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1 Introduction

The concept of fuzzy sets was introduced by Zadeh [19]. Atanassov [1] generalized
this idea to intuitionistic fuzzy sets, and later there has been much progress in
the study of intuitionistic fuzzy sets by many authors [1-5,9,10,13]. On the other
hand, Lowen [14] introduced the concept of fuzzy filter and defined convergence
in a fuzzy topological space which enables us to characterize fuzzy compactness.
Many results on fuzzy filter are obtained by De Prada and Saralegui [11,12]
and Ramakrishnan and Nayagam [16]. More recently, Mondal and Samanta [13]
introduced definitions of GIF sets, generalized intuitionistic fuzzy relations and
generalized intuitionistic fuzzy topology and studied some of their properties.
The notion of Hausdorft GIF filter was intoduced and studied by Park et al. [20].

In this thesis, a new notion of semi Hausdorffness, which can not be defined
in usual theory of filters is introduced and studied to some extend in chapter
3. Moreover, we prove that an equivalent condition of-generalized intuitoinistic
fuzzily compactness through GIF filter convergence has been-studied in chapter
4.



2  Preliminaries

Definition 2.1 [1| Let X be a nonempty fixed set. An intuitionistic fuzzy set A

in X is an object having the form

A= {(z, pa(x),va(x)) - v € X}

where the functions ps : X — [0,1] and v4 : X — [0, 1] denote the degree of
membership (namely p4(z)) and the degree of nonmembership (namely v4(z))
of each © € X to the set A, respectively, and 0 < pa(x) + va(x) < 1 for each
reX.

Obviously, every fuzzy set {{ua(z),z) : x € X} on X is an intuitionistic fuzzy
set of the form A = {(z,pa(x),1 — pa(z)) : x € X}. For an intuitionistic fuzzy
set A = {(x,pa(x),va(x)) : x € X}, it is observed that pua(z) + ya(z) < 1 for
each € X and hence pa(z) A ya(x)# 3 foreach z € X. For examples, the
attributes (i) ‘beauty’ and ‘fatty’ (ii) ‘attentiveness’and ‘dullness’ (iii) ‘interior’
and ‘frontier’ etc. are such that both attributes are not significant simultaneously,
but sum of their degrees may exceed 1. Having motivated from the observation,

Montal and Samanta [13] defined-a generalized intuitionistic fuzzy set as follows:

Definition 2.2 [13] Let X be a nonempty fixed set. A generalized intuitionistic
fuzzy set (GIF set for short) A in X is an object having the form

A = {(z, pa(r),7a(2)) s 2 € X}

where the functions pa: Xi— [0,1] and y4 : X — [0,1] denote the degree of
membership (namely p4(z)). and the degree of nonmembership (namely v4(z))
of each z € X to the set A, respectively, and fia(z) Aya(z) < 5 for each 2 € X.

Thus every intuitionistic fuzzy set is GIF but not conversely.

A GIF set A = {(z,pa(z),v4(x)) : x € X} in X can identified to an ordered
pair (pua(z),va(z)) in [0,1]%X x [0,1]* or to element in ([0,1] x [0,1])*. For
the sake of simplicity, we shall use the symbol A = (x, i, v4) for the GIF set
A ={(z,pa(x),7a(x)) - v € X}



Definition 2.3 [13] Let A and B be GIF sets in X in the form A = {(z, pa(z),
va(x)) :x € X} and B = {(x, ug(x),vp(x)) : x € X}. Then

(a) AC Biff pa(x) < pp(x) and ya(z) > yp(z) for all z € X;

(b) A=Biff AC B and B C 4;

(c) A° = {{z,7a(2), pa(2)) : @ € X};

(d) AN B = {(z, pa(x) A pp(r),ya(x) V yp(2)) - v € X};

() AUB = {2, 1a(2) V (@), 14 (&) A () : & € X}

(f) If {A; : i € J} is an arbitrary family of GIF sets in X, then

mAi = {<x’/\/”LAi('T)7\/7A¢($>> NS X},

UAZ = {<x7\//~LAi(I)7/\7A¢($>> HEES X}

(g) 0 ={(z,0,1) :z € X} and 1. = {(z,1,0) : z € X}
Remark 2.4 (a) A = A® iff pa(z) = ya(z) for all x € X. Thus degree of

membership equals nonmembership for all z € X. Thatis A is maximal fuzzy.
(b) 0~ = 1. and 1. =0.°
Definition 2.5 [13] Let X and Y be two nonempty sets and f: X — Y be

a function. Let A = {(z, pa(x),q4(z)) : @ € X} be a GIF set in X and B =

{y, ue(y),v8(y)) : y € Y} be a GIF set in Y.
(a) The inverse image f~'(B) of B under f is the GIF set in X defined by

FRBY = {(a. i (@), i@ < @ € X,
where pip-1(py(z) = pp(f(x)) and v;-1(p)(x) = vp(f(x)) for each '€ X.
(b) The image f(A) of A-under f is the GIF in Y defined by

F(A) = {{r i), dp@)(v)) "y et}

where
-1 A if ?71 7&
/’l'f(A) (y) { Vfo ) (:E) 1 (y) @

0, otherwise,

Nocp-1(y) Valx) if N y) #0

1, otherwise.

