Xk] (corr?,)” (3.7)

(3.8)

New Corr (i C’orr \/de/PC’orfrj (3.9

ol ek 2] (31009 2AL WHT P, 2 AFL AARA Bea
W, A2 AF \d; ol

d
o a2y 3R g2 dgeds 4,7t

S
o
e
>
el
ol
ol
H
IS8

xSk Corr? B 022 [resetd
of=of thgl flojB el Azt

8

7FAstaL d; ot Corr% = i

f
I
e
&
2

’ New COT’I”] & ‘ |d; ] (3.10)

9ol HgE5e juA dolmal scaledl A, d; 7 oW 7]F o] = T
oF Aol fAbe wrhx] wrBajA At ®oh g o] Fgom
RE A&Hor QdojAe d,,F AHgete]l A5 BdahA dh

a3 Y fine scaleolA] wo]Z2E oWl IS o AE ALstar YolH
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4

g Ao e Aol vEhdt weba] wkek 4 (310)] AR
Bl ox]e} wol=2E R AF, BE ko]l AREC odARA HAgH
o e Pan & MRS WG S ARESte] A4 B1DY 2ds W

PN
T
2 A%, 1 AR AARA BEHES Sk

o

an

’New Corrﬁk‘ =7, |dj7k| (3.11)

Ao HezHH, ;> 19 Aoln, Pan sl o8 Actd daz]=ol
Ae y;=[115, 1.06, 1, 1, -, 1]& A&agvh. 183 Xu 59 2

TolA = Ve wolz= A E At A gl et Pan 52 Y&
o 4 (312)¢F 2 xS AASte], olHd o] wrEHE wjzbA A

@DelA A GID7EA S A= W st S s ol
Pd, —th;(N— K)o? < 0.05Pd, (3.12)

9 HoZRH th=(11~12, 12~14, 14~16, 1.6~1:8,+,1.6~1.8]
olf, K& 2139 A=A sdd vojE o) £ BNt 13 o=
scale jolA e EEHAE LEFAL

LAl A BA2)= B A @B3)F o] e

Pd;N  thjoN
<
N—K — 09

= (L.05xth;) o3 N (3.13)

o714, el e ol flolndl A AsERRE 24E ol
= sglolm, $e] F& o= BiteznE 4 o)z v,
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3.3 UDWT (undecimated discrete wavelet transform) & igl&

sl 77 ol A down-samplings T3 3tel wap dol®

A= JAZE 7IRke] wol= AAB/A A Gibbs
A 22 AdHom Fedx 13 dHE HekdA Ad olgg |
&= AAs7 Sfldl UDWTE A82 4 dew, o3 UDWT=
RDWT (redundant discrete wavelet transform), ODWT (overcomplete
discrete wavelet transform), SIDWT(shift-invariant discrete wavelet
transform), 28] 32 DWFs(discrete wavelet frames) 59| o]|&o=2% 4y

A AEH19].

-
S
=
7
rte

A o2 DWTY undecimated versionC = 3z A3 ¢
T8Ok oz FEANA A& v UDWTE &
A gl Fo A= down-sampling® up—sampling @3 J o] A Fo
H, o]& WAlste] ek G Rl AFEEHE ZEHE WA F
7y dEE Eslet FAATAGe 7 dAdA AStSHA - HH, olg gt wgte
non-zero ZE AlFE Alolol zero(0)S A A8k Bl os o] Fojzith
a2 332 UDWTE &3¢ 938 e Holal ittt T3 =5 4
olB Y Eafet AN ALE A= A7 doldH, oln dH
h(k)e BE hy(R)el 7 ASE Abolel (22-1)709] zero(0)5 ¢ A17]
Aol s AR, aga 47l Y k), hyk), g,(k) GA T
Wl oA FAEH, golr gl ¥ e up-sampling H T zero padding
(k) kR (k) Abol @A E AL (dd)eh gol wd L, the

0

s

ro

i1 (k/2) k even
h(k)=h; (k) 12= { (3.14)
0, k odd
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1 dl,k dl,k
Co.k — g (ky— g, (k) Co.k
1~ Cik 1 dz,k dz,k Cik
Eho(k) Eg(k)—’ —1 &(k) hy (k)
1~ Cok Cok
S (k) —1 (k)
2
Fig. 3.3. The illustration of UDWT.
agla A (243)7 4 (258)8 A+ B FASHAl, UDWTe <] g
FAAGE 4 (315 ¥ 2 (B16)o=

o

scale jollA1¢] slo]B e ZFAMASG=2F
HE Aozl

C

(& k: lehj—l(l_k) =

1,1

]].l

= e

T3 UDWT el Ao siejrdl Als25E dAsE
ARG A (317N 2
*kzzlzcyl _Z+E 19J1 =1
283 AWGN w(k)7t 28 g,(k)9) 9doz @ 39
T 2] (3.18)7 7ol i zInHTL.

