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Chapter 1

Introduction

In this thesis, we study on a decomposition of the curvature tensor on the

homogeneous Riemannian manifold SU(3)/T (k, l). Specially, we evaluate cur-

vatures such as Ricci curvature and scalar curvature on SU(3)/T (k, l) with an

arbitrarily given SU(3)-invariant metric. Roughly speaking, variational problems

in the Differential Geometry are to get critical points of functionals which are de-

fined on some proper spaces, and then to show the stability at the critical points.

So, we study on harmonic homomorphisms between two Lie groups. Concisely, a

harmonic mapping is a mapping which is a critical points of given energy func-

tional. Lastly, we treat with the first and second variation of an arbitrarily given

smooth variation of a geodesic on a Riemannian manifold.

In Chapter 2, we introduce briefly the fundamental definitions and concepts

in the Riemannian geometry and Lie group.

In Chapter 3, using the notion of a curvature-like tensor of type (1, 3) on

an n-dimensional real inner product space (V, < , >), we decompose the cur-

vature tensor (field) on the homogeneous Riemannian manifold SU(3)/T (k, l)

with an arbitrarily given SU(3)-invariant Riemannian metric g(λ1,λ2,λ3) into the

three curvature-like tensor fields, and investigate geometric properties. Geomet-

ric properties on SU(3)/T (k, l) have been studied by many mathematicians (cf.

[1, 7, 10, 13, 15, 19]).

We consider two compact Riemannian manifolds (M, g) and (N, h), and let

C∞(M, N) be the set of all smooth mappings of M into N . And as the function
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E on C∞(M, N), we take

E(φ) =
1

2

∫
M

‖dφ‖2vg,

where ‖dφ‖ is the norm of the differential dφ of a mapping φ ∈ C∞(M, N) with

respect to the metrics g and h. Then by definition for any deformation φt of φ,

−ε < t < ε, φ0 = φ, the following statements are equivalent (cf. [16, 22, 23]):

(a) φ is a critical point of E.

(b) dE(φt)
dt

|t=0 = 0.

(c) φ is a harmonic mapping, i.e., a nonlinear sigma model.

In Chapter 4, we construct group homomorphisms of a closed (compact and

connected) Lie group G with a left invariant metric g into another Lie group H

with a left invariant metric h which are harmonic. First of all, we get a necessary

and sufficient condition for a group homomorphism φ of a compact Lie group

G with a left invariant metric g into another Lie group H with a left invariant

metric h to be a harmonic mapping. And then, using this complete condition,

we obtain a necessary and sufficient condition for a group homomorphism φ of

SU(2) with a left invariant metric g into the Heisenberg Lie group (H, h0) to be

a harmonic mapping.

In Chapter 5, we obtain a necessary and sufficient condition for the second

variation of an arbitrarily given smooth variation of a geodesic on a Riemannian

manifold to be 0. Here, we make a minute and detailed poof of the calculus parts

which are insufficient and omitted in variation problems of the length integral.
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Chapter 2

Preliminaries

In this chapter, we will introduce briefly the fundamental definitions and

concepts in the Riemannian geometry and Lie group.

A (connected) Hausdorff topological space M is called a manifold modeled to

a Banach space E if for each p ∈ M there exist an open neighborhood Uα of p

and an into homeomorphism α : Uα → E such that α(Uα) ⊂ E. A pair (Uα, α)

is called a coordinate neighborhood in M . When a collection {(Uα, α) | α ∈ A}
satisfies the following two conditions (1) and (2), then it is called a Ck-coordinate

system, and M is called a Ck-manifold modeled to a Banach space E, or simply

a Banach manifold.

(1) M = ∪α∈AUα,

(2) for any two coordinate neighborhoods (Uα, α), (Uβ, β) with Uα ∩ Uβ 6= ∅,
the mapping

β ◦ α−1 : α(Uα ∩ Uβ) → β(Uα ∩ Uβ)

is a Ck-diffeomorphism.

In particular, if E = Rn, then a Ck-manifold modeled to the n-dimensional

Euclidean space Rn is called an n-dimensional Ck-manifold (cf. [22]).

We now define various tensor spaces over a fixed vector space V . For a positive

integer r, we shall call T r = V ⊗· · ·⊗V (r times tensor product) the contravariant

tensor space of degree r. An element of T r will be called a contravariant tensor

of degree r. If r = 1, T 1 is nothing but V . By convention, we agree that T 0 is

the ground field F itself. Similarly, Ts = V ∗ ⊗ · · · ⊗ V ∗ (s times tensor product)
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is called the contravariant tensor space of degree s and its elements contravariant

tensors of degree s. Then T1 = V ∗ and, by convention, T0 = F .

And we define the (mixed) tensor space of type (r, s), or tensor space of con-

travariant degree r and covariant degree s, as the tensor product

T r,s = T r ⊗ Ts = V ⊗ · · · ⊗ V ⊗ V ∗ ⊗ · · · ⊗ V ∗

with V r-times and V ∗ s-times. In particular, T r,0 = T r, T 0,s = Ts and T 0,0 = F .

An element of T r,s is called a tensor of type (r, s), or tensor of contravariant

degree r and covariant degree s (cf. [6]).

A Ck-vector field on a Ck+1-manifold M is a Ck-section X in TM , i.e., a

Ck-mapping X : M → T (M) satisfying π ◦X = id, i.e., X(p) ∈ TpM (p ∈ M).

The value X(p) of X at p is also denoted by Xp ∈ TpM .

For p ∈ M , let T ∗
p M := L(TpM, R), which is a Banach space with addition,

scalar multiplication, and norm. T ∗
p M is called the cotangent space of M at p.

T ∗M := ∪p∈MT ∗
p M , which is also a vector bundle over M , is called the cotangent

bundle. A Ck-cross section in T ∗M is called a 1-(differential) form.

For s ≥ 1, an integer, we denote by ∧sT ∗
p M (p ∈ M), the totality of all s-tuple

linear mappings

ω : TpM × · · · × TpM︸ ︷︷ ︸
s

→ R

satisfying the condition

ω(uσ(1), . . . , uσ(s)) = sign(σ)ω(u1, . . . , us) (ui ∈ TpM, 1 ≤ i ≤ s)

for any permutation σ of {1, . . . , s} and sign(σ) is its sign. Then it is a closed

subspace of Banach space Ls(TpM ; R). Moreover

∧sT ∗(M) := ∪p∈M ∧s T ∗
p M

is a Ck-vector bundle over M . A Ck-cross section in ∧sT ∗(M) is called a Ck-

(differential) form.
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Let X1, . . . , Xs be s Ck-vector fields, and let ω be a Ck-s-form. Then

p 7→ ωp(X1(p), . . . , Xs(p))

is a Ck-function on M .

