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Development and Controller Design of Four Wheel  

Independent Steering Automatic Guided Vehicles 

 

Yuhanes Dedy Setiawan 

 

Department of Mechanical Design Engineering, The Graduate School,  

Pukyong National University 

 

Abstract 

Development of Automated Guided Vehicles (AGVs) has been 

an interesting research topic over decades not only for researchers 

in university but also for AGV manufacturers. The goal is to improve 

AGVs’ efficiency in fulfilling the given task such as material handling. 

Several kinds of wheel configuration for AGVs have been developed 

such as differential drive configuration and tricycle wheel 

configuration. To get higher maneuverability and flexibility, four 

wheel independent steering configuration have been proposed for 

development of AGVs, hereafter referred to as four wheel 

independent steering AGVs (4WIS-AGVs).  

The objective of this thesis is to present a new type of 4WIS-

AGV for carrying heavy baggage and propose a controller that is 

designed for the 4WIS-AGV to track given trajectories like 

omnidirectional tracking using Backstepping method. To do this task, 

the followings are done. First, a 4WIS-AGV is designed and 

manufactured for experimental purpose. Eight DC motors are used in 

this system: four motors for steering motor and the others for driving 

motor. Second, a kinematic modeling of the 4WIS-AGV is created 

based on a single track vehicle model. This model is obtained by 
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reducing an ordinary four wheel vehicle model into a two wheel 

vehicle model with the wheels at the centerline of the vehicle. Third, 

based on the modeling, a trajectory tracking controller is designed 

based on Backstepping method for the 4WIS-AGV to track a given 

trajectory omnidirectionally. Fourth, to implement the designed 

controller, a control system is developed using industrial PC and AVR 

ATmega128 microcontrollers. Industrial PC is used as the main 

controller which collects data from sensors, generates control signal 

and controls Graphical User Interface (GUI) of the system. AVR 

ATmega128 microcontrollers are used to convert control signal from 

industrial PC to Pulse Width Modulation (PWM). This PWM signal is 

then converted to voltage signals by motor drivers. A monitor is used 

to display the GUI to users. Laser navigation system NAV200 for 

getting position data of the vehicle and eight encoders for getting 

angular velocity data of eight motors for 4 steering motors and 4 

driving motors are used. Two 12V batteries are used to supply power 

to the system. Finally, simulations and experiments are conducted to 

verify the effectiveness and the performances of the proposed 

controller for tracking two reference trajectories: a trajectory with 

sharp edges for parallel steering maneuver and a circular trajectory 

for zero-sideslip maneuver. The results show that the proposed 

controller makes the 4WIS-AGV track the reference trajectory with 

sharp edges for parallel steering maneuver and the reference circular 

trajectory for zero-sideslip maneuver very well. 

 

Keywords: Automated Guided Vehicles, Four wheel independent 

steering, Controller design, Backstepping.  
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Chapter 1: Introduction 

1.1 Background and motivation 

Automatic Guided Vehicles (AGVs) have been operated in 

almost every industry due to their high efficiency for material 

handling [1-8]. Therefore, many AGV research projects have been 

conducted such as development of laser [9-15], development of 

vision [16-21], localization [22-31] and navigation [32-44] for the 

AGV. One of the techniques to improve the performance of AGVs is 

to improve AGVs’ maneuverability and flexibility because the higher 

these characteristics are, the better the AGVs’ performance is. 

Several kinds of wheel configurations for AGVs have been developed. 

Pratama et al. [45] developed a differential drive AGV that could 

work autonomously using laser measurement system. Obstacle 

avoidance algorithm was also applied in this system. On the other 

hand, Doan et al. [46] developed a tricycle wheeled AGV. In this 

vehicle, Doan proposed a path tracking control using camera sensor. 

To get higher maneuverability and flexibility, four wheel independent 

steering configuration has been proposed for development of AGVs, 

hereafter referred to as 4WIS-AGVs.  

Four wheel independent steering configuration is a wheel 

configuration that each wheel orientation is adjusted separately. As a 

result, 4WIS-AGVs can move to any direction in their work 

environment. The main advantages of this wheel configuration are 

small vehicle sideslip angle and better dynamic response 

characteristics [47]. Nevertheless, controlling the configuration of 

four wheels to make the 4WIS-AGV move to certain directions is 
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challenging. This is because the orientation of each wheel has to be 

adjusted with particular formation such that the vehicle can move in 

the expected direction. Thus, appropriate controllers are necessary for 

4WIS-AGVs. 

There have been many researches developing controllers for 

four wheel steering vehicles. Zhang et al. [48] proposed robust 

optimal control technology for four-wheel steering vehicle. H2 

optimal controller and Kalman filter were proposed for the two 

degree of freedom vehicle model. A H¥ optimal controller was also 

presented to deal with the model uncertainty. The simulation results 

showed that the proposed controller was robust and stable. 

Furthermore, the proposed controller could also improve the vehicle 

steering performance because it could reduce the model uncertainty 

and resist the disturbance very well. However, this controller could 

work only when the parameter uncertainty of the tire could be 

considered as linear time invariant and the vehicle speed was low. 

Amdouni et al. [49] proposed another kind of optimal control 

for four-wheel active steering vehicles. It was designed using 

parameter optimization method based on genetic algorithm which 

combined front and rear wheel steerings to control the front and rear 

wheel angles. The controller was then proposed and implemented in 

MATLAB/Simulink. The proposed controller model is comprised of 

model matching, feedforward and feedback controllers. This 

controller gave a better control for the vehicle at high speed. 

Moreover, an optimal control approach was proposed for four wheel 

active steering vehicle because the computing tools and techniques 

developed in this paper were general and fully parameterized. 
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Lam et al. [50] proposed a behavior-based steering control for 

four wheel independent steering vehicles. This strategy was used to 

overcome limitations of wheel orientation control. The controller 

consisting of position controller and kinematic controller worked as 

virtual linkages among each wheel to minimize wheel slip resulted by 

the misalignment of the orientations of wheels effectively. The 

simulation results showed that the proposed controller increased the 

driving and steering efficiency with little path variation. Nevertheless, 

they did not show whether the chosen PID parameters in this 

controller could make optimum performance in real field or not 

because the effectiveness of the proposed controller was only 

validated by simulation. 

For some conditions, only single control method cannot work 

properly on four wheel steering vehicles. Thus, Yang et al. [51] 

suggested a multi-mode control strategy based on fuzzy selector. This 

fuzzy selector analyzed the steering behavior and chose the 

appropriate control mode and determined the corresponding control 

model to improve the vehicle’s steering characteristics. The aim of 

using this type of controller is to achieve optimal yawing angular 

velocity, centroid edge angle and body heeling angle. Despite that, 

this control strategy could not make the vehicle with stable sideslip 

angle, yawing angular velocity and rolling angle as shown in the 

simulation results. 

Another control algorithm is fuzzy logic robust controller based 

on Sugeno fuzzy model which was developed by Shaout et al. [52]. 

This controller used the responsiveness and stability of the rear wheel 

steering in conjunction with front wheel steering using fuzzy logic 

robust controller based on single track nonlinear vehicle model. The 
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simulation results showed that the developed controller enhanced the 

vehicle handling in the presence of noise, steering linkage play and 

variation in vehicle parameters. 

From the above mentions, there is a necessity of conducting 

research on developing a new type of four wheel independent 

steering configuration for AGVs. Furthermore, a new good trajectory 

tracking controller is needed for the AGVs to fulfill the working 

requirements. 

1.2 Objective and research method 

The objective of this thesis is to present a Four Wheel 

Independent Steering Automatic Guided Vehicle (4WIS-AGV) for 

heavy baggage carriers with omnidirectional maneuver. The 

application of this system is in the airport and the hotel where people 

can put their baggage on the 4WIS-AGV and it will bring the 

baggage to the desired locations. To do this, the followings are done.  

First, a 4WIS-AGV is developed for experimental purpose. The 

4WIS-AGV with big dimension of 500 mm (height) x 705 mm 

(width) x 905 mm (length) is designed and manufactured. Four high 

power DC motors are used to drive its wheels and four additional DC 

motors are used for its steering purpose. Each motor is controlled 

independently and industrial PC is used as the main controller. Each 

motor has a motor driver and an ATmega128 microcontroller. 

ATmega128 is used to convert desired revolution signals from 

industrial PC to Pulse Width Modulation (PWM). This PWM is then 

converted to voltage signals by the motor driver.  
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Second, a kinematic modeling of 4WIS-AGVs is created based 

on a single track vehicle model. This model is obtained by reducing 

an ordinary four wheel vehicle model into a two wheel vehicle model 

with the wheels at the centerline of the vehicle. This model has been 

proved to sufficiently represent the four wheel steering vehicles as 

the more complicated nonlinear two track vehicle model does.  

Third, a trajectory tracking controller is designed based on 

Backstepping method to make the 4WIS-AGV tracks reference 

trajectories omnidirectionally and accurately.  

Fourth, a control system is developed using industrial PC and 

AVR ATmega128 microcontrollers to implement the designed 

controller. Industrial PC is used as the main controller which collects 

the data from sensors, generates control signal and controls Graphical 

User Interface (GUI) of the system. AVR ATmega128 

microcontrollers are used to convert control signal from industrial PC 

to PWM. This PWM signal is then converted to voltage signals by 

motor drivers. A monitor is used to display the GUI to users. Laser 

navigation system NAV200 to get position data of the vehicle and 

eight encoders to get angular velocity data of eight motors for 4 

steering motors and 4 driving motors are used. Two 12V batteries are 

used to supply power to the system.  

Finally, simulations and experiments are conducted to verify 

the effectiveness and the performances of the proposed controller for 

tracking two reference trajectories: a trajectory with sharp edges for 

parallel steering maneuver and a circular trajectory for zero-sideslip 

maneuver. The results show that the proposed controller makes the 

4WIS-AGV track the reference trajectory with sharp edges for 
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parallel steering maneuver and the reference circular trajectory for 

zero-sideslip maneuver very well. 

 

 

1.3 Outline and contribution of thesis 

 

This section describes the contents of the thesis and their 

contributions briefly. The contents consist of five sections, i.e. 

introduction, system modeling and controller design, controller 

implementation and hardware description, simulation and 

experimental results and conclusions as follows: 

 

Chapter 1: Introduction 

In this chapter, background and motivation of this thesis 

are presented. The objective and research method of this 

thesis are then described. Finally, the outline and 

contribution of this thesis is explained. 

Chapter 2: System modeling and controller design 

This chapter describes the modeling and controller design 

of the 4WIS-AGV. To do this, the followings are done. 

First, basic terminologies and equations of four wheel 

steering vehicles and their control theories are explained. 

Second, a kinematic modeling of the 4WIS-AGV based 

on a single track vehicle model is created. Finally, a 

trajectory tracking controller is designed for this system 

to track given reference trajectory based on Backstepping 

method. 
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Chapter 3: Controller implementation and hardware description 

This chapter describes the hardware structure of the 

4WIS-AGV used to implement the designed controller. 

The hardware structure of the 4WIS-AGV consists of 

mechanical design, electrical design and GUI of the 

4WIS-AGV. The mechanical design of the vehicle is 

explained in detail, which consists of its body and wheel 

configurations. All electric hardware used in the system 

such as steering motors and driving motors, encoders, 

industrial PC, batteries, ATmega128 microcontrollers, 

monitor, motor drivers and laser navigation system 

NAV200 are described. The GUI is comprised of manual 

and automatic menus. Both of these menus are described 

in this chapter. 

Chapter 4: Simulation and experimental results 

Simulation and experimental results are shown. These 

results are shown to prove the effectiveness, performance 

and applicability of the designed controller for the 4WIS-

AGV to track two reference trajectories: a reference 

trajectory with sharp edges for parallel steering maneuver 

and a circular reference trajectory for zero-sideslip 

maneuver. The simulation and experimental results show 

that the proposed controller makes the 4WIS-AGV able 

to track the reference trajectories very well. 

Chapter 5: Conclusions 

Conclusions from this research and several suggestions 

for future works are presented. 
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Chapter 2:  System Modeling and Controller 

Design 

This chapter presents a system modeling and a controller 

design for the 4WIS-AGV system. First, basic terminologies of four 

wheel steering vehicle are explained in this chapter. Second, two 

maneuvers of four wheel steering vehicles are explained. Third, a 

kinematic modeling of the 4WIS-AGV system is created. Finally, a 

trajectory tracking controller based on Backstepping method is 

designed. 

2.1  Basic terminologies  

The schematic of four wheel steering vehicles is shown in Fig. 

2.1. 
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Ay&
Av

relfrl

1 fod d=
4 rod d=

2 fid d=

3 rid d=

frd

b
red

fid

frd

fod

rid

red

rod

1v

2v

3v

4v

b

Subscript:
fr = front
re = rear
fi = front inner
fo = front outer
ri = rear inner
ro = rear outer
tc = turning center

tcr

AB C

P

1

2 3

4

 

Fig. 2.1 Schematic of four wheel steering vehicles 

 

where, 

fid , fod  = Front inner and front outer wheel steering angles, 

respectively (rad) 

rid , rod  = Rear inner and rear outer wheel steering angles, respectively 

(rad) 

frd , red = Front and rear wheel steering angles, respectively (rad) 
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Wheel steering angles are measured as angle between the wheel 

longitudinal axis and vehicle longitudinal axis in counter-clockwise 

direction. 

Av  = Vehicle linear velocity (m/s) 

iv   = Each wheel linear velocity, for 1, , 4i = L  (m/s) 

Ay&  = Vehicle angular velocity (rad/s) 

frl , rel  = Longitudinal distances from vehicle center of gravity (CG) 

to the front and rear wheels, respectively (m) 

tcr   = Turning center radius of the vehicle (m) 

b   = Lateral distances from CG to right or left wheel (m) 

wr  = Wheel radius (m) 

B  = Middle point of the front wheels 

C  = Middle point of the rear wheels 

CG  = Vehicle center of gravity 

P  = Turning center 

 

Four wheel steering vehicles have four wheels that are 

adjusted separately. Thus, each wheel has wheel steering angle id , 

wheel linear velocity iv  and wheel angular velocity iw  ( i i wv r=w ). 

The wheel names are determined when the vehicle moves in curved 

trajectories as shown in Fig. 2.1. In this condition, there are two 

wheels which are nearer to the turning center and therefore defined as 

the inner wheels. The rest of the wheels which are farther to the 

turning center are called the outer wheels. The wheel numbers are 

started from the front outer wheel as wheel 1, going in counter-

clockwise direction to the front inner wheel as wheel 2, then going to 
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the rear inner wheel as wheel 3 and the last wheel is the rear outer 

wheel as wheel 4.  