A ware
0% = Varld, )= |y ®)|* - Varw(k) = o |9, ()]
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(3.15)

(3.16)

il
o
o
ro

ofr
=
=N

(3.17)

oluf scale 19l

(3.18)



A7, |I-1I= norm& elmalm, A (318)¢ 19 3344 %
UDWTe| sen= Balpxd 4842 4%, chdlel 4 (3197 2ojn

1~ 2
_gj—l(k)

* 3 (3.19)

o714, * & A ALFAS vt Pan & UDWTE °| &3 =
= AA &g FolA, shrinkage 524 4] (3.4)2] hard-thresholding
a2 A OWTeA AAE A 7]9he] wo]=
I’—Ij/]%jﬂr sdotty. 22l AWGNel diefAd, EFAA7 o, 20,
30 A5 dHolHY 68.26%, 95.44%, 99.74%E X3S =, 24 (3.20)9
FAG N2 AT UM, pE 3~4 Akole] grow A s

A= o (3.20)
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o] AWGN¥ ¢
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A 47 A

oA 7} tEA e

z =
— =

s ZrM g T H ow ool X —_—
oo Ne oo W ﬂ_uﬂ mg % s < wﬁ T o o Np
N ow oW = R
o K M ~ o) T N o o
iﬁn%ﬂﬂr@r%ﬂﬂ ﬂ%ﬁno_a%
T - i< H
QﬂTy%W%ﬁi o Wl R
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e aw o g X W 7l TR W w <N of En o
X T ~ ) — il
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T2 % o i N e il & o e GO
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TE O B AR &b AN o
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w &y o T AT T e = 5%
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- 5 3 ZR’7 )
o S AT E R =  E B o W _
°hX =% B o ) N pu
or M oF " A+ or ﬂ\W a8 N oR m _WM wmm X N
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~ reaewE S4wE ~Zaw wLow®
o] | o < B! T - ﬂ B LT W " _MY# W o
° ° B m A "N

- 93 -



7k scale jollA, SAMAIG ¢ ol @ FARFE A 429 2ol xd
= Fiat o (4.2)

FH oA RS Be-dEd] g6, 94 gl A koA F ol 3
F "olEHE AMREle], A (43)3} o] FAHE o|xF TR FE AL U

ol§ I,& AXteir}.
I,=C,l*+ C/l+ C, (4.3)

A7A, O i B AFelE, % AFEL PR k—u= i< ktuol
A2 AR E, e

o olul ol AL Awel FAE WL e, FAFEG 24 o]y
Rolol A 2 Aol & EA HF, IS Mg AHol N w ol
A dlolE7} fAbe ke 2471 ek olel ek 4 @) AT ¢

£ o83} noisy AT = FE oA L5 S8
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,77,



2] (413)8) ALE3F e 2o A 43¢ 2o, Xx)E wUst
o]

ol os) detjel A, ol X°() wi Xo) 2R FdsA A
(435)7} F=ar,

X42)=H%2) H*(1/2) (4.34)

X(z) = X“(2)= X"(2)
(4.35)
= Q2) Q(1/2) (z+2+2"")* D(z) D(1/2)

g9l 2 (435, (+2+2 ) D()D(1/2)E &) HFEZFE s
e Ko N& ARg3te] dojzth agla R(x)E 4 (4.36)3 2ol F2
S A%, rk)=r(—k)o]az X(2)7} half-band?] =71& st Ha 4
olel (k)& T3 H, h*(k)F MP(k)7H CQFS) £ & FSetes Hrdts
9] Q(z)ZE spectral factorizations =38 3t}

d

R(z)= Q(z)Q(1/z) (4.36)

19 488 K=2, N=52 AAs ] AAE F M oz 7|4E B
ola dow, 17 49% dolHE 7|Ae] EHE W3 545 gRlstr] ¢
|W“ —i—]LP ( )Ifﬂ 715 e Ao|th mgo gk Ei, B = o) A

*élﬂfﬂ dolB g 71AE w<0dl Wl A zerodl FHdkaL Utk

,78,



Amplitude

Magnitude

2.0 . T

sk w(), w1

05F

0.0

-1.0F

-1.5 . L

10

Fig. 4.8. Hilbert transform pair of wavelet.