In general, considering the tensor space

T r,s
p M :=

⊗
r TpM ⊗

⊗
s T ∗

p M (p ∈ M),

we get the tensor bundle T r,sM whose Ck-section is called a Ck-tensor field of

type (r, s) (cf. [22]).

Let M be a Ck+1-manifold, and let (H, < , >) be a separable Hilbert space. If

M is a Ck+1-manifold modeled to (H, < , >), then M is called a Hilbert manifold.

Since the Euclidean space (Rn, < , >) is an n-dimensional Hilbert space, any n-

dimensional manifold is a Hilbert manifold. If a Ck-tensor g of type (0,2) on M

satisfies

(1) gp(u, v) = gp(v, u) (u, v ∈ TpM, p ∈ M),

and

(2) 0 ≤ gp(u, u), and the equality holds if and only if u = 0,

then we call g a Ck-Riemannian metric on M , and (M, g) is called a Ck-Riemannian

manifold (cf. [22]).

Let M be an n-dimensional C∞-manifold, and let (x1, . . . , xn) be the standard

coordinates of Rn. For any local coordinate neighborhood (Uα, α) of M , where

α : Uα → Rn, define a local coordinate (xα
1 , . . . , xα

n) by

xα
i := xi ◦ α : Uα → R (i = 1, . . . , n).

Then each point of Uα can be uniquely expressed by the coordinate (xα
1 , . . . , xα

n).

We often simply write U , (x1, . . . , xn) for the coordinate neighborhood and its

local coordinate, omitting α.
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Let Uα, (xα
1 , . . . , xα

n), be the local coordinate of M , and then for p ∈ Uα we

denote by

(xα
1 (p), . . . , xα

n(p)) = (a1, . . . , an).

Then we consider a C1-curve ci through p defined by

ci(t) := (a1, . . . , ai−1, ai + t, ai+1, . . . , an),

and we denote by
(

∂
∂xα

i

)
p
, its tangent vector c′i(0) at p. Then

{(
∂

∂xα
1

)
p

, . . . ,

(
∂

∂xα
n

)
p

}

is a basis of the tangent space TpM of M at p. A C∞-vector field X on M is

written on Uα as

Xp =
n∑

i=1

ξα
i (p)

(
∂

∂xα
i

)
p

(p ∈ Uα),

where ξα
i , i = 1, . . . , n, are in C∞(Uα). Moreover, if we take another coordinate

neighborhood Uβ, (xβ
1 , . . . , x

β
n) and denote also on Uβ,

X =
n∑

i=1

ξβ
i

(
∂

∂xβ
i

)
,

then both (ξα
1 , . . . , ξα

n ), (ξβ
1 , . . . , ξβ

n) satisfy

ξβ
i =

n∑
j=1

∂xβ
i

∂xα
j

ξα
j

on Uα ∩ Uβ. We denote by X(M), the totality of all C∞-vector fields on M (cf.

[22]).

A connection (covariant differentiation) ∇ on a C∞-manifold M is a mapping

∇ : X(M)× X(M) 3 (X, Y ) 7→ ∇XY ∈ X(M)
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satisfying the following conditions:

(1) ∇X(Y + Z) = ∇XY +∇XZ,

(2) ∇X+Y Z = ∇XZ +∇Y Z,

(3) ∇fXY = f∇XY,

(4) ∇X(fY ) = (Xf)Y + f∇XZ

for f ∈ C∞(M) and X, Y, Z ∈ X(M). Due to (3), it turns out that the value

(∇XY )p ∈ TpM of ∇XY at p ∈ M depends only on Xp ∈ TpM and Y .

Let (M, g) be an n-dimensional C∞-Riemannian manifold. Then a connection

∇ (called the Levi-Civita connection) can be given as follows (cf. [22]);

2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X, Y )

+ g(Z, [X, Y ]) + g(Y, [Z,X])− g(X, [Y, Z])

for X, Y, Z ∈ X(M). Moreover, the connection ∇ satisfies

(1) X(g(Y, Z)) = g(∇XY, Z) + g(Y,∇XZ),

and

(2) ∇XY −∇Y X − [X, Y ] = 0.

Let G be a C∞-manifold with a countable base. If G is a group, and if the

mapping (x, y) 7→ xy from the product manifold G×G to G and the mapping

x 7→ x−1 from G to G are both differentiable, then G is called a Lie group.

If a vector field X on a Lie group G satisfies

(Lg)∗X = X

for all g ∈ G, then X is called a left invariant vector filed. If X satisfies

(Rg)∗X = X

for all g ∈ G, then X is called a right invariant vector field.

The Lie algebra g formed by the set of all left invariant vector fields on G is

called the Lie algebra of the Lie group G (cf. [8]).
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For X ∈ g, set

exp tX = (Exp tX)(e).

The mapping X 7→ exp X is a mapping from g to G, and is called the exponential

mapping. exp tX is a one-parameter subgroup of G, and we have

exp(t + s)X = exp(tX)exp(sX), RexptX = Exp tX.

We have

[X, Y ]g = lim
t→0

1

t
{Yg − ((RexptX)∗Y )g} (X, Y ∈ g).

Since, for an arbitrary element g of G, we have Ag = Rg−1Lg, it follows that

Ag∗Y = Rg−1 ∗ Y

for Y ∈ g. However, since Lh and Rg−1 commute, we have

Lh∗(Rg−1∗Y ) = Rg−1∗(Lh∗Y ) = Rg−1∗Y,

so that Rg−1∗Y ∈ g. Hence Ag∗Y ∈ g for g ∈ g. The mapping Y 7→ Ag∗Y is a lin-

ear transformation of the vector space g, and we denote this linear transformation

by Ad(g). That is,

Ad(g)Y = Ag∗Y = Rg−1∗Y (g ∈ G, Y ∈ g).

Furthermore, since Agh = AgAh, we have

Ad(gh) = Ad(g)Ad(h)

for any two elements g, h of G. In particular, it is clear from the definition that

Ad(e) is the identity transformation 1 of the vector space g. Hence we have

Ad(g−1)Ad(g) = 1. Hence Ad(g) is a nonsingular linear transformation of g, and

Ad(g)−1 = Ad(g−1)

8



holds. The mapping g 7→ Ad(g) is called the adjoint representation of the Lie

group G (cf. [8]).