2.2 Four wheel steering vehicle maneuvers 

There are two kinds of maneuvers that four wheel steering 

vehicles have, i.e. parallel steering maneuver and zero-sideslip 

maneuver [54]. These maneuvers take advantage of the unique 

kinematic characteristics of four wheel steering vehicles. In this 

thesis, the experimental 4WIS-AGV will be tested on its capability 

for these two maneuvers. 

 

2.2.1 Parallel steering maneuver 

This maneuver is done when both the front and rear wheels 

are steered with the same angle, direction and velocity as shown in 

Fig. 2.2. 

red frd

BC

BC

CG BC

CG

CG

Ab

 

Fig. 2.2 Parallel steering maneuver 

 

In this condition, all wheel steering angles are set to follow 

the sideslip angle, Ab . 
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i Ad b=        for 1, , 4, ,i fr re= L                  (2.1) 

 

Likewise, the velocity of each wheel follows the vehicle 

linear velocity, Av . 

 

i Av v=          for 1, , 4, ,i fr re= L                 (2.2) 

 

This condition causes the turning radius of the vehicle motion, 

tcr , always equal to infinity along the path. 

 

tcr = ¥ , 0: ns s s®                      (2.3) 

 

where s  represents the path length travelled by CG from the starting 

point, 0s , to the ending point, ns . 

 Furthermore, in this condition, the vehicle moves without 

changing its orientation during the motion and mathematically this 

condition can be written as follows: 

 

( ) ( )0A Asy y= ,  : 0 ns s®                     (2.4) 

 

where ( )0Ay  is the initial orientation of the vehicle. 

 This maneuver is very practical in vehicle lane-changing and 

obstacle avoidance. As a result, this maneuver is very useful for 

AGVs when they have to move in small working space on which 

ordinary AGVs have limitation to move. 
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2.2.2 Zero-sideslip maneuver 

This maneuver is done when the sideslip angle of the vehicle 

is kept zero ( 0Ab = ) while the vehicle moves. This maneuver is 

illustrated with Fig. 2.3. 

At the point CG on the path, the incremental change, ds , can 

be expressed as: 

 

2 2ds dX dY= +                          (2.5) 

 

where dX and dY are the incremental changes in X and Y directions, 

respectively. The tangential angle Ay  at point CG can be expressed 

as: 

 

1tanA

dY

dX
-=y                               (2.6) 

 

Subsequently, the path curvature, k , can be obtained by 

deriving function ( )A sy  with respect to s  as follows: 

 

( )( )

2 2

3 22

1 /

1 /

A

tc

d d Y dX

r ds dY dX

y
k = = =

+
                           (2.7) 

 

When the vehicle moves along the path s , the sideslip angle 

can be written as follows: 

 

( ) 0A sb = ,  0: ns s s®                           (2.8) 
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red

frd

C CG

B

1
tcr

k
=

AydX

dY

s

ds

x
y

 

Fig. 2.3 Zero-sideslip maneuver 

 

The orientation of the vehicle ( )A sy  is set to match the 

tangential angle of the desired path ( )d sy . 

 

( ) ( )A ds s=y y ,        : 0 ns s®                      (2.9) 

 

Because the vehicle body is always tangent to the path, this 

maneuver is desirable for the vehicle motion. By assuming that all 

angles id , for 1, , 4, , ,i A fr re= L , are limited to be less than ± / 2p

rad, velocities of each wheel in zero-sideslip maneuver can be 

formulated as follows [53]: 
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( )

( )

2

2

tan csc
, 1,2;cos sin 0,

1
1 tan tan

4

tan csc
, 3, 4;cos sin 0,

1
1 tan tan

4

A fr i

fr i i fr

fr re

i

A re i
re i i re

fr re

i

i

n d d
d d d d

d d
n

n d d
d d d d

d d

ì
= ¹ ¹ï

ï + +
ï

= í
ï = ¹ ¹
ï

+ +ï
î

 (2.10) 

 

where 

, 0 , 0

sin
lim tan csc lim sec 1

sinx y x y

x
x y x

y

d d d d

d
d d d

d
® ®

é ù
é ù = =ê úë û

ê úë û
                (2.11) 

 

Proof of Eq. (2.10) is written in Appendix A. 

 

Subsequently, the steering angles of each wheel, id , can be 

calculated as follows: 

 

1
1 cot cot cot tan tanfr fr fr re

fr re

b

l l
d d d d d-

æ ö
é ù= + -ç ÷ë ûç ÷+è ø

              (2.12) 

for 1 frd d¹ , fr red d¹ , cos sin 0re frd d ¹  

 

1
2 cot cot cot tan tanfr fr fr re

fr re

b

l l
d d d d d-

æ ö
é ù= - -ç ÷ë ûç ÷+è ø

            (2.13) 

for 2 frd d¹ , fr red d¹ , cos sin 0re frd d ¹  

 

1
3 cot cot cot tan tanre re fr re

fr re

b

l l
d d d d d-

æ ö
é ù= - -ç ÷ë ûç ÷+è ø

            (2.14) 
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for 3 red d¹ , fr red d¹ , cos sin 0fr red d ¹  

1
4 cot cot cot tan tanre re fr re

fr re

b

l l
d d d d d-

æ ö
é ù= + -ç ÷ë ûç ÷+è ø

            (2.15) 

for 4 red d¹ , fr red d¹ , cos sin 0fr red d ¹  

 

Proof of Eqs. (2.12) - (2.15) is written in Appendix B. 

Since Eqs. (2.10) and (2.12) - (2.15) contain sin, cos and tan 

functions, these equations have special values in particular angles. 

The following describes the special angle conditions for Eqs. (2.10) 

and (2.12) - (2.15). 

 

From Eq. (2.10), linear velocity of wheel 1, 1v , is taken as follows: 

 

( )

1

1
2

tan csc

1
1 tan tan

4

A fr

fr re

v
n d d

d d

=

+ +

           (2.16) 

 

Case 1: In straight direction, 0fr red d= = or p and by considering Eq. 

(2.11), Eqs. (2.12) - (2.15) and (2.16) becomes 

0id =                 (2.17) 

( )
1

2

.1

1
1 0 0

4

A
Av

n
n= =

+ +

, likewise 2 3 4 Av v v n= = =          (2.18) 

 

Case 2: re frd d=  

Eqs. (2.12) - (2.15) becomes 
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1 2 3 4 fr red d d d d d= = = = =             (2.19) 

and thus Eq. (2.16) becomes 

 

( )
1 22

tan csc sec sec

sec1 1 tan1 tan tan
4

A fr fr A fr A fr

A

frfr
fr fr

v
n d d n d n d

n
ddd d

= = = =
++ +

   (2.20) 

likewise 2 3 4 Av v v n= = =  (parallel steering maneuver) 

 

Case 3: re frd d= -  

From Eqs. (2.12) - (2.15), the followings are done. 

 

1 1
1

2
cot cot cot 2 tan cot cotfr fr fr fr

fr re fr re

b b

l l l l
d d d d d- -

æ ö æ ö
é ù= + = +ç ÷ ç ÷ë ûç ÷ ç ÷+ +è ø è ø

           (2.21) 

1 1
2

2
cot cot cot 2 tan cot cotfr fr fr fr

fr re fr re

b b

l l l l
d d d d d- -

æ ö æ ö
é ù= - = -ç ÷ ç ÷ë ûç ÷ ç ÷+ +è ø è ø

             (2.22) 
 

1 1
3

2
cot cot cot 2 tan cot cotfr fr fr fr

fr re fr re

b b

l l l l
d d d d d- -

æ ö æ ö
é ù= - + = - +ç ÷ ç ÷ë ûç ÷ ç ÷+ +è ø è ø

             (2.23) 
 

1 1
4

2
cot cot cot 2 tan cot cotfr fr fr fr

fr re fr re

b b

l l l l
d d d d d- -

æ ö æ ö
é ù= - - = - -ç ÷ ç ÷ë ûç ÷ ç ÷+ +è ø è ø

                  (2.24) 
 

In addition, from Eq. (2.21), the followings are obtained. 
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1
1

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= +ê úç ÷ç ÷+ê úè øë û

              (2.25) 

1
2

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= -ê úç ÷ç ÷+ê úè øë û

             (2.26) 

 

1
3

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= - - +ê úç ÷ç ÷+ê úè øë û

             (2.27) 

 

1
4

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= - - -ê úç ÷ç ÷+ê úè øë û

             (2.28) 

 

Case 4: When 2frd p= ± , Eqs. (2.10) and (2.12) - (2.15) becomes 

 

( )

1.2

1.2
2

tan csc

1
1 tan tan

4

A fr

fr re

v
n d d

d d

=

+ +

 

1.2

2 2

1.2

2

csc

1 1 1 1
1 tan tan tan tan

tan 4 2 4

csc

tan1 1 1 1
tan tan

tan 4 2 4 tan

A

fr fr re re

fr

A

re
fr re

fr fr

n d

d d d d
d

n d

d
d d

d d

=

+ + +

=

+ + +

 

1,2
2

lim 0
fr

v
d p®±

\ =              (2.29) 

 

( )

3.4
3.4

2

tan csc

1
1 tan tan

4

A re

fr re

v
n d d

d d

=

+ +

 

3,4
2

lim 0
fr

v
d p®±

\ =                    (2.30) 
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1
1 cot cot cot tan tanfr fr fr re

fr re

b

l l
d d d d d-

æ ö
é ù= + -ç ÷ë ûç ÷+è ø

 

1cot cot cot tanfr fr re

fr re fr re

b b

l l l l
d d d-

æ ö
= + -ç ÷ç ÷+ +è ø

 

1
1

2
lim cot

fr
fr re

b

l ld p
d -

®±

æ ö
\ = ç ÷ç ÷+è ø

, likewise 1
2

2
lim cot

fr
fr re

b

l ld p
d -

®±

æ ö
= -ç ÷ç ÷+è ø

 

(2.31) 

 

1
3 cot cot cot tan tanre re fr re

fr re

b

l l
d d d d d-

æ ö
é ù= - -ç ÷ë ûç ÷+è ø

 

3
2

lim
frd p

d
®±

\ = -¥ , likewise 4
2

lim
frd p

d
®±

= ¥           (2.32) 

        

Case 5: When 2red p= ± , Eqs. (2.10) and (2.12) - (2.15) becomes 

( )

1,2

1.2
2

tan csc

1
1 tan tan

4

A fr

fr re

v
n d d

d d

=

+ +

 

1,2
2

lim 0
re

v
d p®±

\ =                    (2.33) 

 

( )

3.4
3.4

2

tan csc

1
1 tan tan

4

A re

fr re

v
n d d

d d

=

+ +
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1.2

2 2

1.2

2

csc

1 1 1 1
1 tan tan tan tan

tan 4 2 4

csc

tan1 1 1 1
tan tan

tan 4 tan 2 4

A

fr fr re re

re

A

fr

fr re

re re

n d

d d d d
d

n d

d
d d

d d

=

+ + +

=

+ + +

 

3,4
2

lim 0
re

v
d p®±

\ =              (2.34) 

 

1
1 cot cot cot tan tanfr fr fr re

fr re

b

l l
d d d d d-

æ ö
é ù= + -ç ÷ë ûç ÷+è ø

 

1
2

lim
red p

d
®±

\ = -¥ , likewise 2
2

lim
red p

d
®±

= ¥           (2.35) 

 

1
3 cot cot cot tan tanre re fr re

fr re

b

l l
d d d d d-

æ ö
é ù= - -ç ÷ë ûç ÷+è ø

 

1cot cot cot tanre re fr

fr re fr re

b b

l l l l
d d d-

æ ö
= - +ç ÷ç ÷+ +è ø

 

1
3

2
lim cot

re
fr re

b

l ld p
d -

®±

æ ö
\ = ç ÷ç ÷+è ø

, likewise 1
4

2
lim cot

re
fr re

b

l ld p
d -

®±

æ ö
= -ç ÷ç ÷+è ø

 

(2.36) 

 

Case 6: When i frd d= , Eqs. (2.10) and (2.12) - (2.15) becomes

( )
1.2

2

sec

1
1 tan tan

4

A fr

fr re

v
n d

d d

=

+ +

                  (2.37) 

( )
3.4

2

tan csc

1
1 tan tan

4

A re fr

fr re

v
n d d

d d

=

+ +

                  (2.38) 
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1 2 3 4 frd d d d d= = = =                    (2.39) 

 

Case 7: When i red d= , Eqs. (2.10) and (2.12) - (2.15) becomes 

( )
1.2

2

tan csc

1
1 tan tan

4

A fr re

fr re

v
n d d

d d

=

+ +

                  (2.40) 

( )
3.4

2

sec

1
1 tan tan

4

A re

fr re

v
n d

d d

=

+ +

           (2.41) 

1 2 3 4 red d d d d= = = =                    (2.42) 

 

These special angle conditions are summarized in Table 2.1. 

 

Table 2.1 Special angle conditions in Eqs. (2.10) and (2.12) - (2.15) 

Special 

Angles 
Eq. (2.10) Eqs. (2.12) - (2.15) 

0,

fr re

i

d d

d p

=

= =
 

1 2 3 4 Av v v v n= = = =  1 2 3 4 0d d d d= = = =  

re frd d=  
1 2 3 4 Av v v v n= = = =  1 2 3 4 frd d d d d= = = =  

re frd d= -

 

1
1

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= +ê úç ÷ç ÷+ê úè øë û

1
2

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= -ê úç ÷ç ÷+ê úè øë û

1
3

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= - - +ê úç ÷ç ÷+ê úè øë û

1
4

2
tan csc cot cotA fr fr

fr re

b
v

l l
n d d-

é ùæ ö
= - - -ê úç ÷ç ÷+ê úè øë û

 

1
1

2
cot cot fr

fr re

b

l l
d d-

æ ö
= +ç ÷ç ÷+è ø

1
2

2
cot cot fr

fr re

b

l l
d d-

æ ö
= -ç ÷ç ÷+è ø

1
3

2
cot cot fr

fr re

b

l l
d d-

æ ö
= - +ç ÷ç ÷+è ø

1
4

2
cot cot fr

fr re

b

l l
d d-

æ ö
= - -ç ÷ç ÷+è ø
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2frd p= ±

 

1,2
2

lim 0
fr

v
d p®±

=  

3,4
2

lim 0
fr

v
d p®±

=  

1
1

2
lim cot

fr
fr re

b

l ld p
d -

®±

æ ö
= ç ÷ç ÷+è ø

1
2

2
lim cot

fr
fr re

b

l ld p
d -

®±

æ ö
= -ç ÷ç ÷+è ø

3
2

lim
frd p

d
®±

= -¥

4
2

lim
frd p

d
®±

= ¥  

2red p= ±

 

1,2
2

lim 0
re

v
d p®±

=  

3,4
2

lim 0
re

v
d p®±

=  

1
2

lim
red p

d
®±

= -¥  

2
2

lim
red p

d
®±

= ¥  

1
3

2
lim cot

re
fr re

b

l ld p
d -

®±

æ ö
= ç ÷ç ÷+è ø

1
4

2
lim cot

re
fr re

b

l ld p
d -

®±

æ ö
= -ç ÷ç ÷+è ø

 

i frd d=  

( )
1.2

2

sec

1
1 tan tan

4

A fr

fr re

v
n d

d d

=

+ +

 

( )
3.4

2

tan csc

1
1 tan tan

4

A re fr

fr re

v
n d d

d d

=

+ +

 

1 2 3 4 frd d d d d= = = =  

i red d=  

( )
1.2

2

tan csc

1
1 tan tan

4

A fr re

fr re

v
n d d

d d

=

+ +

 

( )
3.4

2

sec

1
1 tan tan

4

A re

fr re

v
n d

d d

=

+ +

 

1 2 3 4 red d d d d= = = =  

 

 

2.3 Kinematic modeling 
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The configuration of the 4WIS-AGV for system modeling is 

shown in Fig. 2.4. The coordinate of OXY is a global coordinate 

whereas the coordinate of Axy  is a local coordinate. 