2.0 T

15}

0.5F

oob——

T Y T

v “(0)+ ()|

-8 -6 4

2 0
w/

Fig. 4.9. Magnitude of wavelet in frequency domain.

,79,




435 fo1Bg Ao 4@ wol= AA
A AFE vheh @ol, A= ol EAALe glel AN
Sgrel 2 owsE Geulv 0 A4S fAST 222 AWGNS <

Mo BiAs Wals Jeuy, dgda o=z 9o AHA AS
el & WEE e AN & o] d e AHE EAg. s, dHE ©§g
S dAE 7 19 4 ]H g 71 A= ZAFH 22 half-sample delay &
q4E o= FA A Az

o2 RE, AWGN 493 913
FolstA vERa 9l
AWGNZ} ?:]-“éz: ‘—01
7F AR WHE I Qe
o ol H] s, AJEA of] %]
A7k 2 shel A A
29 4.100h)E ol e e ﬁ§4
AE vEbl Aoy, o] A

l>
ke
s |
[N
o2
:l&
I
ik
|
=2
)
of
12
lo
J|m
o
o

8|

[N
of 1:19 Y

Pﬂi
Jlm —E rlo
il o:*: ﬁ

oX

14, 5 ek AR el 27

= AWGNo| wvls] = =77} A

7t SREE AWAR sel A}

2 3y

weekz] flal, Fo AT
(<3|

a4
> ©
>
™
2

H

3
N

=

oo
&
filo
ojt o
:=1‘

€= G C]Bk (4.37)

a9 410(b)ell A Bola gl F ZAMAS tg AAE e ZHE, ¢
P2~ wo]l=ek AWGNS 43
Wwals el glon, E3

¢
I
g =
oty
il
T
o,
=2
%0,
=
)
>,
e
&
>,
fol
fr
Jr
0,
=8
o,
N
il

E’_]_—
AAs7] e, dA A 43N2A FHE = AT e AT €,



Amplitude

0.8

0.6

0.2

/

/

Impulse noise

1 " 1 " 1 " 1

10 20 30 40 50
Sample number

(a) Two approximation coefficients

1 " 1 " 1 " 1

10 20 30 40 50

Sample number

(b) Difference coefficients

Fig. 4.10. Approximation and difference coefficients.

,81,



dj s e 1| =X and
|6Jk m’<0'5’€j71€’ and
ot <dj’ W= | €jk+p | <05] €k | (4.38)
0, otherwise

=, ATl Aol AR ke ghol A AE 23HF ABE, o] AL

FE k—mol X AL €, 9 A7t 0.5]¢;, | Bt Zon k-

A G AL ¢, ,° AATF 05]e,, |2 AdE-2AS mF HE5e

A5, ol AML dAZAM fdeEar, o] ARl F&dke felB

Fod e REAT 28 ol d Al AL wEEA s A, o] A
o)

e wolzmA AttE e A AR,

f

,82,



7} half-sample

=

=}

ol= AA &y

A5 Ag el A

=)

oﬂ O]