Let us denote by M(n, R) the totality of all n× n real matrices, and let

GL(n, R) := {A ∈ M(n, R) | det A 6= 0},

where detA is the determinant of A. Then GL(n, R) is an open submanifold of

M(n, R) = Rn2
. It can be shown that GL(n, R) is a Lie group, i.e., the mapping

defined by

GL(n, R)×GL(n, R) 3 (A, B) 7→ AB ∈ GL(n, R),

GL(n, R) 3 A 7→ A−1 ∈ GL(n, R)

are both C∞ mappings. The mappings GL(n, R) 3 A = (aij) 7→ aij (1 ≤ i, j ≤
n), give the coordinates of GL(n, R). The groups

O(n) := {A ∈ M(n, R) | tAA = AtA = I}

and

SO(n) := {A ∈ O(n) | det A = 1}

are compact closed Lie subgroups, called the orthogonal, the special orthogonal

groups, respectively. Here we denote by tA the transposed matrix, and I is the

unit matrix. The Lie algebra of both O(n) and SO(n) is

so(n) := {A ∈ gl(n, R) | tA + A = O},

where gl(n, R) is the Lie algebra of GL(n, R).

And, we denote by M(n, C) the totality of all n× n complex matrices. Then

U(n) := {Z ∈ M(n, C) | tZ̄Z = ZtZ̄ = I}

9



and

SU(n) := {Z ∈ U(n) | det Z = 1}

are both compact Lie groups, called the unitary and the special unitary groups,

respectively. Here Z̄ implies the complex conjugate of Z ∈ M(n, C). The Lie

algebras of U(n) and SU(n) are

u(n) := {Z ∈ M(n, C) | tZ̄ + Z = O}

and

su(n) := {Z ∈ u(n) | trZ = 0},

where trZ is the trace of Z ∈ M(n, C) (cf. [22]).
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Chapter 3

A decomposition of the curvature

tensor

In this chapter, we decompose the curvature tensor (field) on the homogeneous

Riemannian manifold SU(3)/T (k, l) with an arbitrarily given SU(3)-invariant

Riemannian metric into three curvature-like tensor fields, and investigate geo-

metric properties.

3.1 Introduction

Let (V, < , >) be an n-dimensional real inner product space. In this chapter,

we use the notion of a curvature-like tensor of type (1, 3) on (V, < , >) (cf.

(3.2.1)). We put

L(V ) := {L | L is a curvature-like tensor on (V, < , >)},

L1(V ) := {L ∈ L(V ) | L(u, v) = c u ∧ v for u, v ∈ V and some c ∈ R},

Lω(V ) := {L ∈ L(V ) | the Ricci tensor RicL of L is zero},

L2(V ) := {L ∈ L1(V )⊥ | < L,L′ >= 0 for all L′ ∈ Lω(V )}.

Then L(V ) is decomposed into the orthogonal direct sum L1(V )⊕Lω(V )⊕L2(V ).

Let L = L1+Lω +L2 (L ∈ L(V )) be the decomposition corresponding to L1(V )⊕
Lω(V )⊕L2(V ). The component Lω of L ∈ L(V ) is said to be the Weyl tensor of

L. The curvature-like tensors L1, Lω, L2 of L = L1 + Lω + L2 ∈ L(V ) are given

in terms of the Ricci tensor RicL and the scalar curvature SL of L (cf. Lemma

3.2.1).
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In this chapter, using Lemma 3.2.1 we decompose the curvature tensor (field)

on the homogeneous Riemannian manifold (SU(3)/T (k, l), g(λ1,λ2,λ3)) into three

curvature-like tensor fields. On the manifold SU(3)/T (k, l), we deal with an

arbitrary SU(3)-invariant Riemannian metric g = g(λ1,λ2,λ3).

Now, let R be the curvature tensor (field) on the homogeneous manifold

(SU(3)/T (k, l), g(λ1,λ2,λ3)), and R = R(1)+Rω+R(2) the orthogonal decomposition

of the curvature tensor R corresponding to

L(To(G/H)) = L1(To(G/H))⊕ Lω(To(G/H))⊕ L2(To(G/H))

(cf. Lemma 3.2.1), where G := SU(3), H := T (k, l) and O := {T (k, l)}.

Let m be the subspace of su(3) such that

B(m, t(k, l)) = 0 and Ad(h)m ⊂ m (h ∈ T (k, l)),

where su(3) is the Lie algebra of SU(3), B is the negative of the Killing form of

su(3), t(k, l) is the Lie algebra of T (k, l), and Ad is the adjoint representation of

SU(3) on su(3).

In this chapter, we represent the curvature-like tensors R(1), Rω and R(2) in

the orthogonal decomposition R = R(1) + Rω + R(2) (∈ L1(V )⊕ Lω(V )⊕ L2(V ))

of the curvature tensor R on (SU(3)/T (k, l), g(λ1,λ2,λ3)) for (k, l) ∈ D, where

D := Z2 \ {(0, t), (t, 0), (t, t), (t,−t), (t,−2t), (2t,−t) | t ∈ R}

(cf. Theorem 3.4.3). And then, under the condition (k, l) ∈ D ⊂ Z2, we obtain

the Ricci tensor Ric(2) of the component R(2) of the curvature R = R(1) + Rω +

R(2) on the homogeneous space (SU(3)/T (k, l), g(λ1,λ2,λ3)) (cf. Corollary 3.4.4).

Furthermore, we estimate the Ricci curvature r(2) of the curvature-like tensor R(2)

(cf. Proposition 3.4.5).

12



3.2 Preliminaries

Let (V, < , >) be an n-dimensional real inner product space and gl(V ) the

vector space of all endomorphisms of V . We denote by L(V ) the vector space of

all tensors of type (1, 3) on V which satisfy the following properties:

L : V × V → gl(V )

is an R-bilinear mapping such that, for all v1, v2, v3, v4 ∈ V ,

(3.2.1)
< L(v1, v2)v3, v4 >= − < L(v2, v1)v3, v4 >= − < L(v1, v2)v4, v3 >,

< L(v1, v2)v3, v4 > + < L(v2, v3)v1, v4 > + < L(v3, v1)v2, v4 >= 0.

A tensor L ∈ L(V ) (of type (1, 3) on (V, < , >) which satisfies the condition

(3.2.1)) is called a curvature-like tensor (cf. [3, 4]). If L ∈ L(V ), then we get

from (3.2.1)

(3.2.2) < L(v1, v2)v3, v4 >=< L(v3, v4)v1, v2 > (v1, v2, v3, v4 ∈ V ).

From now on, let {ei}n
i=1 be an orthonormal basis of (V, < , >). The Ricci tensor

RicL of type (0, 2) with respect to a curvature-like tensor L on V is defined by

(3.2.3) RicL(v, w) :=
n∑

i=1

< L(ei, v)w, ei > (v, w ∈ V ).

The Ricci tensor RicL of type (1, 1) with respect to L ∈ L(V ) is defined by

(3.2.4) < RicL(v), w >= RicL(v, w) (v, w ∈ V ).