 

b

wr

b

O AX X

AY

Y

( ), ,R R RX Y y

Ay&

Av
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Rv
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2v
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rel

frl
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B

C

 

Fig. 2.4 Configuration for system modeling 

 

where, 

1e  = Error in local coordinate x-axis (m) 

2e  = Error in local coordinate y-axis (m) 
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3e  = Vehicle orientation error with respect to the reference 

orientation (rad) 

4e  = Vehicle sideslip angle error with respect to the reference 

sideslip angle (rad) 

wr   = Wheel radius (m) 

iw   = ith wheel angular velocity, for 1, , 4i = L  (rpm) 

id   = ith wheel steering angle, for 1, , 4i = L  (rad) 

Ab   = Vehicle sideslip angle between vehicle local coordinate x-

axis and the vehicle velocity direction measured in counter-clockwise 

direction (rad) 

,A AX Y  = Current positions of the center point of the 4WIS-AGV (m) 

Ay   = Vehicle orientation between global coordinate X axis and 

vehicle local coordinate x-axis measured in counter-clockwise 

direction (rad) 

Subscript A represents the current condition, whereas R represents the 

reference condition. 

 

In this design, a kinematic modeling of 4WIS-AGVs is 

proposed for the controller design based on a single track vehicle 

model as shown in Fig. 2.5. This modeling is obtained by reducing an 

ordinary four wheel vehicle model into a two wheel vehicle model 

with the wheels at the centerline of the vehicle. This model has been 

proved to sufficiently represent the four wheel steering vehicles as 

the more complicated nonlinear two track vehicle model does. 

Accordingly, this model has been widely adopted as the model for 

all-four wheel steering [55-61].  
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red
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Fig. 2.5 Single-track vehicle model  

 

where, 

frv , rev  = Front and rear wheel linear velocities (m/s), respectively 

 

From Figs. 2.4 and 2.5, the kinematic modeling of the 4WIS-

AGV is written as follows [54]: 

 

( )
( )

cos

sin
A A AA

A A AA

AA

AA

vX

vY

y b

y b

yy

bb

é ù +é ù
ê ú ê ú

+ê ú ê ú=
ê ú ê ú
ê ú ê ú
ê ú ë ûë û

&

&

&&
&&

             (2.43) 
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The angular velocity Ay&  and sideslip angle Ab  of the 4WIS-

AGV in the single-track vehicle model in Fig. 2.5 are reduced as 

follows: 

( )cos tan tanA A fr re

A

fr re

v

l l

b d d
y

-
=

+
&

            

(2.44) 

1
tan tan

tan fr re re fr

A

fr re

l l

l l

d d
b -

æ ö+
= ç ÷ç ÷+è ø

            (2.45) 

 
 

These equations apply to both parallel steering maneuver and 

zero-sideslip maneuver. 

Since Eqs. (2.44) and (2.45) contain cos and tan functions, 

these equations have special values in particular angles. The 

following describes the special angle conditions for Eqs. (2.44) and 

(2.45). 

 

Case 1: 0Ab =  

Eq. (2.44) becomes 

 

( )tan tanA fr re

A

fr re

v

l l

d d
y

-
=

+
&

                     

(2.46) 

 

Case 2: 2Ab p=  

Eq. (2.44) becomes 

 

0Ay =&               (2.47) 
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Case 3: 0fr red d= =  

Eqs. (2.44) and (2.45) become 

 

0A Ay b= =&               (2.48) 

 

Case 4: re frd d=  

Eqs. (2.44) and (2.45) become 

0Ay =&                       (2.49) 

( )1 1
tantan tan

tan tan
fr fr refr fr re fr

A fr

fr re fr re

l ll l

l l l l

dd d
b d- -

æ ö+æ ö+
ç ÷= = =ç ÷ç ÷ ç ÷+ +è ø è ø

(2.50) 

 
 

Case 5: re frd d= -  

Eqs. (2.44) and (2.45) become 

2 cos tanA A fr

A

fr re

v

l l

b d
y =

+
&                (2.51) 

( )1 1
tantan tan

tan tan
fr re frfr fr re fr

A

fr re fr re

l ll l

l l l l

dd d
b - -

æ ö-æ ö- +
ç ÷= =ç ÷ç ÷ ç ÷+ +è ø è ø

    (2.52) 

 

These special angle conditions are summarized in Table 2.2 

below. 

Table 2.2  Special angle conditions of Ay& and Ab  

Special 

Angles 
Ay&  Ab  

0Ab =  
( )tan tanA fr re

fr re

v

l l

d d-

+
 0 
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2Ab p=  0 2p  

0re frd d= =  0 0 

re frd d=  0 frd  

re frd d= -  
2 cos tanA A fr

fr re

v

l l

b d

+
 

( )1
tan

tan
fr re fr

fr re

l l

l l

d
-
æ ö-
ç ÷
ç ÷+
è ø

 

 

Steering angles and velocities of each wheel of the 4WIS-

AGV, id  and iv , are different when the vehicle move in parallel 

steering maneuver and zero-sideslip maneuver. For parallel steering 

maneuver case, the steering angles and velocities of 4WIS-AGV 

wheels are calculated using Eqs. (2.1) and (2.2), respectively. On the 

other hand, the steering angles and velocities of 4WIS-AGV wheels 

in zero-sideslip maneuver are calculated based on the steering angles 

of the front and rear wheels frd  and red of the single track vehicle 

model as follows: 

1
tan

tan
re fr

re

fr

l

l

d
d -

æ ö-
= ç ÷ç ÷

è ø                      

(2.53) 

1tan
A fr

fr

A

l

v

y
d - æ ö

= ç ÷
è ø

&
                             (2.54) 

 
The proof of Eqs. (2.53) and (2.54) is written in Appendix C. 

 

Eqs. (2.53) and (2.54) have constraint that they go to infinity 

when 0Av = . Therefore, to avoid this condition, Av is set to have 

small value (such as 0.000001 m/s) when 0Av = .  
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2.4  Controller design based on Backstepping method 

This section introduces the controller design based on 

Backstepping method. This method uses stability theory based on 

Lyapunov function to find suitable controllers. First, the system 

stability is checked based on Lyapunov stability theory. Subsequently, 

based on the limitation of controller range that can be applied while 

the system is stable, the suitable controller can be chosen. In this 

thesis, the kinematic modeling of the 4WIS-AGV is used and its 

stability is examined.  

The controller is designed for the 4WIS-AGV model to track 

a reference position ( ) ( )( ),R RX t Y t , a reference orientation ( )R ty  

and a reference sideslip angle ( )R tb  with a reference linear velocity 

( )Rv t , a reference angular velocity ( )R ty&  and a reference sideslip 

angular velocity ( )R tb& .  

The reference linear velocity ( )Rv t of a reference point R  on 

the reference trajectory is expressed as follows: 

 

cos sin

cos sin
R R R R R

A A A A A

v X Y

v X Y

y y

y y

ì = +
í

= +î

& &

& &
            (2.55) 

 

When vehicles are controlled to track given reference 

trajectories, tracking errors in Fig. 2.4 are expressed as follows: 

 

( ) ( )1 cos sinA R A A R Ae X X Y Yy y= - + -                      (2.56) 

( ) ( )2 sin cosA R A A R Ae X X Y Yy y= - - + -            (2.57) 
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3 A Re y y= -                      (2.58) 

4 A Re b b= -                      (2.59) 

 

The tracking error vector of Eqs. (2.56) - (2.59) can be written 

in the state space form as follows: 

 

1

2

3

4

cos sin 0 0

sin cos 0 0

0 0 1 0

0 0 0 1

A RA A

A RA A

A R

A R

e X X

e Y Y

e

e

-é ù é ùé ù
ê ú ê úê ú --ê ú ê úê ú= =
ê ú ê úê ú -
ê ú ê úê ú

-ë ûë û ë û

y y

y y

y y

b b

e                     (2.60) 

 

Because 4WIS-AGVs cannot move sideways without steering 

the wheel to the side direction, a nonholonomic constraint is given as: 

 

sin cos 0

sin cos 0
R R R R

A A A A

X Y

X Y

y y

y y

ì - =
í

- =î

& &

& &
                   (2.61) 

 

From Eqs. (2.55) - (2.61), the time derivative of the tracking 

error vector is as follows: 

 

3 2

3 1

cos 1 0

sin 0 0

0 1 0

0 0 1

R

A

R

A

R

A

R

v e e
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v e e
y
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-é ù é ù
é ùê ú ê ú- ê úê ú ê ú= +
ê úê ú ê ú-
ê úê ú ê ú ë û

- ë ûë û

e& &
&

&
&

           (2.62) 

 

Proof of Eq. (2.62) is written in Appendix D. 
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Subsequently, the stability of the system is checked by 

Lyapunov stability theory. First, a Lyapunov function is chosen as 

follows: 

 

( )2 2 2
1 2 3 4

2

1 1 1 1
1 cos

2 2 2
V e e e e

k
= + + - +  for 2 0k >                    (2.63) 

 

Stability checking is used to find a control law U that can 

make the system stable and track the reference trajectory successfully. 

From the error dynamic in Eq. (2.63), the time derivative of the 

Lyapunov function equation, V& , is obtained as follows:  
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According to the Lyapunov stability criterion, if 0V £& , the 

system is stable. Therefore, to meet this condition, a control law U 

can be chosen as follows: 

 

(2.64) 
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1 1 3

2 2 3 3

4 4

cos

sin
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A R R
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v k e v e

U e k v k e

k e

y y
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- +é ù é ù
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                   (2.65) 

where k1, k2, k3 and k4 are positive constants.  

 

Substituting Eq. (2.65) to Eq. (2.64) yields 

 

2 2 23
1 1 3 4 4

2

sin
k

V k e e k e
k

= - - -&                     (2.66) 

 

This means that value of V&  is always negative by using the 

chosen control law. Furthermore, 0V =&  from Barbalat’s lemma, 

therefore, 1e , 3e , 4e ®  0 as t ®¥ . From Eqs. (2.62) and (2.65), the 

following are attained as: 

 

2 2

A R

A R R

A R

v v

e k vy y

b b

é ù é ù
ê ú ê ú= -
ê ú ê ú
ê ú ê úë û ë û

& &

& &
                 (2.67) 

1 2 2 0R A A Ae v v e ey y= - + + = =& &&                            (2.68) 

2 1 0Ae ey= - =&&                                                (2.69) 

3 2 1 0A R Re e k v= - = - =& && y y                                      (2.70)  

4 0A Re b b= - =& &&                           (2.71) 

 

From Eqs. (2.68) - (2.71),  2 0e ®  as t ®¥  because of 

0Rv ¹ . e  is globally asymptotically stable.  



33 
 

The block diagram of the proposed controller in zero-sideslip 

maneuver is shown in Fig. 2.6. In parallel steering maneuver, the 

controller does not use Eqs. (2.10), (2.12) - (2.15), (2.53) and (2.54) 

to find iv , id , frd  and red , respectively. The block diagram of the 

proposed controller for the 4WIS-AGV to move in parallel steering 

maneuver is shown in Fig. 2.7. In parallel steering maneuver, Eqs. 

(2.1) and (2.2) are used to find id  and iv  (for 1, ,4, ,i fr re= L ). 
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Fig. 2.6 Block diagram of the proposed controller  

for zero-sideslip maneuver 
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Fig. 2.7 Block diagram of the proposed controller  

for parallel steering maneuver  
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Chapter 3: Controller Implementation and 

Hardware Description 

This chapter describes the designed and experimental of the 

4WIS-AGV that consists of mechanical design, electrical design and 

Graphical Unit Interface (GUI) software. The mechanical design is 

comprised of the body and wheel configurations. The electrical 

design consists of motors, encoders, industrial PC, battery, 

ATmega128 microcontrollers, motor drivers, monitor and laser 

navigation system NAV200. The GUI software explains the software 

used to control the 4WIS-AGV. 

3.1  Mechanical design 

 The 4WIS-AGV system developed in this thesis is shown in 

Fig. 3.1.  

ü
ï
ï
ý
ï
ïþ  

(a) Designed 4WIS-AGV system 
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(b) Real system 

Fig. 3.1 4WIS-AGV system 

 

It consists of body configuration, laser navigation system 

NAV200 and wheel configuration. The body and wheel 

configurations are explained in more detail in the next section. Laser 

navigation system NAV200 is used to obtain the vehicle position data 

in addition to data from encoders. The position data is then sent to the 

trajectory tracking controller in industrial PC. Monitor displays the 

data from the controller and position of the AGV during experiment. 

Push buttons are provided to connect and disconnect the system 

electricity. Moreover, these buttons are included for safety purposes. 

In case the vehicle has to be turned off, this button works as the 

emergency button which disconnects all electricity in the system if it 

is pushed. 

The 4WIS-AGV has dimension of 500 mm (height) x 705 mm 

(width) x 905mm (length). The electrical components are explained 
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in detail in the next section. The detailed mechanical drawings of 

each component are listed in Appendix E. 

3.1.1 Body configuration 

The body configuration of the 4WIS-AGV is shown in Fig. 

3.2.  

 

(a) Designed body configuration 
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(b) Real body configuration 

Fig. 3.2 Body configuration 

The specification of the vehicle body is listed in Table 3.1. 

The body configuration consists of body frame, body plate, electronic 

board including microcontrollers and motor drivers, batteries and 

industrial PC. The body plate used in this system is shown in Fig. 3.3.  