Vi (y) = {



Definition 2.6 [20] Let A = {(z,pa(z),va(x)) : © € X} and B = {(z, up(z),
vp(x)) : © € Y} be GIF set in X and Y, respectively. We define the cartesian
product of A and B as GIF set in X x Y defined as follows:

Ax B ={{(z,y), pa(@) A pp(y), va(z) VyB(Y)) 12 € X, y €Y}

Definition 2.7 [20] A nonempty family F of GIF sets on X is said to be a fuzzy
filter of GIF sets or a GIF filter if

(a) 0~ & F,

(b) If A, B€ F,then ANB e F,

(¢c)If Ae Fand A C B, then B € F.

Definition 2.8 [20] A nonempty family B of GIF sets is called a GIF filter base
if B does not contain 0. and the intersection of any two element of B contains an
element of B. A family § is called a subbase of a GIF filter base if it is nonempty

and the intersection of any finite number of elements of-S is not 0..

Remark 2.9 [20] If S is'a subbase of a GIF filter, then the family B(S) consisting
of all finite intersections of elements of S is a/GIF filter base. If B is a GIF filter
base, then the family F(B), consisting of all GIF sets A such that A O B for some
B € B, is a GIF filter. Furthermore, B(S) and F(B) are uniquely determined by
S and B, respectively.

Definition 2.10 [20] Let (X, F1) and (Y,Fs) be GIF filters. A function f :
(X, F1) — (Y, F,) is called GIF filter continuous with respect to. (Fy, Fs) if for
every F € F, [~Y(F) € Fy.

Definition 2.11 [20] Let f : X =Y be a function. A GIF set A in X is said to
be foinvariant if f(z) = f(y) implies pa(z) = pa(y) and 7a(x) = 7a()

Definition 2.12 [20] Let F and G be GIF filters on X and Y, respectively.
Then a function f: (X, F) — (Y, G) is called GIF filter open if for every F' € F,
f(F) € G. In addition, if f GIF filter continuous and bijective, then f is called a
GIF filter homeomorphism.



Definition 2.13 [20] Two GIF sets A and B in X are said to intersect at x € X
if pa(z) + (1 —vp(z)) > 1 or pp(z) + (1 —va(x)) > 1. Otherwise A and B do
not intersect at x. A and B are said to be disjoint if these sets do not intersect

anywhere.

Definition 2.14 [20] A GIF filter (X, F) is called Hausdorff if for any z, y € X
with @ # y, there exist Fy, F, € F such that yp(z) < 3, 7m(y) < 3 and

220 (Z> + (1 - /}/FQ(Z)) <1 and /J/FQ(Z> + (1 — TR (Z>> <1 for any z € X.

Definition 2.15 [20] Let (X, F) be a GIF filter. A sequence {z,} of X is said
to converge GIF filterly to x (denoted by {x,} —ir ), and x is called a GIF
limit of {,}, if for every F' € F such that yr(z) < 3, there exists ny € N such
that pp(x,) > % for all n > ng, equivalently 1 — vpe(z,) < % for all n > ny.



3  Semi Hausdorff GIF filters

Remark 3.1 From the Theorem 4.6 of [20], in a Hausdorff GIF filter (X,F),
every GIF filterly convergent sequence of points of X has exactly one GIF limit.

But the converse need not be true as is seen in the following example.

Example 3.2 Let X be an uncountable set and F = {F € (I xI)*| F¢ has count-
able support} where support(X) = {z € X| u(x) > 0}. Clearly (X,F) is a GIF
filter. Now every sequence {x,} of points of X converges GIF filterly uniquely
if it converges. In fact here every sequence does not converge. For, let x € X.
Consider F' € F such that

1, z#uwx,, xorz=y,
MF(Z): %a & = Tn,

%, v ="

0, z# xy, x Or 2=y,
’VF(Z): %7 Z = Tnp,

%, zZ=1.

Clearly vr(z) < 3. But pp(@,) < 5 for all n € Z, and hence {z,} does not
converge GIF filterly to z. But (X,F) is not a Hausdorff GIF filter. For, let
x,y € X such that x # y. Suppose there exists Fj, F; € F such that vg, (x) <
Lr(y) < b and ()4 (L= 7)) <1 and i (2) + (L 3 () < 1 for all
z € X. Since Fy, F, € F, Fi and F5° have countable support say {z, }necz, and
{Ym }mez, respectively. Hence F; and F5 have value 1 on X — {z,, Ym tnmez, -
Since X is uncountable, there exists 2°€ X —{Z,, Ym}nmez, such that pp (2) =1
and pup,(2) = 1, which is a contradiction to the fact that pp (2)+(1—vg,(2)) <1
and pig,(2) + (1 —yr (2)) <1 forall z € X.

Definition 3.3 A GIF filter (X, F) is called semi Hausdorff if every sequence of

points converges GIF filterly to at most one point.



Definition 3.4 Let (X, F) be a GIF filter. Then (X, F) is called nearly T; if for
every z,y € X with z # y, there exist Fy, Fy € F such that g (z) < 3, vm,(y) <
3 and pp (y) < 3, pr(r) < 5.