For L ∈ L(V ), we obtain from (3.2.1) ∼ (3.2.4)

RicL(v, w) =< RicL(v), w >= RicL(w, v) =< RicL(w), v >

for v, w ∈ V .
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The trace of RicL for L ∈ L(V )

(3.2.5) SL :=
n∑

i=1

< RicL(ei), ei >=
n∑

i,j=1

< L(ej, ei)ei, ej >

is called the scalar curvature with respect to L ∈ L(V ). The sectional curvature

KL(σ) (L ∈ L(V )) for each plane σ = {v, w}R (⊂ V ) is defined by

KL(σ) =
< L(v, w)w, v >

< v, v >< w, w > − < v,w >2
.

In general, the inner product < , > on L(V ) is defined by

(3.2.6) < L,L′ >=
n∑

i,j,k,l=1

L l
ijk · L′

l
ijk ,

where L l
ijk =< L(ei, ej)ek, el >.

Let L1(V ) be the subspace of L(V ) which consists of all elements L ∈ L(V )

such that

L(v, w) = c v ∧ w for v, w ∈ V and some c ∈ R.

Here v ∧ w is an element of gl(V ) which is defined by

(v ∧ w)(z) =< w, z > v− < v, z > w.

We put

L1(V )⊥ := {L ∈ L(V ) | < L,L′ >= 0 for all L′ ∈ L1(V )}.

Then L1(V )⊥ = {L ∈ L(V ) | SL = 0}. In fact, for L ∈ L(V ) and L′ ∈ L1(V ), we

get from (3.2.5) and (3.2.6), and the definition of L1(V )

(3.2.7) < L,L′ >= 2c SL,

where L′(v, w) = c v ∧ w for some c ∈ R. From (3.2.7), we obtain the following;

< L,L′ >= 0 for all L′ ∈ L1(V ) ⇐⇒ 2c SL = 0 for all c ∈ R

⇐⇒ SL = 0.
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Putting

{L ∈ L1(V )⊥ | RicL = 0} =: Lω(V )

and

{L ∈ L1(V )⊥ | < L,L′ >= 0 for all L′ ∈ Lω(V )} =: L2(V ),

we get the orthogonal direct sum decomposition of L(V ) as follows:

L(V ) = L1(V )⊕ Lω(V )⊕ L2(V ).

Putting together the results above, we obtain the following (cf. [6])

Lemma 3.2.1. Let V be an n(≥ 3)-dimensional real inner product space and

L ∈ L(V ). Then components L1 ∈ L1(V ), Lω ∈ Lω(V ) and L2 ∈ L2(V ) of

L(= L1 + Lω + L2) are given as follows:

(3.2.8)

L1(u, v) =
SL

n(n− 1)
u ∧ v,

Lω(u, v) = L(u.v)

− 1

n− 2

{
RicL(u) ∧ v + u ∧ RicL(v)− SL

n− 1
u ∧ v

}
,

L2(u, v) =
1

n− 2

{
RicL(u) ∧ v + u ∧ RicL(v)− 2SL

n
u ∧ v

}
.

Proof. The fact that L1, L2, Lω appeared in (3.2.8) belong to L(V ) is easily

verified. And, L = L1 + Lω + L2. Moreover from straightforward computations

we get

SL2 = 0, RicLω = 0, < L2, Lω >= 0.

Thus the proof of Lemma 3.2.1 is completed.
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3.3 Inequivalent isotropy irreducible
representations in SU(3)/T (k, l)

3.3.1 Isotropy irreducible representations

Let G be a compact connected semisimple Lie group and H a closed subgroup

of G. The homogeneous space G/H is reductive, that is, in the Lie algebra g of

G there exists a subspace m such that g = h + m (direct sun of vector subspaces)

and Ad(h) m ⊂ m for all h ∈ H, where h is the subalgebra of g corresponding to

the identity component Ho of H and Ad(h) denotes the adjoint representation of

H in m.

Let τx (x ∈ G) be the transformation of G/H which is induced by x. Taking

differentials of τx at po := {H} (∈ G/H), we obtain the fact that the tangent

space Tpo(G/H) = m is Ad(H)-invariant. The homogeneous space G/H is said

to be isotropy irreducible if (Tpo(G/H), Ad(H)) is an irreducible representation.

3.3.2 Inequivalent isotropy irreducible summands in

SU(3)/T (k, l)

Here and from now on, without further specification, we use the following

notations:

G := SU(3), g : the Lie algebra of SU(3), i =
√
−1,

H := T (k, l) = {diag[e2πikθ, e2πilθ, e−2πi(k+l)θ | θ ∈ R} for (k, l) ∈ Z2

and |k|+ |l| 6= 0,

t(k, l) : the Lie algebra of T (k, l), γ = k2 + kl + l2,

(X, Y )0 = B(X, Y ) = −6 tr(XY ), X, Y ∈ g : the negative of the

Killing form of g.

Let Eij be a real 3× 3 matrix with 1 on entry (i, j) and 0 elsewhere. And we
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put

(3.3.1)

X1 =
1√
12

(E12 − E21), X2 =
i√
12

(E12 + E21),

X3 =
1√
12

(E13 − E31), X4 =
i√
12

(E13 + E31),

X5 =
1√
12

(E23 − E32), X6 =
i√
12

(E23 + E32),

X7 =
i√
36γ

diag[(k + 2l),−(2k + l), (k − l)],

X8 =
i√
12γ

diag[k, l,−(k + l)].

Then

{X1, . . . , X7} (resp. {X8})

is an orthonormal basis of m (resp. t(k, l)) with respect to (· , ·)0 such that

g = m + t(k, l) and (m, t(k, l))0 = 0.

If we put {X1, X2}R= m1, {X3, X4}R= m2, {X5, X6}R= m3, and {X7}R= m4,

then mi are irreducible Ad(T )-representation spaces.

In general, two representations (µ1, V1) and (µ2, V2) of a Lie group G are

called equivalent if there exists a linear isomorphism ρ of V1 onto V2 such that

ρ ◦ µ1(x) = µ2(x) ◦ ρ for all x ∈ G.

Park (cf. [13]) obtained the following

Theorem 3.3.1. Assume that |k|+ |l| 6= 0 (k, l ∈ Z). Then a necessary and

sufficient condition for (mi, Ad(T (k, l))) (i = 1, 2, 3, 4) to be mutually inequivalent

is

k 6= 0, l 6= 0, k 6= ±l, k 6= −2l and l 6= −2k.
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3.4 A decomposition of the curvature tensor
on SU(3)/T (k, l)

3.4.1 The curvature tensor field on a homogeneous

Riemannian space

Let G be a compact connected semisimple Lie group and H a closed sub-

group of G. We denote by g and h the corresponding Lie algebras of G and H,

respectively. Let B be the negative of the Killing form of g. We consider the

Ad(H )-invariant decomposition g = h + m with B(h, m) = 0. Then the set of

G-invariant symmetric covariant 2-tensor fields on G/H can be identified with

the set of Ad(H)-invariant symmetric bilinear forms on m. In particular, the set

of G-invariant Riemannian metrics on G/H is identified with the set of Ad(H)-

invariant inner products on m (cf. [2, 6, 10, 13]).