 

Table 3.1 Specification of the vehicle body 

Descriptions Symbols Values 

Distance from CG to front wheels frl  0.34 m 

Distance from CG to rear wheels rel  0.34 m 
Distance from CG left and right 

wheels 
b  0.3125 m 
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Fig. 3.3 Body plate 

All equipments are placed on top of this body plate. Since the 

AGV is designed for baggage carrier purpose, the body uses big 

dimension aluminum plate, 100 mm (height) x 705 mm (width) x 905 

mm (length), such that it can support the system well. Industrial PC 

and batteries used in this system are explained in more detail in the 

electrical design section. The body frame and body cover plate of the 

vehicle are shown in Fig. 3.4 and 3.5, respectively. The body frame is 

made of 20 mm x 20 mm aluminum profiles. On the other hand, the 

body cover plate consists of top cover plate, front cover plate, two 

side cover plates and rear cover plate. The cover plate uses 2 mm-

thickness aluminum plate and is shown in Appendix E for detailed 

dimension. 
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Fig. 3.4 Body frame 

 

 

Fig. 3.5 Body cover plate 
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3.1.2 Wheel configuration 

 
The wheel configuration of this system is shown in Fig. 3.6.  

 

 
(a) Real wheel configuration 

 

 

(b) Designed wheel configuration 

Fig. 3.6 Wheel configuration 
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This configuration is comprised of two DC motors for driving 

and steering purposes. Both driving and steering motors use 48.6 W 

DC motors with driving motor gear box 1:100 for driving purpose 

and steering motor gear box 1:150 for steering purpose. Each motor 

is coupled with an encoder used for positioning of the vehicle. Two 

wheel hubs as shown in Fig. 3.7 are used: one to connect the steering 

motor shaft to the nylon plate and the other is to connect the driving 

motor shaft and nylon wheel. Roller bearing with 20mm (inner 

diameter) x 46mm (outer diameter) x 13mm (thickness) is used to 

hold the nylon wheel at the steering steel plate. Nylon plate is used to 

connect the steering motor with the steering steel plate. Nylon plate 

and steering steel plate are shown in Figs. 3.8 and 3.9, respectively. 

Because the steering steel plate has to also support vehicle weight, 

thrust bearing is used. Reduction gear 1:2 is used to couple the 

steering motor and steering encoder as shown in Fig. 3.10. Nylon 

wheel is used for the driving wheel as shown in Fig. 3.11.  

 

  

Fig. 3.7 Wheel hub 
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Fig. 3.8 Nylon plate 

 

 

Fig. 3.9 Steering steel plate 

 

Fig. 3.10 Reduction gear 1:2 
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Fig. 3.11 Nylon wheel 

3.2  Electrical design 

The electrical configuration of the 4WIS-AGV is shown in Fig. 

3.12. 

 

Fig. 3.12 Electrical configuration of 4WIS-AGV 

 

The main controller is industrial PC with RS-232 

communication. Users give commands to the 4WIS-AGV through the 

GUI in industrial PC. The control signals generated from the 

controller are then sent to ATmega128 microcontrollers in the 

electronic board of the vehicle. Subsequently, these signals are 
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converted to Pulse Width Modulation (PWM) signals which are then 

converted to voltage signals by motor driver for driving DC motor. 

The feedback data are obtained from sensors such as NAV200 and 

encoders. NAV200 generates position data which is then sent to the 

industrial PC. On the other hand, the encoders count the revolution of 

DC motor shaft which are then used to find the position of the vehicle. 

The following sections describe these components with detailed 

specification and figures. 

3.2.1 DC motors 

DC motors used in the 4WIS-AGV are 48.6 W DC motors as 

shown in Fig. 3.13. These motors are used for driving and steering 

purposes. Driving DC motors use 1/100 gear reduction ratio, whereas 

steering DC motors use 1/150 gear reduction ratio. The motor 

performance graph is shown in Fig 3.14 and its detailed specification 

is listed in Table 3.2. 

 

 

Fig. 3.13 DC motors 
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Fig. 3.14 Performance graph of the DC motors [62] 

 

Table 3.2 Specification of DC motor IG-52GM 04TYPE (24V) 

No Parameters 

Values 

Motor with 1/100 

gear reduction ratio 

Motor with 1/150 

gear reduction ratio 

1 Gear head 

(mm) 
84 99.5 

2 Weight (g) 1,770 1,940 

3 Rated torque 

(kgf-cm) 
78 98 

5 Rated speed 

(RPM) 
35 23.5 

6 No load speed 

(RPM) 
40 26 

3.2.2  Encoders 

In the 4WIS-AGV system, high-resolution encoders are used 

instead of built-in encoder from the DC motors. The encoder is rotary 

encoder E40HB-6-3600-3-V-5 as shown in Fig. 3.15. The 

specification of the encoder is listed in Table 3.3.  
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Fig. 3.15 Encoder E40HB-6-3600-3-V-5 

 

Table 3.3 Specification of encoder E40HB-6-3600-3-V-5 

No Parameters Values 

1 Shaft diameter (mm) 6 

2 Resolution (pulse /1 revolution) 3600 

3 Output phase A, B, Z 

4 Output Voltage output 

5 Power supply (V) 5 

6 Weight (g) 120 

 

These encoders are used to measure the revolution of the 

driving and steering wheels. The data from encoders are sent to the 

controller such that the movement of the vehicle can be controlled 

properly. 

3.2.3 Industrial PC  

Industrial PC TANK-800 is used as the main controller. The 

overall view of the industrial PC is given in Fig. 3.16. Industrial PCs 

are basically personal PCs designed for industrial application. Thus, 

Industrial PCs are very suitable for the 4WIS-AGVs because these 
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systems need rugged controllers to operate reliably in harsh usage 

environments and conditions. Moreover, Industrial PC can perform 

high complexity calculation and collect high-frequency data from 

sensors. In this system, all the calculation of the controller and 

collecting data from positioning sensors are conducted in this 

industrial PC. 

 

 

(a) Overall view 

 

(b) Back view 

Fig. 3.16 Industrial PC TANK-800 
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The specification of Industrial PC TANK-800 is shown in 

Table 3.4.  

 

Table 3.4 Specification of PC TANK-800 

No Parameters Values 

1 Chassis Dimensions 136 mm x  219 mm x 188 mm 

2 Motherboard 

CPU 
Intel® Atom™ D525 1.8 GHz 

dual-core processor 

Chipset Intel® ICH8M 

Ethernet 
Dual Realtek RTL8111E PCIe 

GbE controllers support ASF 2.0 

3 Storage SATA 2.5’’ SATA HDD bay 

4 
System 

Function 

USB 4 x USB 2.0 

Ethernet 2 x RJ-45 

RS-232 4 x DB-9 

RS-422/485 2 x RJ-45 

Display 1 x VGA 

Resolution Up to 2048 x 1536 

Audio 1 x Mic-in, 1 x Line-out 

DIO 1 x DB-9 

Interior 

Expansions 

One PCIe x4 (physical one PCIe 

x16 slot) and two PCI slots 

5 Power 

Power 

Supply 

10.5 V (+/-0.3 V) - 36 V 

Power 

Consumption 
33 W (without add-on card) 

6 Reliability Operating -20°C - 70°C 
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Temperature 

Weight  3.0 Kg 

 

 

3.2.4 Battery 

 In the 4WIS-AGV system, all motors need 24V power supply. 

Therefore, two ATLASBX ITX100 12V batteries are used as shown 

in Fig. 3.17. The specification of this battery is listed in Table 3.5.  

 

 

Fig. 3.17 12V battery ATLASBX ITX100 

 

Table 3.5 Specification of 12V battery ATLASBX ITX100 

No Parameters Values 

1 Nominal Voltage (V) 12 V 100Ah 

2 Weight 24.2 kg 

3 Terminal type Bolt terminal 

4 Dimension (mm) 330 x 171 x 217 
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3.2.5 Microcontroller AVR ATmega128  

Microcontroller AVR ATmega128 are used to convert control 

signals generated by the controller to PWM signals which are then 

converted to voltage signal by motor drivers. The microcontroller is 

shown in Fig. 3.18 and its specification is listed in Table 3.6.  

 

 

Fig. 3.18 Microcontroller AVR ATmega128 

 

Table 3.6 Specification of microcontroller AVR ATmega128  

No Parameters Remarks 

1 Clock 16MHz 

2 RS232 channel interface Two 

3 Operating power 4.5 to operate at 5.5V 

4 Board size 4.6 x 7.9 cm 

5 RTC-32.768KH Available 

6 ATMEL ISP port, JTAG port Available 

7 All PORT Pin Extension Available 

8 RESET switch Available 

9 Power LED (RED) Available 

10 External input power supply Available: DC jack 

(power supply 7.5 - 12V 

Input) 
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In this system, eight ATmega128 microcontrollers are used to 

control four steering motors and four driving motors. 

3.2.6  Motor drivers 

The overall view and circuit of motor drivers used in the 

system are shown in Fig. 3.19. Like microcontrollers, eight motor 

drivers are used in the system. This motor driver can work in the 

range of 12 - 24 VDC.  

 

 

Fig. 3.19 Motor drivers 

3.2.7  Monitor 

MYMO MY-720 touch screen monitor as shown in Fig. 3.20 

is used to display the data of the controller to users. It has 7 inch 

screen size and its detailed specification is listed in Table 3.7. 
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Fig. 3.20 Monitor MYMO MY-720  

 

Table 3.7 Specification of monitor MYMO MY-720  

No Specification TSP Model 

1 Screen size 7.0 inch wide 

2 Resolution WVGA (800 ´  480) 

3 Display colors 16.7 M 

4 Brightness 250 cd/m2 

5 Contrast ratio 350 : 1 

6 Response time 30 msec 

7 Touch input Touch screen panel 

8 Video input USB2.0 high speed 

9 Connector USB mini B type 

10 Power input USB power (5 V, 500 mA) 

11 Power consumption 3.3 - 4.9 W 

12 UI, Pivot Pivot (Landscape, Portrait) 

13 Product dimension (mm) 194 (W) x 133 (L) x 180 (H) 
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3.2.8  Laser Navigation System NAV200 

Laser navigation system NAV200 is used to obtain the 

position of the vehicle and thus it is installed at the center point of the 

vehicle. The basic principle of the NAV200 is shown in Fig. 3.21. 

The NAV200 transmits pulse laser signals using a laser diode. The 

signals are reflected when they detect objects. The reflected signal is 

received by the laser measurement system receiver which uses a 

photodiode. Distance from the sensor to the object is calculated from 

the propagation time (dt) between sent pulse and received pulse. 

 

 

Fig. 3.21 Laser navigation system NAV200 basic principle 

 

The calculation of the position and orientation of the NAV200 

is shown in Fig. 3.22. The NAV200 position and orientation are 

obtained based on the fixed reflectors located at the environment (R1, 

R2, R3, L , Rn), where n is number of detected reflectors. One 

revolution of the scanner head is equivalent to one scanning and each 

revolution generates one reading per detected reflectors. The 
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measurement results are distances between sensors and reflectors (d1, 

d2, d3,···, dn) and measurement angles (θ1, θ2, θ3,···, θn ).  
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Fig. 3.22 Position measurement of the NAV200 

  

The coordinates of the reflectors are then saved in the 

nonvolatile reflector memory of the NAV200 as references. At least 

three reflectors are detected to measure position of the vehicle. In the 

position measurement, the NAV200 measures the distances and 

angles of the reflectors and calculates its own position from this data. 

By comparing the reflector data in the NAV200 memory and the 

measurement result, the position and orientation of the 4WIS-AGV 

can be determined. 

The coordinate of the 4WIS-AGV ( , )A AX Y  and orientation  

Ay  in Fig. 3.22 can be obtained from [60] as follows: 
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( )1 1 1atan2 ,A A AY Y X Xy q= - - -  (3.3) 

 

where 11 tanq=m , 22 tanq=m , 33 tanq=m  and tan Am= y . From 

Eqs. (3.1) - (3.3), m is given by: 

 

3 1 1 2 1 1 2 2 2 1 1 3 1 1 3 3

3 1 1 1 1 2 2 2 2 1 1 1 1 3 3 3

( )( ) ( )( )

( )( ) ( )( )

m m Y Y m X m X m m Y Y m X m X
m

m m m Y X m Y X m m m Y X m Y X

- - - + - - - - +
=

- + - - - - + - -

 (3.4) 

 

The structure of the NAV200 is shown in Fig. 3.23. 
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Fig. 3.23 Laser navigation system NAV200 

 

The specification of the NAV200 is listed in Table 3.8.  

  

Table 3.8  Specification of laser navigation system NAV200 

No Parameters Values 

1 Light source Infrared (855 nm) 

2 Laser class 1  

3 Field of view 360 ° 

4 Scanning frequency 8 Hz 

5 Angular resolution 0.1° 
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6 Operating range 1.2 m – 28.5 m 

7 Max. range 10 % reflectivity 28.5 m 

8 Data communication Serial (RS-232) 

9 Data transmission rate 19,200 Hz 

10 Operating voltage: ≥ 24 V DC ± 25% 

11 Power consumption: 24 W 

12 Weight 3.3 kg 

13 Dimensions (mm) 176 x 178 x 115  

3.3 Graphical Unit Interface (GUI) software 

The software to control the 4WIS-AGV is created using 

Microsoft Visual Studio 2008 with C# programming language. The 

Graphical Unit Interface (GUI) for the 4WIS-AGV is shown in Fig. 

3.24 and 3.25 for manual menu and automatic menu, respectively. In 

the GUI manual menu, users can control the 4WIS-AGV manually. 

Each wheel of the vehicle can be adjusted separately and uniformly 

as shown in Fig. 3.24. 

Fig. 3.24 shows four boxes named Front Left, Rear Left, Rear 

Right and Front Right. These boxes are used to control adjustment of 

the front left, rear left, rear right and front right wheels. These boxes 

also have driving and steering sliders which enable users to adjust 

driving control and steering control independently. The box at the 

middle center is all-control box which controls all the wheels within 

one slider. There are two sliders in this box. One is D slider for 

driving which enables users to adjust driving control of each wheel 

and another is S slider for steering which can adjust steering angle of 

each angle simultaneously.  
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The right side box with many arrows is used to control the 

wheels at the specified angles, 0o , 45± o , 90± o  and forward and 

backward motion. Five arrows at the top are used to adjust the 

direction of each wheel. Stop button, up arrow and down arrow under 

the five arrows are used to control the angular velocity of the driving 

motor of each wheel. 

 

 

Fig. 3.24 Manual menu of the 4WIS-AGV GUI 

 

In the automatic menu in Fig. 3.25, users can control the 

vehicle automatically to track reference trajectories. The left box is 

the map indicating the position of the 4WIS-AGV. The vehicle is 

illustrated as a circle with one line to show the heading direction. The 

circular line shows the trajectory that the vehicle is expected to track. 

The view of the map can be zoomed in and out using plus (+) and 

minus (- ) buttons beside the map box. 

The box in the right side is the NAV200 measurement data 

which shows the 4WIS-AGV X and Y positions and orientation. The 
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number of reflectors and validity are also shown below the position 

data. The validity value is dependent on the number of the detected 

reflectors. The higher the number of detected reflectors is, the higher 

the validity value is. 