-+

913,

Jl_iﬂﬁﬂwﬁmﬁmﬂ
T < D ° ®om "W
T ) de wool e n T 5Ty .
~our N _ SR T el = A W g F o 5
AR S o0 AT 2 ﬂgﬂﬂﬂ,ﬂd
o O H o QRS AC a;o \.m_l !
ol W i,om_a S oE g T P Eﬁﬂﬁ%gu%
= 5 TLn = 9l e i@rN@rHﬁ#ﬁ
xﬂrmrm RC A W &uﬂ %ﬂ% ﬂ%GuuﬂqorLo_E
PET Frr LEolTois CETEE S
Nl Nm N Eﬁ ‘ﬂAI = M _._.%v H;M O_E e O_E w J.WI., EE < My T _MI Z
L3 = i i N
RETE L X i . i~
H " — o K B, = | D oxxi
L < b W o = X SRS o = = #
L 2 T adlL,_J N > CUS ©
JL W oF ﬁo HL o K ~1l o N 11 > [0) EE ZE
R T = o [ | 5 ¥ 15wy = @ &
T = N G 2y —a S E YR BT
wxﬂ e %mﬁ T RO aﬂwm%iqaw%
=iz ol T S ]
° = il L.K,I EL]j
"o ! ) T N L] Jlo s )
il ﬁn— ,Ul _— ‘Mv_ﬂ L.\]Iﬂlﬂ/l;o
Py R %%@ﬂo_m%wﬂ% @_ﬂwﬁxgmﬂm
< w T I oﬂMMﬂA < S 2 —_
ﬂ%ﬂ%oﬂx% M%au%_%yﬂﬂ aosﬂri%bzl;ﬂ
ﬂomflﬂi = Ak R e T H&ﬂ%ﬂmoé.
A U R D3,z PEg T STy
T — = O oF 11 U fany
2TEafgd cndpdies soiizg iy
Hif%ﬁmﬁia WWﬂ_EmM%w_ Z_Dmma%z%ﬂﬂ
Mﬁ;o%%ﬂ% Almboqom7wzt ﬂ}&%%ﬂnﬂam
FOR o ,aﬂﬂrE% - < o N Z =
aaqiﬁ;ﬂﬂfﬁb%@ iamqi;ﬁ_;ﬂ
_faxzﬁrﬂéaaﬁﬁ ERE g R )
ﬁxﬂwmmeﬂuﬂﬁaﬂﬁﬂoﬂ‘mﬂmﬂrmut La_uj_t%/ﬁmwo%o:lﬂﬂw
—_— g Al —y 1 Am11 o ﬂ_/oqﬂ h
x GmJLleZ
T o of o 1 R o —_ ) o o
o T CROE
wrogs A o T MW B ol I T = o a o
e R N b oo B R o o & T B
WEE.._O_EO#MH: 1r.M ﬁolﬁv&l
- 0 )A017
oo T

- 83 -



)

A, 747 e A%AZ 9 2], REE

1.0

05F

<
S

opmyrdury

-0.5F

-1.0

1000 1500 2000

Sample number

500

Fig. 5.1. Impulse noise.



5.1 Blocks A% g AlEHIA 23

9 525 Blocks A& o] thsk Al&Eg ol AxzA 19 52(a)= Y2l
o, 149 52<b>—b SNR 10[dB]e] AWGN¥} 1% 519 dH A wo]=
7F BgH o2 FHE noisy A 2A oju] SNR-2 9.11[dB]e] t}.
ada 29 52(0)E 71EY OWT g o 93 29 Auloln

52(d)x= SSNF &ag]Fe g 59 Aiolx, 17 52(e)x= UDWT
aEFe] ojg Bl Aol ag o2 R OWT &arg]Fol o) &
H A& o] SNRL 16.19[dBle] ™, SSNF &ag]Fol oaf Hd8 2359
SNR<S 1651[dBle]at, UDWT ¢uglZe] o) Hd¥ 259 SNRS

74[dB]e] T},

W, 9 52(HE B =i Aekd PWAL &
dolw, 29 52(g)= PWAZ &agjFol og 59 Aiolx, 719 52(h)
= PWA3 ¢agjFo] o&t Hd AFoltt. IH o Z 7Y, PWAL ¢1gF

& 2" ANEe SNR2 1949[dBlel™, PWA2 &aiglFol ol& &
48 2= 4 SNRZ 19.71[dB]°] 2y PWA3 @m0l o EUg A5 9

=
1o

% b1 ET%L@?J wolzo o5 F=¥ noisy 2= SNRo] 9.11[dB]

¥ Blocks A152] SNRS Hlaw gk A ° 2A], SNRin<
A0l ol =of o3 FEw 459 SNRO|H, SNRows Z-2ke) &ag
o ols 29w @jq NRS BRI, ()= AWGNe] 94 5d =
=

Table 5.1. SNR comparison of Blocks signal at SNR 9.11[dB]

SNR.,,, [dB]
SNR,,, [dB]
OWT SSNF UDWT PWA1 PWA2 PWA3
9.11(10) 16.19 1651 15.74 19.49 19.71 17.94
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Fig. 5.2. Denoising results for Blocks signal.
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5.2 HeaviSine 2139 g Al EH|H 23