Let < , > be an inner product which is invariant with respect to Ad(H) on

m, where Ad denotes the adjoint representation of H in g. This inner product

< , > determines a G-invariant Riemannian metric g<,> on G/H.

For the sake of the calculus, we take a neighborhood V of the identity element

e in G and a subset N (resp. NH) of G (resp. H) in such a way that

(i) N = V ∩ exp(m), NH = V ∩ exp(h),

(ii) the mapping N ×NH 3 (c, h) 7→ ch ∈ N ·NH is a diffeomorphism,

(iii) the projection π of G onto G/H is a diffeomorphism of N onto a neigh-

borhood π(N) of the origin {H} in G/H. Here, {exp(tX) | t ∈ R} for X ∈ g is

a 1-parameter subgroup of G.

Now for an element X ∈ m, we define a vector field X∗ on the neighborhood

π(N) of {H} in G/H by

X∗
π(c) := (τc)∗X{H} ∈ Tπ(c)G/H (c ∈ N),
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where τc denotes the transformation of G/H which is induced by c. Let {Xi}i be

an orthonormal basis of the inner product space (m, < , >). Then {Xi}i is an

orthonormal frame on π(N)(⊂ G/H).

On the other hand, the connection function α (cf. [9]) on m×m corresponding

to the invariant Riemannian connection of (G/H, g< , >) is given as follows:

α(X, Y ) =
1

2
[X, Y ]m + U(X, Y ) (X, Y ∈ m) ,

where U(X, Y ) is determined by

2 < U(X, Y ), Z > = < [Z,X]m, Y > + < X, [Z, Y ]m >

for X, Y, Z ∈ m, and Xm denotes the m-component of an element X ∈ g = h+m.

Let ∇ be the Levi-Civita connection on the Riemannian manifold (G/H, g< , >).

Then on π(N) (∇X∗Y ∗){H} = α(X, Y ) (X, Y ∈ m). Moreover, the expression

for the value at po := {H}(∈ G/H) of the curvature tensor field is as follows (cf.

[9]):

(3.4.1)
R(X, Y )Z = α(X, α(Y, Z))− α(Y, α(X, Z))

− α([X, Y ]m, Z)− [[X, Y ]h, Z] (X, Y, Z ∈ m),

where Xm (resp. Xh) denotes the m - component (resp. h -component) of an

element X ∈ g = h + m.

In general, the Ricci tensor field Ric of type (0,2) on a Riemannian manifold

(M, g) is defined by

(3.4.2) Ric(Y, Z) = tr{X 7→ R(X, Y )Z} (X, Y, Z ∈ X(M)).

Let {Yj}j be an orthonormal basis of the inner product (m, < , >). Since the

group G is unimodular, we obtain the fact (cf. [2]) that

(3.4.3)
∑

j

U(Yj, Yj) = 0.
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Using (3.4.1), (3.4.2) and (3.4.3), we obtain the following expression (cf. [2]) for

the value at po of the Ricci tensor field Ric on (G/H, g< , >):

(3.4.4)

Ric(Y, Y ) =− 1

2

∑
j

< [Y, Yj]m, [Y, Yj]m > +
1

2
B(Y, Y )

+
1

4

∑
i,j

< [Yi, Yj]m, Y >2

for Y ∈ m, where B is the negative of the Killing form of the Lie algebra g.

3.4.2 Ricci tensor fields on inequivalent isotropy irreducible

homogeneous spaces

We retain the notation as in Subsection 3.4.1. The set of G-invariant symmet-

ric tensor fields of type (0, 2) on G/H can be identified with the set of Ad(H)-

invariant symmetric bilinear forms on m. In particular, the set of G-invariant

metrics on G/H is identified with the set of Ad(H)-invariant inner products on

m.

Let ( , )o be an Ad(G)-invariant inner product on g such that (m, h)o = 0. For

the sake of simplicity, we put ( , )o =: B. Let m = m1 + · · · + mq be an orthog-

onal Ad(H)-invariant decomposition of the space (m, B) such that Ad(H)mi
is

irreducible for i = 1, . . . , q, and assume that (mi, Ad(H)) are mutually inequiva-

lent irreducible representations. Then, the space of G-invariant symmetric tensor

fields of type (0, 2) on G/H is given by

{λ1B|m1 + · · ·+ λqB|mq | λ1, . . . , λq ∈ R},

and the space of G-invariant Riemannian metrics on G/H is given by

(3.4.5) {λ1B|m1 + · · ·+ λqB|mq | λ1 > 0, . . . , λq > 0}.

In fact, for an arbitrarily given Ad(H)-invariant inner product < , > on m, we

have < , > |mi
= λiB|mi

on each mi by the help of Shur’s lemma (cf. [23, 24]),

20



and < mi, mj >= 0 for i, j (i 6= j) since (mi, Ad(H)) are mutually inequivalent

(cf. [10, 13, 20]).

Note that the Ricci tensor field Ric of a G-invariant Riemannian metric on

G/H is a G-invariant symmetric tensor field of type (0, 2) on G/H, and we identify

Ric with an Ad(H)-invariant symmetric bilinear form on m. Thus, if (mi, Ad(H))

are mutually inequivalent irreducible representations, then Ric is written as

(3.4.6) Ric = y1B|mi
+ · · ·+ yqB|mq

for some y1, . . . , yq ∈ R.

3.4.3 The Ricci tensor field and the scalar curvature

on SU(3)/T (k, l) with a SU(3)-invariant metric

We retain the notation as in Subsection 3.4.2. In this subsection, we assume

that the isotropy irreducible representations (mi, Ad(T (k, l)) (i = 1, 2, 3, 4; k, l ∈
Z) are mutually inequivalent. For the sake of simplicity, we put

D := Z2 \ {(0, t), (t, 0), (t, t), (t,−t), (t,−2t), (2t,−t) | t ∈ Z}.