Moreover, this menu presents error and wheel measurements. 

Two numbers at the left side inside wheel measurement box are front 

and rear wheel steering angles 
frd  and red  in degree unit which are 

located at the top and bottom, respectively. The eight numbers at the 

right side inside the wheel measurement box are angular velocity of 

each wheel iw  and each wheel steering angle id . The chosen 

controller gains are shown at left middle side of the GUI. Gains can 

be adjusted also in this GUI. 

To start experiments, users should specify a reference 

trajectory from which the 4WIS-AGV must track by using Load 

button, next, click the record button to save all recorded position data, 

finally, press track button to start the trajectory tracking. 

 

Fig. 3.25 Automatic menu of the 4WIS-AGV GUI 
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Chapter 4: Simulation and Experimental Results  

 

To verify the effectiveness and performance of the 

mathematical modeling and the designed controller of the 4WIS-

AGV, simulations and experiments are conducted by assigning the 

4WIS-AGV to track two reference trajectories, i.e. a reference 

trajectory with sharp edges and a circular reference trajectory. These 

two reference trajectories are taken for the verification of two 

maneuvers that four wheel steering vehicles have, i.e. parallel 

steering maneuver and zero-sideslip maneuver. 

4.1  Simulation results 

Simulations are conducted by using two reference trajectories 

to show the designed controller performance as follows: 

l A reference trajectory with sharp edges for parallel steering 

maneuver 

l A circular reference trajectory for zero-sideslip maneuver 

4.1.1 Reference trajectory with sharp edges 

Fig. 4.1 shows the reference trajectory with sharp edges which 

is used to verify the 4WIS-AGV can move omnidirectionally. 

Furthermore, this case is taken to show the experimental 4WIS-

AGV’s ability to move with parallel steering maneuver. 
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Fig. 4.1 Initial position and reference trajectory with sharp edges 

 

In this simulation, the 4WIS-AGV has to track the trajectory 

with sharp edges. The trajectory consists of 1 meter in the direction of 

Y axis, 2 meter line with the slope of 45o and 2 meter line in the 

direction of X axis. This reference is given to show the flexibility of 

the 4WIS-AGV that it can turn at the sharp edge accurately. This is 

the advantage of four wheel steering configuration where the four 

wheels can be adjusted at the same direction. The simulation was 

conducted within 73 s.  

An illustration on how the vehicle is expected to move is 

shown in Fig. 4.2. This figure also shows the reference sideslip angle, 

Rb , that is given to show how the system is supposed to move. In this 

instance, the reference vehicle orientation, Ry , is kept at 2p rad. 

Parameters and initial values of the simulation are listed in Table 4.1. 
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Fig. 4.2 Illustration of the expected motion 

 
Table 4.1 Parameter and initial values of the simulation 

Descriptions Symbols Values 

Initial position of the vehicle ( )0 0,X Y  (0, 0) 

Initial position of reference ( ),R RX Y  (0, 0) 

Initial value of vehicle orientation ( )0Ay  2p  rad 

Initial value of sideslip angle ( )0Ab  0 

Initial value of wheel steering angles ( )0id  0 

Reference vehicle orientation Ry  2p  rad 

Reference vehicle angular velocity Ry&  0 

Limit value of vehicle linear velocity Av  0.2±  m/s 

Limit value of vehicle angular velocity Ay&  0.15±  rad/s 

Limit value of vehicle sideslip  
angular velocity Ab

&  0.28±  rad/s 

Controller gain 1 1k  0.1 1s-  

Controller gain 2 2k  2 rad/m2 

Controller gain 3 3k  0.5 rad/s 

Controller gain 4 4k  2 1s-  
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Figs. 4.3 - 4.6 show the reference values of the 4WIS-AGV in 

the simulation. Figs. 4.3 and 4.4 show the reference X axis and Y axis 

trajectories, respectively. The reference linear velocity of the 4WIS-

AGV is shown in Fig. 4.5. From t=0 s to t=2 s, the vehicle accelerates 

with 0.04 m/s2. At t=2 s, the vehicle reaches v=0.08 m/s and the 

vehicle keeps the velocity until t=12.5 s. During this time, the vehicle 

moves in Y direction. At t=12.5 s, the vehicle decelerates with -0.04 

m/s2 for 2 s. At t=14.5 s, the vehicle reaches X = 0 m, Y = 1 m and 

stays for 3 s to adjusts its wheel angles. 

Subsequently, the vehicle accelerates with 0.04 m/s2 in 

opposite direction at t=17.5 s for 2 s. The vehicle reaches -0.08 m/s 

(minus due to opposite direction) at t=19.5 s and keep the velocity for 

23 s. At this time, the vehicle moves in -45o slope line (minus means 

clockwise). At t=42.5 s, the vehicle decelerates with -0.04 m/s2 for 2 

s. At t=44.5 s, the vehicle reaches X = 1.41 m, Y = -0.41 m and stays 

for 3 s to adjusts its wheel angles. 

Then, the vehicle accelerates with 0.04 m/s2 at the same 

direction with the previous movement at t=47.5 s for 2 s. The vehicle 

reaches -0.08 m/s (minus due to opposite direction) at t=49.5 s and 

keep the velocity for 23.5 s. At this time, the vehicle reaches X = 3.36 

m, Y = -0.41 m and moves in X direction. 
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Fig. 4.3 X-axis reference trajectory 
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Fig. 4.4 Y-axis reference trajectory 
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Fig. 4.5 Reference vehicle linear velocity 

 

Subsequently, reference sideslip angular velocity of the 

4WIS-AGV is shown in Figs. 4.6. The vehicle has the reference 

sideslip angular velocity of 0.26 rad/s for 3 s at t=14.5 s and t=44.5 s 

that it rotates to adjust its wheels.  

 
 



66 
 

0 10 20 30 40 50 60 70
-0.05

0

0.05

0.1

0.15

0.2

0.25

Time (s)

( )2,0 ( )12.5, 0

( )14.5, 0.26 ( )17.5, 0.26

( )19.5, 0 ( )42.5,0

( )44.5,0.26 ( )47.5,0.26

( )49.5,0 ( )73, 0

(
)

/
R

ra
d

s
b&

 
 

Fig. 4.6 Reference sideslip angular velocity 

 

The trajectory tracking result is shown in Fig. 4.7. It shows 

that the 4WIS-AGV can track the reference trajectory with sharp 

edges very well. Fig. 4.8 shows the trajectory tracking errors. 

Although the errors are relatively very small, there are small peak 

values when the 4WIS-AGV passes sharp edges. For example, when 

the vehicle starts to move, error in local coordinate x axis direction, 

1e , instantly decreases to -0.018 m and quickly increases to 0.003 m 

and decrease slowly approaching to zero. At t=12.5 s when the 

vehicle decelerates, 1e  instantly increases to 0.02 m and quickly 

decreases to -0.002 m. The same condition happen at t=14.5 s, 17.5 

s, 44.5 s, and 47.5 s which are the conditions when the vehicle 

changes its velocity. These phenomena happen because the vehicle 

needs time to be accelerated and decelerated which is not considered 
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in the reference values. Thus, every time the vehicle stays and starts, 

such errors exist which are then minimized by the controller. 

 

 
Fig. 4.7 Trajectory tracking result 
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Fig. 4.8 Trajectory tracking errors  
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The control law U for this trajectory tracking is shown in Fig. 

4.9. This figure shows the linear velocity, angular velocity and the 

sideslip angular velocity of the 4WIS-AGV. The linear velocity of the 

4WIS-AGV has values of 0.08 m/s in Y directional motion, -0.08 m/s 

in 45o slope and X directional motions and 0 m/s for 3 s at the first 

sharp edge between t= 14.5 s and t=17.5 s and at the second sharp 

edge between t= 44.5 s and t=47.5 s, respectively. Vehicle angular 

velocity shows 0 rad/s except at t=17.5 s, 42.5 s and 47.5 s. At t=17.5 

s, the vehicle wheel steering angles are already changed and therefore 

when it starts to move, there is a movement direction change that 

make the vehicle angular velocity increases with very small value of 

0.001 rad/s, which is then minimized by the controller. At t=42.5 s, 

the vehicle angular velocity decreases to -0.001 rad/s and minimized 

to zero when the vehicle decelerates. The same phenomenon with the 

vehicle at t=17.5 s happens again at t=47.5 s when the vehicle 

changes its wheel steering angles.  

When the vehicle moves, the sideslip angular velocity is kept 

zero as shown in the figure. When the vehicle stays, the controller 

adjusts each wheel steering angle and thus the sideslip angular 

velocity increase to 0.26 rad/s for 3 s at t=17.5 s and t=44.5 s. During 

the motion, the vehicle angular velocity is kept zero as shown in the 

figure.  
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Fig. 4.9 Control law U 

 

Initially the vehicle starts with zero velocity and accelerates 

until reaching 0.08 m/s at t=2 s. The vehicle keeps the vehicle linear 

velocity for 10.5 s before it decelerates to zero at t=14.5 s. For these 

times, the vehicle tracks 1 m line in Y direction. The vehicle stays for 

3 s to adjust the wheel steering angles to be 4p- rad from t=14.5 s. 

The vehicle then starts and reaches the reference linear velocity at      

-0.08 m/s at t=19.5 s. For this time, the vehicle tracks the second 

trajectory line which has 4p- rad slope from the first reference line. 

The vehicle keeps the vehicle linear velocity of -0.08 m/s for 23 s 

until it decelerates for 2 s. The vehicle stays for 3 s again to change 

the wheel steering angles to be 2p- rad. The vehicle starts again 

and reaches -0.08 m/s at t=49.5 s. The vehicle keeps the vehicle 

linear velocity of -0.08 m/s again for 23 s before it reaches the goal 

point. 
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Figs. 4.10 and 4.11 show the comparison of simulation results 

and reference of X-axis and Y-axis trajectory tracking. It can be seen 

that the simulation results are very close with the reference tracking 

trajectories. The trajectory tracking errors in the X and Y directions, 

X A Re X X= -   and Y A Re Y Y= -  , are shown in Fig. 4.12. This figure 

shows that there are errors with 0.025Xe = ± m and 0.02Ye = ±  m in 

X-axis and Y-axis positions. When the vehicle starts to move, error in 

global coordinate X axis, Xe , instantly decreases to -0.018 m and 

quickly increases to 0.003 m and decrease slowly approaching to zero. 

At t=12.5 s when the vehicle decelerates, error in global coordinate Y 

axis, Ye , instantly increases to 0.02 m and quickly decreases to -0.002 

m. The same conditions happen at t=17.5 s, 44.5 s, and 47.5 s which 

are the conditions when the vehicle changes its velocity. These 

phenomena happen because the vehicle needs time to be accelerated 

and decelerated which is not considered in the reference values. Thus, 

every time the vehicle stops and starts, such errors exist which are 

then minimized by the controller. 
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Fig. 4.10 X-axis reference and simulation 
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Fig. 4.11 Y-axis reference and simulation 
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Fig. 4.12 Errors Xe  and Ye  

 
Fig. 4.13 shows the simulation results of the vehicle 

orientation during the tracking process and it can be seen that the 

orientation is kept 2p  rad to keep the AGV posture for parallel 

steering maneuver during the motion. 
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Fig. 4.13 Vehicle orientation reference and simulation 

 

Fig. 4.14 shows the simulation result of the vehicle sideslip 

angle compared with its reference value. It can be seen that the 

vehicle is able to follow the reference sideslip angle very well. At the 

first section where the 4WIS-AGV has to track a 1 m line in the Y 

axis direction, the sideslip angles are made to be zero. After the 

4WIS-AGV arrives at the first sharp edge point, the sideslip angles 

are adjusted to be 4p-  rad. Then, when the 4WIS-AGV reaches at 

the second sharp edge point, the sideslip angles are adjusted to be 

2p- rad. The wheel steering angle of the 4WIS-AGV, id  (for i = 1,

L , 4, fr, re), is shown in Fig. 4.15. As introduced in Chapter 2, the 

wheel steering angles follow the sideslip angle, Ab , in parallel 

steering maneuver.  
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Fig. 4.14 Vehicle sideslip angle reference and simulation 

 

 

 
 

Fig. 4.15 Wheel steering angle id  
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The linear and angular velocities of each wheel, iv  and iw  

(for i = 1,L , 4, fr, re), are shown in Figs. 4.16 and 4.17, respectively. 

As mentioned in Chapter 2, the linear velocity of each wheel, iv , 

follows the vehicle linear velocity, Av . Therefore, the linear velocity 

of each wheel as shown in Fig. 4.16 is same to Av  in Fig. 4.9. Fig. 

4.17 shows that the angular velocity of each wheel is proportional to 

the vehicle linear velocity. 

 

 

Fig. 4.16 Linear velocity of each wheel iv  
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Fig. 4.17 Angular velocity of each wheel iw  

 

 

4.1.2 Circular reference trajectory  

In this section, the 4WIS-AGV is controlled to track a circular 

reference trajectory with the radius of 1 m. This case is taken to show 

the experimental 4WIS-AGV’s ability to move with zero-sideslip 

maneuver. The circular reference trajectory is shown in Fig. 4.18. 

The simulation was conducted within 78.5 s. 
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Fig. 4.18 Initial position and circular reference trajectory 

 

In this simulation, the vehicle tracks the circular trajectory 

with the radius of 1 m. An illustration on how the vehicle is expected 

to move is shown in Fig. 4.19. In this instance, the vehicle sideslip 

angle, Ab , is kept zero. Parameters and initial values of the 

simulation are listed in Table 4.2. 
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Fig. 4.19 Illustration of the expected motion 

 

Table 4.2 Parameter and initial values of the simulation 

Descriptions Symbols Values 

Initial position of the vehicle ( )0 0,X Y  (0, -1) m 

Initial position of reference ( ),R RX Y  (0, -1) m 

Initial value of vehicle orientation ( )0Ay  0 

Initial value of sideslip angle ( )0Ab  0 

Initial value of wheel steering angles ( )0id  0 

Reference vehicle linear velocity Rv  0.08  m/s 

Reference vehicle orientation Ry  0.08t  rad 

Reference vehicle angular velocity Ry&  0.08  rad/s 

Reference vehicle sideslip angle Rb  0 

Reference vehicle sideslip angular 
velocity Rb

&  0 

Limit value of vehicle linear velocity Av  0.2±  m/s 

Limit value of vehicle angular velocity Ay&  0.15±  rad/s 
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Limit value for vehicle sideslip  
angular velocity Ab

&  0.28±  rad/s 

Controller gain 1 1k  4 1s-  

Controller gain 2 2k  20 rad/m2 

Controller gain 3 3k  0.5 rad/s 

Controller gain 4 4k  1 1s-  

 

Figs. 4.20 and 4.21 demonstrate X-axis and Y-axis reference 

trajectories for the 4WIS AGV to track the circular reference 

trajectory, respectively.  