Theorem 3.5 Fvery semi Hausdorff GIF filter is nearly Ty GIF filter.

Proof Let (X,F) be a semi Hausdorff GIF filter. Let z,y € X such that = # y.
Assuming z,, = z, for every n € Z, we have {x,} —4 x. Since (X,F) is semi
Hausdorff, {z,} #vis y. Therefore there exists Fi € F such that g (y) < 1,
pr (x) < % for all n € Z,. Similarly, by taking vy, = y for every n € Z,, we have
F, € F such that vg,(2) < %, pgr(y) < 3. Hence (X, F) is nearly T}. O

The converse need not be true as is seen in the following example.

Example 3.6 Let X be an infinite set and F = {F € (IxI)X| F¢ has finite supp-
ort} where support(X) = {z.€ X| u(z) > 0}. Clearly (X, F) is a GIF filter.
First, to prove (X, F) is nearly 17, consider x,y € X with x #vy. Let Fy, Fy € F

such that
1 2 =g s, 2y
Z = 47 ) Z = 47 b
’VF1< ) { 1’ 27533, :U’Fl( ) 17 Z#%
1 1
1 Z:y’ 17 Z:x’
A= Z) =
Vi (B) {1, RO {1, i

Then support of F; and F>° are {y}and {a}, respectively. Therefore yp, (z) < 1,
r,(y) < 3 and pp (y) < 3, gy (z) < 5. Next, to prove that (X;F) is not semi
Hausdorff, consider {x,} of X such that «; # x; fori #7. Now {x,} converges
GIF filterly to all points of X. For,lét 2 € X and F' e F such that vp(z) < 3.
Since F has finite support and {z,} is an infinite sequence of distinct points,
pr(x,) =1 for all but finite number of points of {x,}. Therefore {z,} converges

GIF filterly to z and hence to all points of X. Hence (X, F) is not semi Hausdorff.

The proof of the following theorem is immediate.



Theorem 3.7 Let (X, F) be a semi Hausdorff GIF filter. Let Y C X is also a
semi Hausdorff GIF filter if no element of F vanishes on'Y .

Theorem 3.8 A semi Hausdorff GIF filter is invarient under every bijective GIF
filter open map.

Proof Let f : (X,F1) — (Y,F2) be a GIF filter open map and (X, F;) be a
semi Hausdorff GIF filter. Suppose that (Y,F2) is not a semi Hausdorff GIF
filter, then there exists y, € Y such that {y,} converges GIF filterly to distinct
point y and 3. Since f is bijective, {f~!(y,)} is sequence of points of X. Let
Y yn) = @,. Let f7Yy) = a and f~1(y') = b. Since f is bijective, a # b. To
prove that f~!(y,) = z, € X converges to a and b, let F' € F| be a GIF filter
open set such that yp(a) < 3. Now f(F) € Fp and v (y) = vr(fHy)) =
vr(a) < . Therefore ppr(y,) > 5 for all but finite number of n’s. Since f is
1 —1, f is invarient and hence pp(x,) = py—1(pr)(Tn) = ppr)(yn) > 3 for all
but finite number of n’s. Hence{z,} —4 a. Similarly {z,} —, b, which is a
contradiction to the fact that (X, F) is semi Hausdorft. O

Lemma 3.9 [20] Let [ : (X, F1) — (Y, F2) be a GIF filter continuous function
and let {x,} —gir v. Then{f(x)} —=4ir f(x).

Proof Let G € F, such that y¢(f(z)) < 3. Since f is GIF filter continuous,
YG) € F, and Vi (r) < % Since {x,} —gir @, there exists ng € N such
that ps—1q)(x,) >3 for all n = ng. Then pe(f(@,)) = 1p-1(cy(@n) > 5 for all

n > ng. Hence {f(zn)} —yir f(2). O

Lemma 3.10 If the inverse image of subbasic GIF filter open- set is GIF filter

open, then the function is GIF filter continuous.

Proof Let f: (X,F) — (Y,F:) be a function. Let B; be a base for F; and
By be a base for 75, and F' € F,. Since F' € F5, there exists G € By such
that G C F. Also G = ", G,, where G,, are subbasic GIF filter open sets.
Therefore f~1(G,) € F, for n = 1,2,3,---. Hence f~H4G) = fH{N,G,) =
nr, fHG,) € Fi. Since f~YG) C f7YF), f~(F) € Fy. Therefore f is GIF

filter continuous. O



The proof of the following corollary is immediate.

Corollary 3.11 A function is GIF filter continuous if and only if the inverse
image of subbasic GIF filter open set is GIF filter open.

Lemma 3.12 Let {(X,, Fa.)} be an indezed family of GIF filters and (I1 Xo, [T Fa)
be the product GIF filter on [1 X,. Then (X4, Fa) is GIF filter homeomorphic to
a subspace of (I1 Xa, [1Fa), where every X, is a nonempty set.