Let ( , )0 be the negative of the Killing form of su(3), and < , > an ar-

bitrarily given Ad(T (k, l))-invariant inner product on m. By Theorem 3.3.1,

we obtain the fact that the isotropy irreducible representations (mi, Ad(T (k, l))

(i = 1, 2, 3, 4; k, l ∈ Z) are mutually inequivalent if and only if (k, l) in T (k, l)

belongs to D. Since (mi, Ad(T (k, l)) are mutually inequivalent, for the inner

product < , > on m there are corresponding positive numbers λ1, λ2, λ3 and λ4

such that

(3.4.7)

{X1/
√

λ1 =: Y1, X2/
√

λ1 =: Y2, X3/
√

λ2 =: Y3,

X4/
√

λ2 =: Y4, X5/
√

λ3 =: Y5, X6/
√

λ3 =: Y6,

X7/
√

λ4 =: Y7}
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is an orthonormal basis of m with respect to the inner product < , >, by virtue

of (3.3.1), Theorem 3.3.1 and (3.4.5). This inner product < , > determines a

SU(3)-invariant Riemannian metric g(λ1,λ2,λ3,λ4) on SU(3)/T (k, l).

Now we normalize SU(3)-invariant Riemannian metrics on SU(3)/T (k, l) by

putting λ4 = 1, and denote by g(λ1,λ2,λ3) the metric defined by

λ1B|m1 + λ2B|m2 + λ3B|m3 + B|m4 .

By virtue of (3.3.1), (3.4.4), (3.4.6) and (3.4.7), we obtain the following result

(cf. [13]).

Lemma 3.4.1. Assume that (k, l) ∈ D. Then the Ricci tensor Ric on the

Riemannian homogeneous space (SU(3)/T (k, l), g(λ1,λ2,λ3)) is given as follows:

Ric(Yi, Yj) = 0 (i 6= j),

Ric(Y1, Y1) = Ric(Y2, Y2) =
λ1

2 − λ2
2 − λ3

2 + 6λ2λ3

12λ1λ2λ3

− (k + l)2

8γλ1
2 ,

Ric(Y3, Y3) = Ric(Y4, Y4) =
λ2

2 − λ3
2 − λ1

2 + 6λ3λ1

12λ1λ2λ3

− l2

8γλ2
2 ,

Ric(Y5, Y5) = Ric(Y6, Y6) =
λ3

2 − λ1
2 − λ2

2 + 6λ1λ2

12λ1λ2λ3

− k2

8γλ3
2 ,

Ric(Y7, Y7) =
1

8γ

{
(k + l)2

λ1
2 +

l2

λ2
2 +

k2

λ3
2

}
,

where γ := k2 + kl + l2.

The trace of the Ricci tensor Ric of a Riemannian manifold (M, g), (i.e.,∑
j Ric(ej, ej), where {ej}j is a (locally defined) orthonormal frame on (M, g)),

is called the scalar curvature of (M, g).

By virtue of Lemma 3.4.1, we get (cf. [13])
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Lemma 3.4.2. The scalar curvature S(λ1,λ2,λ3) of the Riemannian homoge-

neous space (SU(3)/T (k, l), g(λ1,λ2,λ3)), (k, l) ∈ D, is given as follows:

S(λ1,λ2,λ3) =
−(λ1

2 + λ2
2 + λ3

2) + 6(λ1λ2 + λ2λ3 + λ3λ1)

6λ1λ2λ3

− 1

8γ

{
(k + l)2

λ1
2 +

l2

λ2
2 +

k2

λ3
2

}
,

where γ := k2 + kl + l2.

3.4.4 A decomposition of the curvature tensor field on

(SU(3)/T (k, l), g(λ1,λ2,λ3))

We retain the notation as in Section 3.1 and Subsection 3.4.3. Let ∇ be the

Levi-Civita connection on the homogeneous space (SU(3)/T (k, l), g(λ1,λ2,λ3)) and
∇R the curvature tensor field with respect to ∇.

For the sake of convenience, we use the following notations:

V := T{T (k,l)}(SU(3)/T (k, l)), (V, < , >) := (V, g(λ1,λ2,λ3)|V ), R := ∇R.

Then, the curvature tensor R at po(= {T (k, l)}) of (SU(3)/T (k, l), g(λ1,λ2,λ3)) is

uniquely decomposed as

(3.4.8)
R =R(1) + Rω + R(2)

(R(1) ∈ L1(V ), Rω ∈ Lω(V ), R(2) ∈ L2(V )).

The curvature-like tensor Rω appeared in (3.4.8) is said to be the Weyl tensor

(field) of the curvature tensor field R on (SU(3)/T (k, l), g(λ1,λ2,λ3)).

Then, by virtue of (3.2.8), Lemmas 3.4.1 and 3.4.2, we obtain

Theorem 3.4.3. Let R(1), Rω and R(2) be the the curvature-like tensors

appeared in the curvature tensor R = R(1)+Rω +R(2) (∈ L1(V )⊕Lω(V )⊕L2(V ))
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on (SU(3)/T (k, l), g(λ1,λ2,λ3)). If (k, l) ∈ D, then

R(1)(Yi, Yj) =
1

42
S(λ1,λ2,λ3)Yi ∧ Yj,

Rω(Yi, Yj) = R(Yi, Yj)−
1

5
{Ric(Yi) ∧ Yj + Yi ∧ Ric(Yj)}

+
1

30
S(λ1,λ2,λ3)Yi ∧ Yj,

R(2)(Yi, Yj) =
1

5
{Ric(Yi) ∧ Yj + Yi ∧ Ric(Yj)} −

2

35
S(λ1,λ2,λ3)Yi ∧ Yj,

where {Yi}7
i=1 is an orthonormal basis on (m, < , >) and S(λ1,λ2,λ3) is the scalar

curvature of (SU(3)/T (k, l), g(λ1,λ2,λ3)).

In general, the Ricci curvature r of a Riemannian manifold (M, g) with respect

to a nonzero vector v ∈ TM is defined by

r(v) =
Ric(v, v)

‖v‖2
g

.

From Theorem 3.4.3, we get

Corollary 3.4.4. Let R(2) be the curvature-like tensor appeared in the curva-

ture tensor R = R(1) + Rω + R(2) on (SU(3)/T (k, l), g(λ1,λ2,λ3)), where (k, l) ∈ D.

Then the Ricci tensor of R(2) is given as follows:

Ric(2)(Yi, Yj) = −1

7
S(λ1,λ2,λ3) δij + Ric(Yi, Yj).

By the help of Lemma 3.4.1 and Corollary 3.4.4, we obtain

Proposition 3.4.5. Assume that (k, l) ∈ D, k > l > 0, and

λ ≤ 3l2

10(k2 + kl + l2)

in (SU(3)/T (k, l), g(λ,λ,λ)), λ > 0. Then the Ricci curvature r(2) of the curvature-

like tensor R(2) in the curvature tensor R = R(1) + Rω + R(2) on (SU(3)/T (k, l),

g(λ,λ,λ)) is estimated as follows:

r(2)(Y1) = r(2)(Y2) ≤ r(2) ≤ r(2)(Y7),

where r(2)(Yi) = Ric(2)(Yi, Yi) for i = 1, 2, . . . , 7.
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Chapter 4

Harmonic homomorphisms

between two Lie groups

In this chapter, we get a complete condition for a group homomorphism of

a compact Lie group with an arbitrarily given left invariant Riemannian metric

into another Lie group with a left invariant metric to be a harmonic mapping,

and then obtain a necessary and sufficient condition for a group homomorphism

of (SU(2), g) with a left invariant metric g into the Heisenberg group (H, h0) to

be a harmonic mapping.