 

 
 

Fig. 4.20 X-axis reference trajectory  
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Fig. 4.21 Y-axis reference trajectory  

 
The circular trajectory tracking result is shown in Fig. 4.22. It 

shows that the 4WIS-AGV can track the circular reference trajectory 

very well. The circular trajectory tracking errors are shown in Fig. 

4.23. It shows that the errors go to zero at 25 s. 

 

 
Fig. 4.22 Trajectory tracking result 
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Fig. 4.23 Trajectory tracking errors 

 

The control law for this circular trajectory tracking is shown 

in Fig. 4.24. This figure shows that the vehicle linear and angular 

velocities quickly goes to their reference values, 0.08 m/s and 0.08 

rad/s, respectively. Vehicle sideslip angular velocity is kept constant 

at 0 rad/s. 
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Fig. 4.24 Control law U 

 

Figs. 4.25 and 4.26 show comparison of simulation results 

and references of X-axis and Y-axis trajectory tracking. It can be seen 

that the vehicle tracks the reference trajectories very well. The 

tracking errors in the X and Y directions, Xe  and  Ye  , are shown in 

Fig. 4.27. At the initial time, the vehicle has small errors which go to 

zero at 25 s. 
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Fig. 4.25 X-axis reference and simulation 

 

 

Fig. 4.26 Y-axis reference and simulation 
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Fig. 4.27 Errors Xe  and Ye  

 

Fig. 4.28 shows comparison of simulation result and reference 

of the vehicle orientation. This figure shows that the simulation result 

is very close with the reference. The sideslip angle of the 4WIS-AGV 

is shown in Fig. 4.29. This figure shows that the vehicle sideslip 

angle is kept zero during the simulation and the vehicle has zero-

sideslip maneuver. Figs. 4.30 - 4.31 show the steering angles of front 

and rear wheels which quickly go to 0.3277 rad and -0.3277 rad, 

respectively. Figs. 4.32 - 4.35 show the steering angles of front outer 

wheel, front inner wheel, rear inner wheel and rear outer wheel, 

which after 20 s, go to 0.2535 rad, 0.4592 rad, -0.4592 rad and           

-0.2535 rad, respectively. The steering angles of the front wheels are 

opposite to steering angles of the rear wheels. In addition, these 

figures show that the inner wheels have bigger steering angles than 

the outer wheels.  
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Fig. 4.28 Vehicle orientation reference and simulation 

 
 

 
 

Fig. 4.29 Vehicle sideslip angle reference and simulation 

 

0 10 20 30 40 50 60 70
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

Time (s)

b
A
 (

ra
d

)

 

 

Reference
Simulation



86 
 

 
 

Fig. 4.30 Steering angle of the front wheel 

 
 

 
 

Fig. 4.31 Steering angle of the rear wheel 
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Fig. 4.32 Steering angle of the front outer wheel 

 
 

  
 

Fig. 4.33 Steering angle of the front inner wheel 
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Fig. 4.34 Steering angle of the rear inner wheel 

 

  
 

Fig. 4.35 Steering angle of the rear outer wheel 
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The linear velocities of the front outer wheel, the front inner 

wheel, the rear inner wheel and the rear outer wheel are shown in 

Figs. 4.36 - 4.39, respectively. The outer wheels have the same 

velocity of 0.10843 m/s after 20 s. Likewise the inner wheels have 

the same velocity, which is 0.06139 m/s after 20 s 

 

 

Fig. 4.36 Linear velocity of the front outer wheel 
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Fig. 4.37 Linear velocity of the front inner wheel 

 

 

Fig. 4.38 Linear velocity of the rear inner wheel 
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Fig. 4.39 Linear velocity of the rear outer wheel 

 

The angular velocities of the front outer wheel, the front inner 

wheel, the rear inner wheel and the rear outer wheel are shown in 

Figs. 4.40 - 4.43, respectively. The inner wheels have the same 

angular velocity, which is 0.7669 rad/s after 20 s. Likewise the outer 

wheels have the same angular velocity of 1.3558 rad/s after 20 s. 

These figures show that the outer wheels have higher wheel angular 

velocities than the inner wheels.  
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Fig. 4.40 Angular velocity of the front outer wheel 

 

 
 

Fig. 4.41 Angular velocity of the front inner wheel 
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Fig. 4.42 Angular velocity of the rear inner wheel 

 

 
 

Fig. 4.43 Angular velocity of the rear outer wheel 
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4.2 Experimental results 

This section shows the experimental results of the two 

trajectory tracking that have been simulated. In this section, the 

experimental results are compared with their simulation results to 

show the effectiveness of the proposed controller. 

 

4.2.1 Reference trajectory with sharp edges 

The experimental trajectory tracking result of the reference 

with sharp edges is shown in Fig. 4.44. This figure shows that 

experimental result is very close with the reference and simulation 

results. Fig. 4.45 shows the trajectory tracking errors. It shows that all 

trajectory tracking errors are relatively small within the range of 

1 0.02e = ± m, 2 0.025e = ± m, 3 0.01e = ± rad and 4 0.015e = ± rad. The 

control law for this trajectory tracking is shown in Fig. 4.46. It can be 

seen that the experimental results of the control law are quite close 

with its simulation results and references. The experimental vehicle 

angular velocity is within 0.005± m along the simulation vehicle 

angular velocity. 
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Fig. 4.44 Simulation and experimental trajectory tracking results 

 

 

Fig. 4.45 Simulation and experimental trajectory tracking errors 
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Fig. 4.46 Simulation and experimental control laws 

 

Figs. 4.47 and 4.48 show comparison of the experimental and 

simulation results of the X-axis and Y-axis trajectory tracking, 

respectively. The experimental results show that the vehicle tracks 

the reference trajectories very well. The trajectory tracking errors is 

shown in Fig. 4.49 and it can be seen that the result is quite close 

with the simulation result. Fig. 4.50 shows the experimental results of 

the vehicle orientation during the trajectory tracking and it shows that 

the orientation, Ay , is kept 2p  rad to keep vehicle posture of zero-

sideslip maneuver during the motion.  
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Fig. 4.47 Simulation and experimental results  

of X-axis trajectory tracking 

 

 

Fig. 4.48 Simulation and experimental results  

of Y-axis trajectory tracking 
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Fig. 4.49 Simulation and experimental errors Xe and Ye  

 

 

Fig. 4.50 Simulation and experimental vehicle orientation 
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Fig. 4.51 shows the experimental vehicle sideslip angle is 

close with its reference and simulation result due to parallel steering 

maneuver. Fig. 4.52 shows the wheel steering angles of the 4WIS-

AGV in experiment and simulation during tracking the trajectory, id

for 1, ,4, ,i fr re= L . Both figures show that the wheel steering angles 

of the 4WIS-AGV follows vehicle sideslip angle due to parallel 

steering maneuver. Figs. 4.53 and 4.54 demonstrate the experimental 

results of linear velocity and angular velocity of each wheel 

compared with its simulation result, respectively. It can be seen that 

the experimental and simulation results are very close. 

 

 

Fig. 4.51 Simulation and experimental vehicle sideslip angles 
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Fig. 4.52 Simulation and experimental wheel steering angles 

 

 

Fig. 4.53 Simulation and experimental  

linear velocities of each wheel 
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Fig. 4.54 Simulation and experimental  

angular velocities of each wheel 

 

 

4.2.2 Circular reference trajectory 

Fig. 4.55 shows the experimental result of the trajectory 

tracking of circular reference trajectory with the radius of 1 m for 

zero-sideslip maneuver. Fig. 4.56 shows the trajectory tracking errors 

within the range of 1 0.02e = ± m, 2 0.01e = ± m, 3 0.015e = ± rad and 

4 0.005e = ± rad. It can be seen that the 4WIS-AGV tracks the 

trajectory very well. The control law of the trajectory tracking is 

shown in Fig. 4.57. The experimental vehicle linear velocity, vehicle 

angular velocity and sideslip angular velocity are 0.08 0.06Av = ± m/s, 

0.08 0.02Ay = ±&  rad/s and 40 1 10Ab
-= ± ´&  rad/s, respectively. The 

experimental results are very close to simulation results. 
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Fig. 4.55 Simulation and experimental results of  

circular reference trajectory tracking 

 

 
Fig. 4.56 Simulation and experimental trajectory tracking errors 
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Fig. 4.57 Simulation and experimental control laws U 

 

Figs. 4.58 and 4.59 present comparison of experimental and 

simulation results of the X-axis and Y-axis trajectory tracking, 

respectively. The experimental results show that the vehicle can track 

the reference trajectory in both X-axis and Y-axis very well. The 

trajectory tracking errors in X-axis and Y-axis is given in Fig. 4.60. It 

shows that the errors in experiment are bounded within 0.015± m 

along simulation result for Xe and 0.01± m along simulation result for 

Ye . Fig. 4.61 shows the experimental result of the vehicle orientation. 

The experimental result tracks the simulation result very well. 
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Fig. 4.58 Simulation and experimental results  

of X-axis trajectory tracking 

 

 

Fig. 4.59 Simulation and experimental results  

of Y-axis trajectory tracking 
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Fig. 4.60 Simulation and experimental errors Xe  and Ye  

 

 

Fig. 4.61 Simulation and experimental vehicle orientation 
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The experimental result of the vehicle sideslip angle is shown 

in Fig. 4.62 and it can be seen that the experimental value is bounded 

within 0.0001± rad along the simulation value. The experimental 

results of the wheel steering angles are given in Figs. 4.63 - 4.68 

which illustrate the steering angles of the front wheel, rear wheel, 

front outer wheel, front inner wheel, rear inner wheel and rear outer 

wheel, respectively. They show that the experimental results of the 

steering angles are very close with the simulation results. The 

experimental steering angles of the front wheel, rear wheel, front 

outer wheel, front inner wheel, rear inner wheel and rear outer wheel 

are 0.3277 0.0127± rad, 0.3277 0.0127- ±  rad, 0.2535 0.0085± rad, 

0.4593 0.0257± rad, 0.4593 0.0257- ± rad and 0.2535 0.0085- ± rad, 

respectively. 

 
Fig. 4.62 Simulation and experimental vehicle sideslip angles 
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Fig. 4.63 Simulation and experimental front wheel steering angles 

 

 
Fig. 4.64 Simulation and experimental rear wheel steering angles 
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Fig. 4.65 Simulation and experimental steering angles  

of the front outer wheel 

 

 
Fig. 4.66 Simulation and experimental steering angles  

of the front inner wheel 
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Fig. 4.67 Simulation and experimental steering angles  

of the rear inner wheel 

 

 
Fig. 4.68 Simulation and experimental steering angles  

of the rear outer wheel 
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The experimental results of wheel linear velocities are given 

in Figs. 4.69 - 4.72 which show the angular velocities of the front 

outer wheel, the front inner wheel, the rear inner wheel and the rear 

outer wheel, respectively. The experimental linear velocities of the 

front outer wheel, front inner wheel, rear inner wheel and rear outer 

wheel are 0.1085 0.0075± m/s, 0.0613 0.0057±  m/s, 0.0613 0.0057±  

m/s and 0.1085 0.0075±  m/s, respectively. 

Likewise, Figs. 4.73 - 4.76 show the experimental results of 

wheel angular velocities of the front outer wheel, the front inner 

wheel, the rear inner wheel and the rear outer wheel, respectively. 

They show that the experimental results are very close to their 

simulation results. The experimental angular velocities of the front 

outer wheel, front inner wheel, rear inner wheel and rear outer wheel 

are 1.3558 0.0942± rad/s, 0.7669 0.0731±  rad/s, 0.7669 0.0731±

rad/s and 1.3558 0.0942±  rad/s, respectively. 

 

Fig. 4.69 Simulation and experimental linear velocities  

of the front outer wheel 
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Fig. 4.70 Simulation and experimental linear velocities  

of the front inner wheel 

 

 

Fig. 4.71 Simulation and experimental linear velocities  

of the rear inner wheel 
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Fig. 4.72 Simulation and experimental linear velocities  

of the rear outer wheel 

 

 
Fig. 4.73 Simulation and experimental angular velocities  

of the front outer wheel 
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Fig. 4.74 Simulation and experimental angular velocities  

of the front inner wheel 

 

 
Fig. 4.75 Simulation and experimental angular velocities  

of the rear inner wheel 
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Fig. 4.76 Simulation and experimental angular velocities  

of the rear outer wheel  

0 10 20 30 40 50 60 70
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

Time (s)

w
ro

 (
ra

d
/s

)

 

 

Simulation

Experiment



115 
 

Chapter 5: Conclusions 

5.1  Conclusion 

This thesis is about a study on development and controlling a 

four wheel independent steering automatic guided vehicle. The 

conclusions of this thesis are summarized as follows: 

l Two maneuvers for four wheel steering vehicles, i.e. parallel 

steering maneuver and zero-sideslip maneuver were introduced.  

l A kinematic modeling of the 4WIS-AGV based on single track 

vehicle model was introduced by reducing an ordinary four 

wheel vehicle model into a two wheel vehicle model with the 

wheels at the centerline of the vehicle.  

l A trajectory tracking controller was designed based on 

Backstepping method.  

l Hardware configuration of the experimental 4WIS-AGV 

developed in this thesis were described. The system is comprised 

of body configuration, wheel configuration and laser navigation 

system NAV200. NAV200 was used to get vehicle position 

measurement. The body configuration consisted of body plate, 

body frame, electronic board, batteries, body plate, industrial PC 

and monitor. Industrial PC was used as the main controller of the 

system. It collected data from sensors, generated control signal 

and controlled Graphical User Interface (GUI) of the system. The 

monitor was used to display the GUI to users. The wheel 

configuration consisted of encoders, driving and steering motors, 

gear boxes, aluminum body cover plates and wheels. 
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l Simulations and experiments were conducted to verify the 

effectiveness and performances of the mathematical modeling 

and the designed controller for the 4WIS-AGV to track two 

reference trajectories: a reference trajectory with sharp edges for 

parallel steering maneuver and a circular reference trajectory for 

zero-sideslip maneuver.  

l In the first case where the vehicle was controlled to track a 

reference trajectory with sharp edges for parallel steering 

maneuver, the vehicle tracked the reference well. The trajectory 

tracking errors are as follows: 1 0.02e = ± m, 2 0.02e = ± m, 

3 0.015e = ± rad and 4 0.015e = ± rad. 

l In the second case where the vehicle was controlled to track a 

circular reference trajectory for zero-sideslip maneuver, the 

vehicle quickly approaches the reference values and tracks the 

reference well. The trajectory tracking errors are as follows: 

1 0.02e = ± m, 2 0.01e = ± m, 3 0.015e = ± rad and 4 0.005e = ± rad. 

l The simulation and experimental results showed that the 

proposed controllers made the 4WIS-AGV track the reference 

trajectories such as a reference trajectory with sharp edges for 

parallel steering maneuver and a circular trajectory for zero-

sideslip maneuver omnidirectionally very well. 