Proof Since X, is nonempty, we can fix z3 € Xj for all 8 # a. Define f : X, —
[T X, such that f(z,) = (x;) where 2; = z,, j = @ and z; = 23, j = [ # «.
Then f is well defined and 1-1. To prove that f is GIF filter continuous, consider
a subbasic GIF filter open set p,!(F,) € [] F, where F, is GIF filter open in X,
and let p, : [[ X, — X, be the projection map. Also since uf,l(pgl(pa))(xa) =
H(pgl(Fa))(f(xa)) = pr,(2o) and Vf—l(p,;l(Fa))(xa) == 7(p;1(Fa))(f($a)> = Vr. (Ta),
[~ Yp;'(F,)) is GIF filter open in X,,. By Lemma 3.10, f isGIF filter continuous.

Consider a GIF filter open set F,, in (X, F,). Let S = {(%;)| z; = zo, j =
a and x; = x4 for all ) = B # a}. Now, by the definition of f,

-l 3

Clearly p;'(F,)|s = f(F,). Hence f(F,) is GIF filter open in S as a subspace
of (I1 X4, I1Fa). Therefore f~' 78 — (X, F,) is GIF filter continuous and
(Xa, Fo) is GIF filter homeomorphic to a subspace of (ITX,, T Fa)- a

Theorem 3.13 Let {(X,, Fo)} beanindexed family of GIF filters. Then (I Xa,
[1F.) is a semi Hausdorff GIF filter if and only if each (Xu,F,) is a semi
Hausdorff GIF filter.

Proof Let {(X,,F.)} be a family of semi Hausdorff GIF filters. Suppose that
(I1 Xa, [1F.) is not a semi Hausdorff GIF filter, there exists a sequence {x,}
of points of [] X, which converges GIF filterly to distinct point x and y. Since



x # y, there exists an index (3 such that g # ysz. Since the projection map
ps : [1Xa — Xp is GIF filter continuous in product GIF filter, by Lemma 3.9,
{ps(z,)} converges to x5 and yg GIF filterly with x5 # ys, which is a contra-
diction to semi Hausdorft GIF filterness of (Xg, F3). Hence ([T Xa, [1Fy) is semi
Hausdorft.

Now we prove the converse part.

Let (IT Xa, 1 Fa) be a semi Hausdorff GIF filter. By Lemma 3.12, each X, is
GIF filter homeomorphic to a subspace of ([] X4, ] Fa). By Theorems 3.7 and
3.8, (X4, Fa) is a semi Hausdorff GIF filter. O

Note 3.14 Let (Y,F) be a GIF filter. For defining the pointwise convergence
filter on YX, if we take S(z, F) = {f € Y*| pup(f(x)) > L, pr(f(2)+vr(f(z)) <
1} or S(p, F) = {f € YX]| f(p) € F} where x € X, F is a GIF filter open set in
Y(i.e., F € F) and p is a GIF point, analogous to the crisp theory, the collection
S(z, F') and S(p, F') need not bea subbasis for a filter-as seen in the following

example.

Example 3.15 Let X = {zy, 22, 23} and Y =4{y1, 2, y3}. Let B ={By, Bs, B3},
B; € B,i=1,2,3 such that

la zZ =1, l(), Z = Y1y
UBy (Z) = m, Z=1Ys, ’731(2) — Mo, 2 = Yo,
n, Z =13, No, Z = 1Ys,
lo, £-2= 1, L& = yf,
/’LBQ(Z) = me, 2 =.1Y2, ’732(’2) - m, 2= 12,
Ng, 2 =Y3; n, z2=1Ys3,
l07 Z =1, l7 Z =Y,
/LB3(Z) = m, z=1Y2, ’}/B:;(Z) = mo, < =12,
n, z=1Ys, ng, 2 =1yYs,

where m,n < % <landl+1lp <1,m+myg < 1,n+ny <1 Now (YV,F)isa

GIF filter generated by B. Let S(z, F) = {f € Y| pr(f(z)) > L, pr(f(z)) +

10



vr(f(x)) < 1}. Now, since S(zq, F1) N S(z1, Fy) = 0, the collection S(z, F) is not
a subbasis for a filter. Similarly, the collection S(p, F) = {f € YX| f(p) € F}

fails to be a subbasis for a filter.

Note 3.16 1f S(z, F) = {f € Y| up(f(x)) > 0, jur(£(2))+ 7 (f(2)) < 1}, this
collection is a subbasis for the filter. For, consider some S(x1, F1) and S(za, F3).
Now we prove that pp, (f(z1)) > 0 and pp, (f(x2)) > 0 for some function f € Y¥.
Since pp A pr, # 0, there exists y € Y such that (ug A pp)(y) > 0. Let
f: X — Y bedefined by f(x;) = f(xa) = y. Therefore pp, (f(z1)) = pr, (y) > 0,
wr, (f(z2)) = pr,(y) > 0. Hence f € S(xq, F1) N S(xe, Fy).

Also since pp A pp, Ao+ A pg, # 0, (e, A ppy, A -+ A pp,)(y) # 0 for
some y. Consider the function f : X — Y such that f(x;) = y for all i. Now
clearly pup (f(x1)) = pr (y) > 0. Similarly, pp (f(z;)) > 0 for all i. Therefore
f e S(xy, F1) NS(zg, Fo) N---NS(xp, F).

Note 3.17 But here we do not arrive at some basic results. So to generalize GIF

pointwise convergence filter we need the following definition.

Definition 3.18 A GIF filter (X, F) is called strong if Fy, s € F, then (ug A
pr,)(z) > 3 for some ¢ € X.