4.1 Introduction

Harmonic mappings of a compact Riemannian manifold (M, g) into another

Riemannian manifold (N, h) are the extrema of the energy functional (cf. [22])

E(φ) =
1

2

∫
M

‖dφ‖2vg,

where ‖dφ‖ is the norm of the differential dφ of a mapping φ ∈ C∞(M, N) with

respect to the metrics g, h.

In this chapter, we construct group homomorphisms of a closed (compact and

connected) Lie group G with a left invariant metric g into another Lie group H

with a left invariant metric h which are harmonic.

It is well known that every inner automorphism of a Lie group G into itself is

both isomorphic and harmonic with respect to a bi-invariant Riemannian metric

g0 on G.
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However, we here deal with a group homomorphism between two Lie groups

with arbitrarily given left invariant metrics.

First of all, we get a necessary and sufficient condition (cf. Proposition 4.2.1)

for a group homomorphism φ of a compact Lie group G with a left invariant

metric g into another Lie group H with a left invariant metric h to be a harmonic

mapping.

And then, using this complete condition, we obtain a necessary and sufficient

condition for a group homomorphism φ of SU(2) (= G) with a left invariant

metric g into the Heisenberg Lie group (H, h0) (cf. [12, 14]) to be a harmonic

mapping.
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4.2 Harmonic group homomorphisms

Let (M, g), (N, h) be two Riemannian manifolds of dimension n, m, respec-

tively. Let φ : M → N be a smooth mapping and let E := φ−1TN be the induced

bundle by φ over M of the tangent bundle TN of N . We denote by Γ(E), the

space of all sections V of E, that is, V ∈ Γ(E) implies that V is a mapping of

M into E such that Vx ∈ Tφ(x)N for all x ∈ M . For X ∈ Γ(TM), we define

φ∗X ∈ Γ(E) by (φ∗X)x := φ∗xXx ∈ Tφ(x)N (x ∈ M), where φ∗x is the differential

of φ at x. For Y ∈ Γ(TN), we also define Ỹ ∈ Γ(E) by Ỹx := Yφ(x) (x ∈ M).

We denote ∇, N∇ the Levi-Civita connections of (M, g), (N, h), respectively.

Then we give the induced connection ∇̃ on E (cf. [5, 6]) by

(∇̃XV )x :=
d

dt
NP −1

φ(γ(t)) Vγ(t)|t=o (X ∈ Γ(TM), V ∈ Γ(E)),

where x ∈ M , γ(t) is a curve through x at t = 0 whose tangent vector at x is

Xx, and NPφ(γ(t)) : Tφ(x)N → Tφ(γ(t))N is the parallel displacement along a curve

φ(γ(s)) (0 ≤ s ≤ t) given by the Levi-Civita connection N∇ of (N, h)).

We define a tension field τ(φ) ∈ Γ(E) of φ by

(4.2.1) τ(φ) :=
n∑

i=1

(
∇̃ei

φ∗ei − φ∗∇ei
ei

)
,

where {ei}n
i=1 is a (locally defined) orthonormal frame field on M . We call φ to

be a harmonic mapping if τ(φ) = 0 on M .

Let G be an n-dimensional closed (compact and connected) Lie group with an

arbitrarily given left invariant metric g, and H an m-dimensional Lie group with

a left invariant metric h. Let g (resp. h) be the Lie algebra of all left invariant

vector fields on G (resp. H). Let φ : G → H be a group homomorphism, {ei}n
i=1

(resp. {da}m
a=1) an orthonormal basis of (g, g) (resp. (h, h)). We use the following
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notations:

(4.2.2)

(dφ)(ei) =:
m∑

a=1

φi
a da,

g∇ei
ej =: Dei

ej =:
n∑

k=1

αij
k ek,

h∇dadb =: ∇dadb =:
m∑

c=1

βab
c dc.

Here D (resp. ∇) is the Levi-Civita connection on (G, g) (resp. (H, h)), and

dφ (= φ∗) is the differential of the group homomorphism φ. From (4.2.2) we

obtain

(4.2.3)

∇̃ei
φ∗ei =

m∑
a,b,c=1

φi
a φi

b βab
c dc

φ∗(Dei
ei) =

n∑
j=1

m∑
a=1

αii
j φj

a da

since αij
k and βab

c are constants. By the help of (4.2.1), (4.2.3) and the definition

of harmonic mapping, we obtain the following proposition.

Proposition 4.2.1. Let (G, g) be an n-dimensional closed Lie group with an

arbitrarily given left invariant metric g, (H, h) an m-dimensional Lie group with

an arbitrarily given left invariant metric h. Then a group homomorphism φ :

(G, g) → (H, h) is a harmonic mapping if and only if

(4.2.4)
n∑

i=1

(
m∑

a,b=1

φi
a φi

b βab
c −

n∑
j=1

αii
j φj

c

)
= 0

for all c = 1, 2, . . . ,m.
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4.3 Harmonic group homomorphism between
SU(2) and the Heisenberg group

In this section, we will construct harmonic group homomorphisms of (SU(2), g)

into the Heisenberg Riemannian Lie group (H, h0).

Let su(2) be the Lie algebra of SU(2). The Killing form B of su(2) satisfies

B(X, Y ) = 4 tr(XY ) (X, Y ∈ su(2)).

We define an inner product ( , )0 on su(2) by

(X, Y )0 := −B(X, Y ) (X, Y ∈ su(2)).

Here and from now on, let g be an arbitrarily given left invariant Riemannian

metric on SU(2). The following lemma is known (cf. [5, 11, 18]).

Lemma 4.3.1. Let g be a left invariant Riemannian metric on SU(2). Let

< , > be an inner product on su(2) defined by < X, Y > := ge(Xe, Ye), where

X, Y ∈ su(2) and e is the identity matrix of SU(2). Then there exists an or-

thonormal basis {X1, X2, X3} of su(2) with respect to ( , )0 (= −B) such that

(4.3.1)
[X1, X2] = (1/

√
2)X3, [X2, X3] = (1/

√
2)X1,

[X3, X1] = (1/
√

2)X2, < Xi, Xj >= δijai
2,

where ai (i = 1, 2, 3) are positive constants determined by the given left invariant

Riemannian metric g on SU(2).