 

Therefore, 4WIS-AGVs can be employed in warehouse material 

handling due to its omnidirectional ability and its performance 

mentioned above especially when material handling in narrow 

working space is needed. 
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5.2  Future works 

In this thesis, the experimental 4WIS-AGV and the designed 

trajectory tracking controller were introduced. However, there are 

still some drawbacks found in the experiments, The future works are 

listed as follows: 

l A dynamic controller will be designed based on dynamic 

modeling. 

l Simultaneous, Localization and Mapping (SLAM) in the 4WIS-

AGV will be applied.  
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Appendix A: Proof of Eq. (2.10) 
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Fig. A.1 Coordinate system configuration  

of four wheel steering vehicles 

 

Velocities at the wheel centers are expressed as [53] 

 

( )OP OA Aiiv r r ré ù= W´ - +
ë û

r ur r r r
, i = 1,L , 4            (A.1) 

 

where 

OAr
r

 : relative position of the vehicle center of gravity (CG) in the 

XYZ global coordinate, 

OPr
r

 : a turning point P in the inertial frame serving as the vehicle 

instantaneous center of zero velocity,  

Air
r

 : position vectors of wheel i from the vehicle CG, 

W
ur

 : angular velocity vector of the xyz local coordinate in XYZ 

global coordinate defined as 
T

x y zq q qé ùW = ë û

r
& & & . 
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Eq. (A.1) can be written as 

( )11 OP OA Av r r ré ù= W´ - +
ë û

r ur r r r
                      (A.2) 

( )22 OP OA Av r r ré ù= W´ - +
ë û

r ur r r r
                      (A.3) 

( )33 OP OA Av r r ré ù= W´ - +
ë û

r ur r r r
                      (A.4) 

( )44 OP OA Av r r ré ù= W´ - +
ë û

r ur r r r
                      (A.5) 

 

Since velocity of each wheel in Eqs. (A.2) - (A.5) are 

identical, only derivative of Eq. (A.2) is presented. 

 

( )1 11 OP OA A OP Ov r r r r ré ù é ù= W´ - + = W´ -
ë ûë û

r ur r r r ur r r
                   (A.6) 
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Since the vehicle does not move in z axis and rotate in x axis 

and y axis, 1 0z x yv q q= = =& & and z Aq y=& & , Eq. (A.7) becomes 
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From Eq. (A.8), 1v  can be obtained as follows: 

( )( ) ( )( )
222 2

1 1 1 1 1x y A OPx O x A OPy O yv v v r r r ry y= + = - - + -& &  

( ) ( )( )222
1 1A OPx O x OPy O yr r r ry= - + -&  

( ) ( )( )22

1 1 1A OPx O x OPy O y A Pr r r r ry y= - + - =& &        (A.9) 

 

where 1Pr is the distance from turning point P to the center point of 

the wheel 1. 

 

Likewise,  

2 2A Pv ry= &                    (A.10) 

3 3A Pv ry= &                    (A.11) 

4 4A Pv ry= &                    (A.12) 

 

The distances from turning point P to each wheel center 

points can be calculated using two dimensional triangular 

relationships of the vehicle. Fig. A.2 illustrates the wheel 

configuration of the four wheel steering vehicles in two dimension. 
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Fig. A.2 Wheel configuration in two dimension 

 

In Figs. 2.1, 2.4 and A.2, vehicle width, 2W b= , and vehicle 

length, ,fr reH l l= + are given. By considering the triangle 

relationship among points 1, 2, 3, 4, A, B, C and P in Fig. A.2, angle 

relationship between each wheel can be found. 

Fig. A.3 shows triangle of points P, 4 and C (triangle P4C) 

that gives relationship between rear wheel 4 and rear wheel steering 

angles, 4d  and red , respectively. 
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P
4red d-

4d

180 red-

4

C

PCr
4Pr

1

2
W

 

Fig. A.3 Triangle PC4 

 

4PCD  

The distances (lengths) of points P4 and PC can be found 

using law of sines as follows: 

 

( ) ( )
4

4

1 2

sin 180 sin
P

re re

r W

d d d
=

- -
 

( )
( ) ( )4

4 4

sin 180 sin

2sin 2sin
re re

P

re re

W W
r

d d

d d d d

-
Û = =

- -
                   (A.13) 

 

( )4 4

1 2

sin sin
PC

re

r W

d d d
=

-
 

( )
4

4

sin

2sin
PC

re

W
r

d

d d
Û =

-
              (A.14) 
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Since Eqs. (A.13) and (A.14) have sine functions, these 

equations have some constraints to apply such that these equations 

can work properly. The constraints are 

l 4 0d ¹ °  

l 4red d¹  

l 180red ¹ °  

 

Likewise, the equations for the other points can be obtained. 

Fig. A.4 shows triangle of points P, 3 and C (triangle P3C) that gives 

relationship between rear wheel 3 and rear wheel steering angles, 3d  

and red , respectively. 

3 red d-

red

3180 d-

C

3

3Pr
PCr

P

1

2
W

 

Fig. A.4 Triangle P3C 

 

3P CD  

The distances (lengths) of points P3 and PC can be found 

using law of sines as follows: 
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( )
3

3

1 2

sin sin
P

re re

r W

d d d
=

-
 

( )3

3

sin

2sin
re

P

re

W
r

d

d d
Û =

-
                     (A.15) 

 

( ) ( )3 3

1 2

sin 180 sin
PC

re

r W

d d d
=

- -
 

( )
( ) ( )

3 3

3 3

sin 180 sin

2sin 2sin
PC

re re

W W
r

d d

d d d d

-
Û = =

- -
                                  (A.16) 

 

Since Eqs. (A.15) and (A.16) have sine functions, these 

equations have some constraints to apply such that these equations 

can work properly. The constraints are 

l 0red ¹ °  

l 3red d¹  

l 3 180d ¹ °  

 

Fig. A.5 shows triangle of points P, B and 1 (triangle PB1) 

that gives relationship between front wheel 1 and front wheel steering 

angles, 1d  and frd , respectively. 
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1frd d-

1d

180 frd-
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PBr

1Pr

P

1

2
W

 

Fig. A.5 Triangle PB1 

 

1PBD  

The distances (lengths) of points P1 and PB can be found 

using law of sines as follows: 

 

( ) ( )
1

1

1 2

sin 180 sin
P

fr fr

r W

d d d
=

- -
 

( )
( ) ( )1

1 1

sin 180 sin

2sin 2sin

fr fr

P

fr fr

W W
r

d d

d d d d

-
Û = =

- -
         (A.17) 

 

( )1 1

1 2

sin sin
PB

fr

r W

d d d
=

-
 

( )
1

1

sin

2sin
PB

fr

W
r

d

d d
Û =

-
           (A.18) 
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Since Eqs. (A.17) and (A.18) have sine functions, these 

equations have some constraints to apply such that these equations 

can work properly. The constraints are 

l 1 0d ¹ °  

l 1frd d¹  

l 180frd ¹ °  

 

Fig. A.6 shows triangle of points P, 2 and B (triangle P2B) 

that gives relationship between front wheel 2 and front wheel steering 

angles, 2d  and frd , respectively. 

2 frd d-

frd

2180 d-

B

2

2Pr
PBr

P

1

2
W

 

Fig. A.6 Triangle P2B 

 

2P BD  

The distances (lengths) of points P2 and PB can be found 

using law of sines as follows: 
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( )
2

2

1 2

sin sin
P

fr fr

r W

d d d
=

-
 

( )2

2

sin

2sin

fr

P

fr

W
r

d

d d
Û =

-
                       (A.19) 

 

( ) ( )2 2

1 2

sin 180 sin
PB

fr

r W

d d d
=

- -
 

( )
( ) ( )

2 2

2 2

sin 180 sin

2sin 2sin
PB

fr fr

W W
r

d d

d d d d

-
Û = =

- -
                 (A.20) 

 

Since Eqs. (A.19) and (A.20) have sine functions, these 

equations have some constraints to apply such that these equations 

can work properly. The constraints are 

l 0frd ¹ °  

l 2frd d¹  

l 2 180d ¹ °  

 

Fig. A.7 shows triangle of points P, C and B (triangle PBC) 

that gives relationship between front and rear wheel steering angles, 

frd  and red , respectively. 
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P
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C
90 red+

90 frd-

fr red d-

PBr

PCr

 

Fig. A.7 Triangle PBC 

 

PBCD  

The distances (lengths) of points PC and PB can be found 

using law of sines as follows: 

 

( ) ( )sin 90 sin
PC

fr fr re

r H

d d d
=

- -
 

( )
( ) ( )

sin 90 cos

sin sin

fr fr

PC

fr re fr re

H H
r

d d

d d d d

-
Û = =

- -
         (A.21) 

 

( ) ( )sin 90 sin
PB

re fr re

r H

d d d
=

+ -
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( )
( ) ( )

sin 90 cos

sin sin

re re
PB

fr re fr re

H H
r

d d

d d d d

+
Û = =

- -
          (A.22) 

 

Since Eqs. (A.21) and (A.22) have sine functions, these 

equations have some constraints to apply such that these equations 

can work properly. The constraints are 

l 90frd ¹ °  

l 90red ¹ - °  

l fr red d¹  

 

Fig. A.8 shows triangle of points P, A and C (triangle PAC) 

that gives relationship between vehicle and rear wheel steering angles, 

Ad  and red , respectively. 

 

1

2
H

A

90 Ad-

A red d-

PAr

P

C
90 red+

PCr

 

Fig. A.8 Triangle PAC 
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PACD  

The distances (lengths) of points PC and PA can be found 

using law of sines as follows: 

 

( ) ( )
1 2

sin 90 sin
PC

A A re

r H

d d d
=

- -
 

( )
( ) ( )

sin 90 cos

2sin 2sin
A A

PC

A re A re

H H
r

d d

d d d d

-
Û = =

- -
            (A.23) 

 

Since Eq. (A.23) has sine functions, these equations have 

some constraints to apply such that these equations can work properly. 

The constraints are 

l 90Ad ¹ °  

l A red d¹  

l 90red ¹ - °  

 

By substituting Eq. (A.23) to Eq. (A.21), relationship among 

vehicle steering angle, Ad , and front and rear wheel steering angles,  

frd  and red , is obtained as follows: 

 

( ) ( )
( ) ( )

coscos

2sin sin

cos sin 2cos sin

cos sin cos cos cos sin 2cos sin cos

frA

A re fr re

A fr re fr A re

A fr re A fr re fr A re

HH dd

d d d d

d d d d d d

d d d d d d d d d

=
- -

Û - = -

Û - =

   

2cos cos sinfr A red d d-  

cos sin cos cos cos sin 2cos cos sinA fr re A fr re fr A red d d d d d d d dÛ - +  
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2cos sin cosfr A red d d=  

( )

cos sin cos cos cos sin 2cos sin cos

cos sin cos cos sin 2cos sin cos

sin cos cos sinsin

cos 2cos cos

A fr re fr A re fr A re

A fr re fr re fr A re

fr re fr reA

A fr re

d d d d d d d d d

d d d d d d d d

d d d dd

d d d

Û + =

Û + =

+
Û =

 

where cos 0Ad ¹  and cos cos 0fr red d ¹  

 

( )

( )

( )

( )

22

22

22

1
tan tan tan

2

1
tan tan tan

4

1
tan 1 tan tan 1

4

1
sec tan tan 1

4

A fr re

A fr re

A fr re

A fr re

d d d

d d d

d d d

d d d

Û = +

Û = +

Û + = + +

Û = + +

 

( )
2

2

1
cos

1
tan tan 1

4

A

fr re

d
d d

Û =

+ +

 

( )
2

1
cos

1
tan tan 1

4

A

fr re

d

d d

=

+ +

        (A.24) 

 

Substituting Eqs. (A.19), (A.17), (A.15) and (A.12) to Eqs. 

(A.9) - (A.12) yields: 

( )1 1

1

sin

2sin

A fr

A P

fr

W
v r

y d
y

d d
= =

-

&
&               (A.25) 

( )2 2

2

sin

2sin

A fr

A P

fr

W
v r

y d
y

d d
= =

-

&
&               (A.26) 
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( )3 3

3

sin

2sin
A re

A P

re

W
v r

y d
y

d d
= =

-

&
&              (A.27) 

( )4 4

4

sin

2sin
A re

A P

re

W
v r

y d
y

d d
= =

-

&
&               (A.28) 

 

From Fig. A.2, kinematic and rigid body constraint shows that 

the longitudinal velocity at the vehicle centerline should be the same, 

and can be expressed mathematically as follows: 

 

cos cos cosfr fr A A re ren d n d n d= =                   (A.29) 

 

In addition, inner, outer and centerline lateral velocities at the 

front and rear axles should be the same, and can be expressed 

mathematically as follows:  

 

1 1 2 2sin sin sinfr frn d n d n d= =               (A.30) 

3 3 4 4sin sin sinre ren d n d n d= =               (A.31) 

 

The triangular relationships of these equations are shown in 

Fig. A.9. 
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sinre rev d

sinA Av d

sinfr frv d

3 3cosv d

cosre rev d

4 4cosv d

cosfr frv d

2 2cosv d

1 1cosv d

 

Fig. A.9 Triangular relationships  

 

From the triangular relationships shown in Fig. A.9, the 

following equations are obtained. 

 

sin sin
sin sin

2

fr fr re re

A A re re

v v
v v

d d
d d

-
= +                      (A.32) 

1 1 2 2
2 2

cos cos
cos cos

2
fr fr

v v
v v

d d
d d

-
= +                     (A.33) 

4 4 3 3
3 3

cos cos
cos cos

2
re re

v v
v v

d d
d d

-
= +                     (A.34) 

 

By simplification, these equations become as follows:  

 

( )sin sin 2 sin sinfr fr re re A A re re AHn d n d n d n d y- = - = &            (A.35) 

( )1 1 2 2 2 2cos cos 2 cos cosfr fr AWn d n d n d n d y- = - = &            (A.36) 

( )4 4 3 3 3 3cos cos 2 cos cosre re AWn d n d n d n d y- = - = &            (A.37) 
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By assuming that all angles ,id for i = fr, A, re, 1,L , 4 are 

limited to be less than 2p± rad, velocities of each wheel  can be 

formulated as follows: 

 

( )
( )

( )
2 2

1

1 1

cos cos sinsin

2sin sin

fr fr frA fr

fr fr

W
v

n d n d dy d

d d d d

-
= =

- -

&
         (A.38) 

where 1frd d¹  

 

Then, the first part of Eq. (A.36) is obtained as follows: 

 

( )1 1 2 2 2 2

1 1 2 2 2 2

cos cos 2 cos cos

cos cos 2 cos 2 cos

fr fr

fr fr

n d n d n d n d

n d n d n d n d

- = -

Û - = -
 

2 2 1 1cos 2 cos cosfr frn d n d n dÛ = -           (A.39) 

 

By substituting Eq. (A.39) to Eq. (A.38), the following is obtained. 