Note 3.19 Let (Y, F) be a strong GIF filter. Then we have S(z, F) = {f €
YX| pe(f(z) > 5, pe(f(z) +ap(f(z) < 1}, Now S(z, F) is a subbasis for
a filter. For, if Fi, Fy € F, (ur Apm)(y) > 5 for some y. Now there exists a
function f such that f(z;) =y and f(x9) = y. Therefore pp (f(x1)) > % and

2
pr, (f(z2)) > 1. Hence f € S(@iy Fi) N .S(za, Fy).

Definition 3.20 The filter F generated by the subbasis {S(z, F)}iex rer is
called the pointwise convergence filter on Y* with respect to the strong GIF
filter (Y, F).

Theorem 3.21 In the above pointwise convergence filter F on YX with respect
to a strong GIF filter (Y, F), f, — f if and only if f,(z) — f(z) GIF filterly for
every r € X.

11



Proof Assume f, — f in the above filter. To prove f,(x) — f(z) GIF filterly
for every x € X, consider z € X and a GIF filter open set F' € F such that
ur(F(2) > 1, up(f(@) +4e(f(2)) < 1. Hence f € Sz, F). Since f, — f and
f € S(z, F), there exists ng € N such that f,, € S(x, F) for all n > ny. Hence
pr(fa(@)) > 5, pr(fu(@)) +9p(falz)) < 1for all n > ng. Hence fu(z) — f(2)
GIF filterly for every z € X.

Conversely, suppose f,(z) — f(x) GIF filterly for every x € X. To prove
fn — f in the strong GIF filter, let S(x, F') be a subbasis open set containing
f. Then pp(f(z)) > 5. Since fo(z) =g f(@), pr(falz)) > 5 for all n > ng for
some ng € N. Hence f,, € S(z, F) for all n > ng. Hence f, — f. O

Definition 3.22 A filter (X, F) is said to be semi Hausdorff filter (semi 75 filter)

if and only if every sequence in X has at most one limit.

Corollary 3.23 The above filter F-on Y™ is a semi Ty filter if (Y, F) is a semi
Hausdorff GIF filter.

Proof Let (Y,F) be‘a semi Hausdorff GIF filter. Suppose that the above filter
F on Y¥ is not semi Ty, then there exists f, € ¥*.such that f, — f and f, — ¢
with f # g. By the above Theorem 3.21, f,(z) —yir f(z) forall x € X and
fn(x) —4if g(x) for all z € X. Since (Y, F) is semi Hausdorft, f(z) = g(x) for all
x € X, which contradicts the fact that f # ¢g. Hence the above filter F on Y is

semi T5. O

Theorem 3.24 Let (Y,.F) béa strong GIF filter such thatfilter F on YX is semi
Ty for every indexing set X -in the pointwise convergence filter-with respect (Y, F).
Then (Y, F) is semi Hausdorff.

Proof Suppose that (Y, F) is not a semi Hausdorff GIF filter, then there exists
Yn € Y such that y, —gr x and y,, —4i5 y with  # y. Define f,, f, f, : X =Y
by fu(2) = yn, fo(2) =2 and f,(2) =y for all z € X. Then clearly f,, f, and
fy are elements of Y. Now we claim that f, — f, and f,, — f,. For, consider
a subbasic filter open set S(t, F') containing f, where ¢t € X and F' € F. Hence
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ur(f() > b wr(() + () < 1. So pp(x) > 3, ye(x) < L. Since
Yn —gif © and yp(z) < %, we have pup(y,) > % for every n > ng for some ng € N.
Therefore pp(fo(t)) = pr(yn) > 3 for every n > ng. Hence f, € S(t, F) for every
n > ng. So f, — fy. Similarly, f, — f,. So we get a contradiction to semi
Ty-ness of YX. Hence (Y, F) is semi Hausdorff. O

Definition 3.25 Let (X, F) be a GIF filter. A subset S of X is called sequen-
tially GIF filterly compact if every sequence in S has subsequence converging GIF
filterly to a point in S.

Definition 3.26 Let (X, F) be a GIF filter. A subset S of X is called sequen-
tially GIF filterly closed if no sequence in S converges GIF filterly to a point in
the complement of S.

Theorem 3.27 In a semi Hausdorff GIF-filter (X, F), every set which is se-
quentially GIF filterly compact is sequentially GIF filterly-closed.

Proof Let S be a sequentially GIF filterly compact subset of (X, F). Suppose
that S is not sequentially GIF filterly closed, then there is a sequence {z,} in S
such that {x,} —4r x and = ¢.S. Since S is sequentially GIF filterly compact,
there is a subsequence {z,, } converging GIF filterly to a point y € S. But as a
subsequence of a GIF filterly convergent sequence converging to z, {z,, } —r .
So we have {z,, } —4ir© and {z,,} —4r v with & 5 y, which is a contradiction
to the fact that (S, Fs) is a semi Hausdorff GIF filter, being a subspace of a semi
Hausdorff GIF filter. Hence.S"is sequentially GIF filterly-closed. a

Theorem 3.28 A GIF filter (X F)-is semi Hausdor[fif and only if the diagonal
set A = {(x,x)| v € X} is sequentially GIF filterly closed.