19 532 HeaviSine 21& o] thst AlEdolAd A=A, 19 53(a)+
YAl g ol 1¢ 53(b)l: SNR 10[dB]¢] AWGNZ} 19 51° dHx =
o]z7} Bax o7 FHH noisy AEEA oluf SNR-E 9.16[dB]°] t}.

a8a 29 53(c)= OWT Zag]Fol o3 B9 Axtoln 17 53(d)
T SSNF dareg]Fel o3 59 ZAxfolal, 27 53(e)= UDWT <arg] =

of 9% B¢ Aot} Do 2REH, OWT Lo 9 5449 2%
°] SNR2 17.24[dB]e]™, SSNF <az]Fol o& Hd® A5 SNR
15.78[dB]e]aL, UDWT <rarg]zel ofaf ¥ A5 o] SNRS 16.21[dB]o]
T},

st 19 53(DelA 19 53(hE FEFHes FHE oz AES A
Astel AsE HYsr] Y&, B omedA AgdE-dagsel o Ay
Solt}. 17 53(f)= PWAL ¢ za%— of ol H9w A5z 19.83[dB]<]

SNRE YetHislen, 19 53(g)= PWA2 dugsel o3t A=A
19.86[dB]¢] SNR< YEtUIRl i, ¥ 53(h)= PWA3 &
2 A 18.56[dB]9] SNRS U ER) SlTt

% 52v BEEHQ wmolxd <& #HE=% noisy 4A1&° SNReo] 9.16[dB]
d A9 Al B ol A% HeaviSine 4% 2] SNRS H|aLgh 7l ojt},

aela a9 539 232 HH, 71Ee d3g S5 Blocks A&l dgh

AEY ol Ao} FAEHA B o= AREo] AALA Efor) E

w

=R A AetE daaZ5S HeaviSine 2130 tiaix= 71&¢] <ag
5 Bo 5% X REAHTH BEAQ kolz A4 des UEY
om, 53 PWA2 dagFe] 7 53 23s Jepdiith

Table 5.2. SNR comparison of HeaviSine signal at SNR 9.16[dB]

SNR,,, [dB]
SNR;, [dB]
OWT SSNF UDWT PWAL PWA2 PWA3
9.16(10) 17.24 15.78 16.21 19.83 19.86 1856
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Table 5.3. SNR of the Blocks signal reconstructed from a mixed noise environment

SNR.,,, [dB]
SNR;,, [dB]

OWT SSNF UDWT PWAL PWA2 PWA3

-0.03(0) 857 5.85 9.81 10.05 10.46 9.37
1.87(2) 10.74 8.28 12.36 13.14 13.02 11.80
3.82(4) 12.10 1031 1270 13.73 13.88 12.95
557(6) 13.07 12.48 13.42 15.63 15.64 14.18
7.47(8) 14.50 14.71 15.37 17.88 17.69 16.25
9.11(10) 16.19 1651 15.74 19.49 19.71 17.94
1056(12) 17.18 17.64 15.66 21.04 21.33 1955
12.02(14) 17.77 18.40 16.27 2291 23.00 21.49
13.23(16) 18.05 19.34 1653 23.33 24,60 22.69
14.00(18) 1843 20.20 16.31 24,66 26.49 24,68
14.87(20) 18.22 20.10 1654 25.06 27.11 25.16

Table 54. SNR of the HeaviSine signal reconstructed from a mixed noise environment

SNR,,,, [dB]
SNR,;, [dB]
OWT SSNE UDWT PWA1 PWA2 PWA3

-0.05(0) 9.25 6.22 10.35 10.47 11.00 9.77
1.80(2) 10.93 7.85 11.34 11.90 1254 11.39
3.78(4) 12.92 1040 13.30 14.22 14.82 13.64
5.56(6) 14.17 1L.73 14.03 15.64 16.04 14.68
7.27(8) 15.44 1391 14.58 1773 18.15 16.96
9.16(10) 17.24 15.78 16.21 19.83 19.86 1856
10.59(12) 17.97 16.83 15.94 21.25 21.48 20.23
11.89(14) 18.37 1855 15.84 23.09 23.65 22.37
13.02(16) 18.80 19.08 16.03 23.65 24.92 23.88
13.75(18) 18.03 20.60 15.85 25.44 26.23 25.08
14.53(20) 18.12 20.57 16.13 26.47 27.72 26.64
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