 

( )( )
( )

1 1

1

1

cos 2 cos cos sin

sin

fr fr fr fr fr

fr

v
n d n d n d d

d d

- -
=

-
 

( )
( )

1 1

1

cos 2 cos cos sin

sin

fr fr fr fr fr

fr

n d n d n d d

d d

- +
=

-
 

( )
( )

1 1

1

cos cos sin

sin

fr fr fr

fr

n d n d d

d d

- +
=

-
          (A.40) 

 

Then, substituting Eq. (A.29), cos cosfr fr A An d n d= , to Eq. 

(A.40) yields: 
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( )
( )

1 1

1

1

cos cos sin

sin

A A fr

fr

v
n d n d d

d d

- +
=

-
          (A.41) 

 

From Eq. (A.41), the following is obtained. 

 

( ) ( )

( ) ( )

1 1 1 1

1 1 1 1 1

1 1 1 1 1 1

sin cos cos sin

sin cos cos sin cos cos sin

sin cos cos sin cos sin cos sin

fr A A fr

fr fr A A fr

fr fr A A fr fr

v

v

v v

d d n d n d d

d d d d n d n d d

d d d d n d d n d d

- = - +

Û - = - +

Û - = - +

  

1 1 1 1 1 1

1 1

cos sin cos sin sin cos cos sin

cos sin cos sin

A A fr fr fr fr

A A fr fr

v v v

v

n d d d d d d d d

n d d d d

Û = - +

Û =

1 1

1

cos sin
cos tan csc

cos sin

A A fr

A A fr

fr

v
n d d

n d d d
d d

Û = =        (A.42) 

where 1cos sin 0frd d ¹  

 

Substituting Eq. (A.24) to Eq. (A.42) yields 

 

( )

1

1
2

tan csc

1
tan tan 1

4

A fr

fr re

v
n d d

d d

=

+ +

     for 1frd d¹ , 1cos sin 0frd d ¹   (A.43) 

 

Likewise, 2v , 3v  and 4v  can be obtained. 

Using Eq. (A.24), Eq. (A.26) is as follows: 

 

( )2 2

2

sin

2sin

A fr

A P

fr

W
v r

y d
y

d d
= =

-

&
&       for 2 frd d¹  
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( )
( )

2 2

2

2 cos cos sin

2sin

fr fr fr

fr

n d n d d

d d

-
=

-
 

( )
( )

2 2

2

cos cos sin

sin

A A fr

fr

n d n d d

d d

-
=

-
 

( ) ( )2 2 2 2

2 2 2 2 2 2

2 2 2 2 2 2

2 2

2

2

sin cos cos sin

sin cos cos sin cos sin cos sin

sin cos cos sin cos sin cos sin

sin cos cos sin

cos sin

sin cos

fr A A fr

fr fr A A fr fr

fr fr fr A A fr

fr A A fr

A A fr

v

v v

v v

v

v

d d n d n d d

d d d d n d d n d d

d d d d n d d n d d

d d n d d

n d d

d d

Û - = -

Û - = -

Û - + =

Û =

Û = 2cos tan cscA A fr

fr

n d d d=

 

where 2sin cos 0frd d ¹  

 

( )

2

2
2

tan csc

1
tan tan 1

4

A fr

fr re

v
n d d

d d

=

+ +

     for  2 frd d¹ , 2sin cos 0frd d ¹ (A.44) 

 

Using Eqs. (A.24) and (A.37), Eq. (A.27) is as follows: 

 

( )3 3

3

sin

2sin
A re

A P

re

W
v r

y d
y

d d
= =

-

&
&    for  3 red d¹  

( )
( )

( )
( )

3 3

3

3 3

3

2 cos cos sin

2sin

cos cos sin

sin

re re re

re

A A re

re

n d n d d

d d

n d n d d

d d

-
=

-

-
=

-

 

( ) ( )3 3 3 3

3 3 3 3 3 3

sin cos cos sin

sin cos cos sin cos sin cos sin

re A A re

re re A A re re

v

v v

d d n d n d d

d d d d n d d n d d

Û - = -

Û - = -
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3 3 3 3 3 3sin cos cos sin cos sin cos sinre re re A A rev vd d d d n d d n d dÛ - + =  

3 3

3 3

3

sin cos cos sin

cos sin
cos tan csc

sin cos

re A A re

A A re
A A re

re

v

v

d d n d d

n d d
n d d d

d d

Û =

Û = =
 

 

where 3sin cos 0red d ¹  

 

( )

3
3

2

tan csc

1
tan tan 1

4

A re

fr re

v
n d d

d d

=

+ +

  for  3 red d¹ , 3sin cos 0red d ¹    (A.45) 

 

Using Eqs. (A.24) and (A.37), Eq. (A.28) is as follows: 

 

( )
( )

( )
3 3

4 4

4 4

2 cos cos sinsin

2sin 2sin
re re reA re

A P

re re

W
v r

n d n d dy d
y

d d d d

-
= = =

- -

&
&      (A.46) 

 

where  4red d¹  

 

( )4 4 3 3 3 3

4 4 3 3 3 3

cos cos 2 cos cos

cos cos 2 cos 2 cos

re re

re re

n d n d n d n d

n d n d n d n d

Û - = -

Û - = -
 

3 3 4 4cos 2 cos cosre ren d n d n dÛ = -          (A.47) 

 

Substituting Eq. (A.47) into Eq. (A.46) yields: 

( )( )
( )

4 4

4

4

cos 2 cos cos sin

sin

re re re re re

re

v
n d n d n d d

d d

- -
=

-
 

( )
( )

4 4

4

cos 2 cos cos sin

sin
re re re re re

re

n d n d n d d

d d

- +
=

-
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( )
( )

( )
( )

4 4

4

4 4

4

cos cos sin

sin

cos cos sin

sin

re re re

re

A A re

re

n d n d d

d d

n d n d d

d d

- +
=

-

- +
=

-

 

( ) ( )4 4 4 4

4 4 4 4 4 4

4 4 4 4 4 4

4 4

sin cos cos sin

sin cos cos sin cos sin cos sin

cos sin sin cos cos sin cos sin

cos sin cos sin

re A A re

re re A A re re

re re re A A re

re A A re

v

v v

v v

v

d d n d n d d

d d d d n d d n d d

n d d d d d d n d d

d d n d d

Û - = - +

Û - = - +

Û - + =

Û =

 

4

4

cos sin

cos sin
A A re

re

v
n d d

d d
=  

 

where 4cos sin 0red d ¹  

 

4 4cos tan cscA A rev n d d d=  

( )

4

2

tan csc

1
tan tan 1

4

A re

fr re

n d d

d d

=

+ +

 for  4red d¹ , 4cos sin 0red d ¹  (A.48) 

 

Eqs. (A.43), (A.44), (A.45) and (A.48) can be written as 

 

( )

( )

2

2

tan csc
, 1,2;cos sin 0,

1
1 tan tan

4

tan csc
, 3, 4;cos sin 0,

1
1 tan tan

4

A fr i

fr i i fr

fr re

i

A re i
re i i re

fr re

i

i

n d d
d d d d

d d
n

n d d
d d d d

d d

ì
= ¹ ¹ï

ï + +
ï

= í
ï = ¹ ¹
ï

+ +ï
î

 (2.10) 

 

E.O.D. 
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Appendix B: Proof of Eqs. (2.12) - (2.15) 

 

 

Eq. (A.18) and Eq. (A.22) are as follows: 

 

( )
1

1

sin

2sin
PB

fr

W
r

d

d d
=

-
                (A.18) 

( )
cos

sin
re

PB

fr re

H
r

d

d d
=

-
            (A.22) 

where 1 frd d¹  and fr red d¹  

 

From Eqs. (A.18) and (A.22), the followings are obtained: 

 

( ) ( )

( ) ( )

1

1

1 1

1 1 1

cos sin

sin 2sin

2
cos sin sin sin

2 2
cos sin cos cos cos sin sin sin cos

re

fr re fr

re fr fr re

re fr re fr fr re

H W

H

W

H H

W W

d d

d d d d

d d d d d d

d d d d d d d d d

=
- -

Û - = -

Û - =

     1sin cos sinfr red d d-  

1 1 1

2
cos sin cos sin sin cos sin cos sinre fr fr re fr re

H

W
d d d d d d d d dÛ = -  

1

2
cos cos sinre fr

H

W
d d d+  

1

2
cos sin cosre fr

H

W
d d dÛ  

1

2
sin sin cos cos sin cos cosfr re fr re re fr

H

W
d d d d d d d
æ ö

= - +ç ÷
è ø
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1

1

2
sin cos cos sin cos cos

cos

2sin cos sin

fr re fr re re fr

re fr

H

W
H

W

d d d d d d
d

d d d

- +
Û =  

 

where 1sin 0d ¹  and cos sin 0re frd d ¹  

 

1cot cot tan cot
2 2

fr re fr

W W

H H
d d d dÛ = - +  

( )1cot cot cot tan tan
2

fr fr fr re

W

H
d d d d d= + -            (B.1) 

 

Substituting 2W b=  and fr reH l l= +  into Eq. (B.1) and 

taking inverse cotangent of the angle 1d , this equation becomes 

   

1
1 cot cot cot tan tanfr fr fr re

fr re

b

l l
d d d d d-

æ ö
é ù= + -ç ÷ë ûç ÷+è ø

              (2.12) 

for 1 frd d¹ , fr red d¹ , 1sin 0d ¹ , cos sin 0re frd d ¹  

 

Eqs. (A.20) and (A.22) are as follows: 

 

( )
2

2

sin

2sin
PB

fr

W
r

d

d d
=

-
            (A.20) 

( )
cos

sin
re

PB

fr re

H
r

d

d d
=

-
            (A.22) 

where 2 frd d¹  and fr red d¹  
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From Eqs. (A.20) and (A.22), the followings are obtained: 

 

( ) ( )
2

2

cos sin

sin 2sin
re

fr re fr

H Wd d

d d d d
=

- -
 

( ) ( )2 2

2
cos sin sin sinre fr fr re

H

W
d d d d d dÛ - = -            (B.2) 

2 2 2

2 2
cos sin cos cos cos sin sin sin cosre fr re fr fr re

H H

W W
d d d d d d d d dÛ - =

    2sin cos sinfr red d d-  

2 2 2

2
cos sin cos sin sin cos sin cos sinre fr fr re fr re

H

W
d d d d d d d d dÛ - +  

2

2
cos cos sinre fr

H

W
d d d=  

2

2
sin cos cos sin cos cos sinre fr fr re fr re

H

W
d d d d d d d
æ ö

Û - +ç ÷
è ø

 

2

2
cos cos sinre fr

H

W
d d d=  

2

2

2
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Substituting 2W b=  and fr reH l l= +  into Eq. (B.2) and 

taking inverse cotangent of the angle 2d , this equation becomes 

 

1
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l l
d d d d d-

æ ö
é ù= - -ç ÷ë ûç ÷+è ø

            (2.13) 

for 2 frd d¹ , fr red d¹ , 2sin 0d ¹ , cos sin 0re frd d ¹  

 
 

Eqs. (A.16) and (A.21) are as follows: 

 

( )
3

3

sin

2sin
PC

re

W
r

d

d d
=

-
            (A.16) 

( )
cos

sin

fr

PC

fr re

H
r

d

d d
=

-
             (A.21) 

where 3 frd d¹  and fr red d¹  

 

From Eqs. (A.16) and (A.21), the followings are obtained: 
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3 3 3
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Substituting 2W b=  and fr reH l l= +  into Eq. (B.3) and 

taking inverse cotangent of the angle 3d , this equation becomes 
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for 3 red d¹ , fr red d¹ , 3sin 0d ¹ , cos sin 0fr red d ¹  
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Eqs. (A.14) and (A.22) are as follows: 
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From Eqs. (A.14) and (A.22), the followings are obtained: 
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where 4sin 0d ¹  and cos sin 0fr red d ¹  

4cot tan cot cot
2 2

fr re re

W W

H H
d d d dÛ = - +  

( )cot cot tan tan
2

re re fr re

W

H
d d d d= + -            (B.4) 

 

Substituting 2W b=  and fr reH l l= +  into Eq. (B.4) and 

taking inverse cotangent of the angle 4d , this equation becomes 
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E.O.D. 
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Appendix C: Proof of Eqs. (2.53) and (2.54) 

 

Steering angles of the front and rear wheels of the vehicle in 

the single-track vehicle model can be obtained using Eqs. (2.44) and 

(2.45) as follows: 
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In zero-sideslip maneuver, 0Ab = , thus Eq. (C.1) becomes 
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Then, by using Eq. (2.44), frd can be calculated as follows: 
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where cos 0A Av b ¹  
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Substituting Eq. (C.1) to Eq. (C.2) yields 
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In zero-sideslip maneuver, 0Ab = , thus Eq. (C.2) becomes 
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E.O.D. 
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Appendix D: Proof of Eq. (2.62) 

 

From Eq. (2.56), the following is obtained as: 

 

( ) ( )1 cos sinA R A A R Ae X X Y Yy y= - + -             (D.1) 

 

From Eq. (D.1), the time derivative of 1e is reduced as: 
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From Eq. (2.57), following is obtained as: 
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From Eq. (D.3), Eq. (D.2) is reduced into: 
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( )3  sin sin cosR R R Re X Yy y+ -& &         (D.4) 

 
Recalling that Eq. (2.55) and Eq. (2.61) , Eq. (D.4) becomes 

 

1 2 3cosA A Re v e v ey= + -&&
                             (D.5) 

 

In the same way, the derivatives of 2e , 3e  and 4e  can be 

obtained. From Eq. (2.57), the following is obtained as: 
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From Eqs. (2.55), (2.57) and (2.61), the time derivative of Eq. 

(D.6) is reduced into: 
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From Eqs. (2.58) and (2.59), the followings are obtained as: 

(D.7) 
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3 A Re y y= -& &&                      (D.8) 

4 A Re b b= -& &&                       (D.9) 

 

Eqs. (D.5), (D.7) - (D.9) can be written in vector form as follows: 
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           (2.62) 

 

E.O.D. 
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Appendix E: Mechanical design drawing 

 

 

Fig. E.1 Body plate 

 

Fig. E.2 Wheel hub 
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Fig. E.3 Holder plate 
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Fig. E.4 Nylon plate 

 

 

(a) Plate A 
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(b) Plate B 

Fig. E.5 Steering steel plate 

 

 

Fig. E.6 Nylon wheel 
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Fig. E.7 Front cover plate 

 

 

 

Fig. E.8 Rear cover plate 
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Fig. E.9 Side cover plate 

 

 

 

Fig. E.10 Top cover plate 
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