Proof If (X,F) is a semi Hausdorff GIF filter and suppose that there is a
sequence (z,,x,) € A converging GIF filterly to (z,y) & A, then {z,} —,f
and {z,} —g4y y. For, take F € F such that vp(z) < 3. Let p; : X x X —
X, i = 1,2 be the projection maps on the i*" coordinate. We have Vo (F) (x,y) =
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Yr(p1(z,y)) = yp(z) < 3. Since py is GIF filter continuous in product filter,

pit(F) is a GIF filter open set such that Vo (F) (z,y) = yr(z) < % and hence
Hp1 () (T, ) > 3 for all but finite number of n’s. Therefore we got pp(z,) =
wr(p1(xn, x,)) = Hyp=t () (T, ) > % for all but finite number of n’s. So {z,} —if
x. Similarly {z,} —4s y. Hence we have {z,,} —,s = and {z,} —, y with
x # y which contradicts semi Hausdorffness of X. Therefore A is sequentially
closed.

Conversely, let A be sequentially GIF filterly closed and suppose that X
is not a semi Hausdorff GIF filter, we have a sequence {z,} of X such that
{zn} —gif v and {z,} —4r y with  # y. Now we claim that (z,,x,) —q
(x,y). For, let F be a GIF filter open set in the product GIF filter F such
that yr(z,y) < % Hence we have a GIF filter open set F; x F, such that
Ve (T,Y) = YR (2) V v (y) < % and Fy x Fy, C F. Since {z,} —, = and
{zn} —gir y and g () < 3 and vg,(y) < 3, we get pp (2,,) > & for all but finite
number of n’s. Similarly, pp(2,) > 5 for all but finite-number of n’s. Hence
r (T, Tn) = pryxm (T, @n) = g, (@n) A g, (z,) > 5 for all but finite number of
n’s and hence (2, T, ) —gr (z;y) with  # y, which is a contradiction to the fact

that A is sequentially GIF filterly ¢losed. O

Definition 3.29 A function f : (X, Fx) — (Y, Fy) is called sequentially GIF
filterly continuous if {z,} —gir @ = {f(z,)} —gr f(2).

Theorem 3.30 Let.f : (X, Fx) = (Y, Fy) and g : (X,Fx) — (Y, Fy) be se-
quentially GIF filterly continuous functions. Then (Y, Fy) is a Semi Hausdorff
GIF filter if and only if the set A ={x € X| f(x).= g(@)} is sequentially GIF
filterly closed.

Proof Let (Y,Fy) be a semi Hausdorff GIF filter. Suppose that A is not se-
quentially GIF filterly closed, then there exists x, € A such that {z,} —,f z

with © ¢ A. Hence f(z,) = g(x,) and f(x) # g(z). Since {z,} —gr =, f
and ¢ are sequentially GIF filterly continuous, we have {f(z,)} —4s f(z) and

{9(zn)} —gis g(x). Since f(zn) = g(wn), {f(@n)} =iy f(x) and {f(2n)} =i
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g(x) with f(z) # g(x), we have a contradiction to the fact that (Y, Fy) is semi
Hausdorft.
Now the converse follows from the previous theorem by taking X =Y x Y,

f and g to be projections which are sequentially GIF filterly continuous, then
A=A O
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4  Convergence in GIF topological spaces

In this chapter, new notions of GIF filter convergence and GIF cluster points
and introduced and some GIF topological properties are studied through those

notions.

Definition 4.1 Let X be a nonempty set. A nonvoid family 7 of GIF sets on
X is said to be a GIF topology if

(a) 1., 0. €T

(b) The union of every family of GIF sets in 7 is a GIF set in 7

(c) The intersection of every finite family of GIF sets in 7 is a GIF set in 7

Definition 4.2 Let (X,7) be a GIF topological space and let (X, F) be a GIF
filter. A point x € X is called a generalized intuitionistic fuzzily cluster point of
(X,F) ((X,F) accumulates z) if for every U € 7 with py(z) > 3,yw(z) < 3,
there exists z € X such that py(2) + (1 —vp(2)) > 1 orup(z) + (1 — yu(z)) >
1,VF e F.

Definition 4.3 Let (X, 7) be a GIF topological space. A GIF filter (X, F) is
said to converge to a point z € X if for every U € T with py(x) < 3, there exists
F € F such that FF C U.

The prove of the following note is immediate from definitions.

Note 4.4 If a strong GIF filter (X, F) converges to a point x € X, then (X, F)

accumulates x.

Theorem 4.5 Let (X,7) be a GLF topolegical space and let (X,F) be a GIF
filter. A point x € X is a generalized intuitionistic fuzzily cluster point of (X, F)
if and only if pp(x) > 5, VF € F.

Proof Let x € X be a generalized intuitionistic fuzzily cluster point. Suppose
that there exists F € F such that pp(z) < %, ppe(z) > 5 and F© € T. Clearly

ppe(2) + (1 —vp(2)) <1, Vz € X and hence ppe(2) + (1 —vr(2)) <1, Vz € X.

16



So there exists F' € F, F¢ € T such that up(z) + (1 —vr(2)) < 1, Vz € X.
This contradicts the fact that x € X is a generalized intuitionistic fuzzily cluster
point of (X, F).

Now we prove the converse part. Suppose pz(z) > %, VF € F, we have to
prove that x is a generalized intuitionistic fuzzily cluster point of (X,F). By
assuming the contrary, we have F' € F and U € T such that py(z) > 1 and
pr(z) + (1 —yw(z) <1, Vz € X. So ur(z) < yw(z) = pue(z), V2 € X and
hence U°¢ is a GIF closed set containing F'. Hence pup(z) < ppe(z) <1 —ye(z) =
1 — py(2), Vz € X. So we have pp(z) < 3, which contradicts to our hypothesis.
O

Definition 4.6 A GIF topological space (X, 7) is called nearly Hausdorff if for
every pair of elements x # y of X, there exist GIF open sets Fy, F» € T such that
(1) > L and i (y) > 4, i (2)+ (1= 75,(2)) < 1 and g, (2) + (1= 7 (2)) <
1, Vz € X.

Theorem 4.7 Let (X,7T) be a nearly Hausdorff GIF topological space. Then

every convergent strong GIF filter in-X converges uniquely.

Proof Let (X,7T) be a nearly Hausdorff GIF space and let F be any strong GIF
filter on X. Suppose that F converges to two distinct points x and y, by nearly
Hausdorffness of (X, 7), there exist Fy, F, € T with pp, (z) > 1, pp(z) > 3
and pup (2) + (1 — 9m(2)) < 1 and pg(2) + (1 =g (2)) <1, Vz/e X. Since
F converges to z, Fi~e F. Similarly, F, € F. So by strong GIF filterness of
F, (pr A pr)(z) > 3 for some z.€ X. So pp(2) + wiy(z) > 1, which is a

contradiction. O

Definition 4.8 Let (X,7) be a GIF topological space. Let A C X. A point
x € X is called a generalized intuitionistic fuzzily limit point of A if for every
GIF open set U € T such that py(z) > 1, then py(z) > 1, po(z) + w(z) <1

for some z € A — {x}.
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Definition 4.9 Let (X,7) be GIF topological spaces. A subset C' of X is called
generalized intuitionistic fuzzily closed if it contains all its generalized intuition-

istic fuzzily limit points.

Definition 4.10 Let (X,7;) and (Y, 73) be GIF topological spaces. A function
f: X — Y is called nearly GIF continuous if f~!(A) is generalized intuitionistic

fuzzily closed in (X, 7;) for every generalized intuitionistic fuzzily closed set A in

Y, o).

Theorem 4.11 Let (X,7;) and (Y,T3) be GIF topological spaces. and f : X —
Y be any map.

(a) If f 1s GIF filter continuous, then F — x implies f(F) — f(x).

(b) If F — x implies f(F) — f(z) for every GIF filter F on X, then f is

nearly GIF continuous.

Proof (a) Assume that f is GIF continuous and F-— x. To prove that f(F) —
f(z), let U € T such that pg(f(x)) > 1. Since f is GIF filter continuous,
f7HU) € Tq and clearly wp— () = po(f(x)) > 5. Since F —.z, f~H(U) € F.
Hence f(f~1(U)) € f(F). Since f(fZ4U)) CU, U € f(F). Hence f (F) — f(z).

(b) If F — z implies f(F) — f(x) for every GIF filter F on X, we have
to prove that f : X — Y is mearly GIF continuous. Let A be a generalized
intuitionistic fuzzily closed set in ¥. Now we prove that f~'(A) s general-
ized intuitionistic fuzzily closed in X. If f7'(A) = X, then it is generalized
intuitionistic fuzzily, closed. Suppese f~!'(A) # X, let z ¢ f~'(A). Clearly
f(z) & A. Since A is generalized intuitionistic fuzzily closed, there exists U € T,
such that py(f(z)) > andu;'f3,1] N A = 0. Now.let"F be a GIF filter
generated by B = {G € Ti| pa(e)-> 3}. Clearly F — z. So by hypothesis,
f(F) = f(z). Hence U € f(F). Clearly f~H(U) € F and py—17)(x) > 1. So we
have G € B C f~*(U). Hence we have G € 7y and p(z) > 3. Now we claim that
pa' A 1N f7HA) = 0. I not, 2 € pg' 2,11 N f7H(A), f(2) € A and pe(z) > L.
Hence we have pp-117(2) > 1 and f(z) € A. So we have f(z) € ug'[3,1] N A,
which is a contradiction. So, x is not a generalized intuitionistic fuzzily limit
point of f~1(A) and hence f~1(A) is generalized intuitionistic fuzzily closed. O
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Definition 4.12 Let o € [0, 1]. For a GIF subset F of X, F, = {z € X| pup(x) <

a,vp(x) > 1 — a} is called a a-strictly lowerlevel set of F.

Definition 4.13 Let (X,7) be a GIF topological space. A collection ¢ of GIF
open sets is called a generalized intuitionistic fuzzily open cover for A C X if for
every z € A, there exists F' € ¢ such that up(z) > 1, up(z) +vr(2) < 1.

Definition 4.14 A subset A C X of a GIF topological space (X,7) is called
a generalized intuitionistic fuzzily compact if for every GIF open cover ¢ for A,
there exists a finite subcollection §y of § such that for every z € A, there exists
F € 6y with pp(z) > %, pr(2) +vr(z) < 1.

Theorem 4.15 Let (X,7) be a GIF topological space. Then X is generalized
intuitionistic fuzzily compact if and only if for every collection C of generalized
intuitionistic fuzzily closed sets in X _satisfying the finite intersection property has

nonempty intersection.

Proof Let F be a collection of generalized intuitionistic fuzzily closed sets satis-
fying the finite intersection property. We have to prove the NceeC # (. Suppose
that NcecC = 0. So (NeecC)f = X. By demorgan’s law, UgeeC = X. Let
r € X, then x € C.° for some C, € C. Since C, is generalized intuitionistic
fuzzily closed and & ¢ C,, we have U, € T such that yy, (z) > 1 and py, (2) < 3
for every z € C,. Clearly 0 = {U,| * € X} is a generalized intuitionistic fuzzily
open covering of X. Since X is generalized intuitionistic fuzzily compact, we have
a finite subcollection {Us,, Upyywn -y Uy, } of 0 such that for every z € X, we have
fiv,, (2) > 5 for some i. Hence X =iy ,uaii [351]7and henee ﬂ;;l(u[}; [, 1])° = 0.
Now we claim that Cy, C (pg, [5,1))% For, to-each z € Cy,, uy, (2) < § and
hence z ¢ py! [, 1] and hence z € (kor [3,1])°. Hence N, Cy, = 0, which
contradicts thelﬁnite intersection propertylof C.

Conversely, let 0 be a generalized intuitionistic fuzzily open covering. We
claim that the %—strictly lowerlever set (7% is generalized intuitionistic fuzzily

closed for every U € o. For, let y & (7%. Hence py(y) > 3, w(y) < 3. So we

19



have a GIF open set F € T such that pup(y) > 5 and pp(z) < 3 for every z € U%.
Consider C = {U1|U € o}.Cleary C is a collection of generalized intuitionistic
fuzzily closed sets. Since o is a generalized intuitionistic fuzzily open cover of X,
for every x € X, there exists G € o such that puc(z) > 1. Hence for every z € X,
x ¢ U% for some G € 0. So Nyeqy U% = (). Hence by hypothesis, C does not satisfy
finite intersection property. Hence there exists a finite subcollection oy C ¢ such
that Nyeo, U% = (). So for every z € X, there exists U € oy such that = & ﬁ%

and hence py(z) > 3. Hence X is generalized intuitionistic fuzzily compact. O

Theorem 4.16 A GIF topological space (X, T ) is generalized intuitionistic fuzzily
compact if and only if each strong GIF filter in X has at least one generalized

intuitionistic fuzzily cluster point.

Proof By Theorem 4.15, it is enough to prove that every collection of gen-
eralized intuitionistic fuzzily closed sets with finite intersection property has
nonempty intersection if and only if every strong GIF filter in X has at least
one generalized intuitionistic fuzzily cluster point.

Assume the hypothesis, let F be.a strong GIF filter in X. It is enough to
prove that F has at least one generalized intuitionistic fuzzily cluster point. Now
for every F' € F, we have p p‘l(%, 1] is generalized intuitionistic fuzzily closed.
Since F is a strong GIF filter, we have (g A pg)(x) > 5 for every pair of
Fi, F5 € F for some z € X. SoQ = {uz'(3,1]| F € F} is clearly a collection of
generalized intuitionistic fuzzily closed sets with finite intersection property and
hence by hypothesis, we have pcr ,up_l(%, 1] # 0. Therefore we have z € X
such that pp(z) > %,VF € F.-By Theorem 4.5, z is.a generalized intuitionistic
fuzzily cluster point of F.

Conversely, we assume the hypothesis. Let (2 be a collection of generalized
intuitionistic fuzzily closed sets that satisfies finite intersection property. Let
A e Qandif 2 € A, by the definition of generalized intuitionistic fuzzily closed
set, then z is not a generalized intuitionistic fuzzily limit point of A and hence
there exists U € 7 such that py(z) > 3 and pu(y) < 3, Vy € A. So we have a

GIF closed set U® with pye(z) < 1 and pye(y) > 3,Vy € A. So for every A € Q
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and for each z € A, there exists a GIF closed set I, 4y with pp,_, (y) > 5, WyeA
and NF(%A)(Z) < 3

Now consider S = {F(. 4)| A € Q and « ¢ A}. By finite intersection property
of Q, for any finite subcollection Sy of S, we have Apcs, pr(t) > 3 for some
t € X. So the GIF filter F generated by § is clearly a strong GIF filter. Now
by hypothesis, this strong GIF filter F has at least one generalized intuitionistic
fuzzily cluster point. Let it be z. By Theorem 4.5, pp(x) > 3, VF € F. Hence
HE . a (x) > %, VF(.,4) €S. Since F(, 4) is GIF closed, ur_ (x) > %, Vz ¢ Aand
A€ Clearlyz € A, VA € Q. Forif x € B, for some B € (2, we have F(, gy € S
such that pg, , (y) > 35, Yy € B and pp, , (¢) < 5, which is a contradiction.

29

Hence Nygeq A # 0. 0
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