Let H be the Heisenberg group (cf. [12, 14]), that is,

H =




1 a12 a13

0 1 a23

0 0 1

 | a12, a23, a13 ∈ R

 .

29



Denote by x, y, z coordinates on H, say for A ∈ H, x(A) = a12, y(A) = a23,

z(A) = a13. If LB is the left translation by an element B ∈ H, we have

L∗B dx = dx, L∗B dy = dy, L∗B (dz − xdy) = dz − xdy.

On H, the vector fields

(4.3.2) d1 :=
∂

∂x
, d2 :=

∂

∂y
+ x

∂

∂z
, d3 :=

∂

∂z

are dual to dx, dy, dz − xdy, and are left invariant. Moreover, {da}3
a=1 is or-

thonormal with respect to the left invariant metric h0 on H given by

ds2 = dx2 + dy2 + (dz − xdy)2.

The Riemannian manifold (H, h0) is referred to as the Heisenberg Riemannian

Lie group.

We retain the notations as in Sections 4.2. In general, the Riemannian con-

nection ∇ on a Riemannian manifold (M, g) is given by

(4.3.3)

2g(∇XY, Z) = Xg(Y, Z) + Y g(X, Z)− Zg(X, Y )

+ g([X, Y ], Z) + g([Z,X], Y )

− g([Y, Z], X) (X, Y, Z ∈ X(M)).

We fix an orthonormal basis {X1, X2, X3} of su(2) with respect to ( , )0

satisfying (4.3.1) in Lemma 4.3.1 and denote by g(a1,a2,a3) the left invariant Rie-

mannian metric on SU(2) which is determined by positive real numbers a1, a2, a3

in Lemma 4.3.1. Moreover, we normalize left invariant Riemannian metrics on

SU(2) by putting a3 = 1. We denote by g(a1,a2,1), or simply by g(a1,a2), the

left invariant Riemannian metric which is determined by positive real numbers

a3 = 1, a1, a2.
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For the orthonormal basis {X1, X2, X3} of su(2) with respect to −B =: ( , )0

in Lemma 4.3.1, if we put

e1 :=
1

a1

X1, e2 :=
1

a2

X2, e3 := X3,

then {e1, e2, e3} is an orthonormal frame basis of (SU(2), g(a1,a2)). From (4.3.1),

we have

(4.3.4) [e1, e2] =
1√

2 a1a2

e3, [e2, e3] =
a1√
2 a2

e1, [e3, e1] =
a2√
2 a1

e2.

By virtue of (4.3.3) and (4.3.4), we get

(4.3.5)

De1e2 =
1− (a1)

2 + (a2)
2

2
√

2 a1a2

e3, De2e3 =
1 + (a1)

2 − (a2)
2

2
√

2 a1a2

e1,

De3e1 =
−1 + (a1)

2 + (a2)
2

2
√

2 a1a2

e2, Dei
ei = 0 (i = 1, 2, 3).

Using (4.2.2), (4.3.4) and (4.3.5), we have

(4.3.6)

α12
3 = −α13

2 =
1− (a1)

2 + (a2)
2

2
√

2 a1a2

,

α23
1 = −α21

3 =
1 + (a1)

2 − (a2)
2

2
√

2 a1a2

,

α31
2 = −α32

1 =
−1 + (a1)

2 + (a2)
2

2
√

2 a1a2

,

αij
k = 0 otherwise.

Moreover, by virtue of (4.3.2) and (4.3.3), we get

(4.3.7)

[d1,d2] = d3, [d2,d3] = [d3,d1] = 0,

∇di
di = 0 (i = 1, 2, 3), ∇d1d2 = −∇d2d1 =

1

2
d3,

∇d2d3 = ∇d3d2 =
1

2
d1, ∇d3d1 = ∇d1d3 = −1

2
d2.
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From (4.2.2) and (4.3.7), we have

(4.3.8)
β12

3 = −β21
3 =

1

2
, β23

1 = β32
1 =

1

2
,

β31
2 = β13

2 = −1

2
, βbc

a = 0 otherwise.

By virtue of (4.2.4) in Proposition 4.2.1, (4.3.6) and (4.3.8), we obtain a group

homomorphism φ : (SU(2), g(a1,a2)) → (H, h0) is a harmonic mapping if and only

if
3∑

i=1

φi
2φi

3 = 0 and
3∑

i=1

φi
3φi

1 = 0.

Hence, we have the following theorem.

Theorem 4.3.2. A group homomorphism φ of (SU(2), g(a1,a2)) into the

Heisenberg group (H, h0) is a harmonic mapping if and only if

3∑
i=1

h0(φ∗ei,d2) · h0(φ∗ei,d3) = 0

and
3∑

i=1

h0(φ∗ei,d3) · h0(φ∗ei,d1) = 0.
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Chapter 5

Variations of the length integral

In this chapter, we obtain a necessary and sufficient condition for the second

variation of an arbitrarily given smooth variation of a geodesic on a Riemannian

manifold to be 0.

5.1 Introduction

Let τs : [0, 1] → M (−ε < s < ε) be a smooth variation of a geodesic

τ0 = τ = xt (0 ≤ t ≤ 1) on a Riemannian manifold (M, g) such that τs(0) = x0

and τs(1) = x1 for every s ∈ (−ε, ε). We put

L(s) := L(τs) :=

∫ 1

0

‖dτs

dt
‖ dt,

and calculate the second variation (d2L(s)/ds2)s=0. The second variation is ex-

pressed in terms of the sectional curvature (cf. [13, 15, 17, 21]) and the variation

vector field along the curve τ = xt (0 ≤ t ≤ 1). And then, we get a necessary and

sufficient condition for the second variation (d2L(s)/ds2)s=0 to be 0.

These calculus methods in variation problems are very useful in the study

on natural sciences. But, in most of references, the calculus of variations is

insufficient and omitted. In this chapter, we make a minute and detailed poof of

the calculus parts which are insufficient and omitted in variation problems of the

length integral.
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5.2 The first and second variations of the length
integral

Let (M, g) be a complete Riemannian manifold and ∇ the Levi-Civita con-

nection for the Riemannian metric g. For a C∞-curve τ = xt (0 ≤ t ≤ 1) on M ,

let

φ : (t, s) ∈ [0, 1]× (−ε, ε) 7→ φ(t, s) ∈ M

be a C∞-mapping which satisfies

φ(t, 0) = xt.

Such a mapping φ is called a variation of τ = xt (0 ≤ t ≤ 1). From now

on, we assume that τ = xt (0 ≤ t ≤ 1) is parametrized by its arc length.

Let τs : [0, 1] → M (−ε < s < ε) be a C∞-mapping which is defined by

τs(t) := φ(t, s). The length L(s) of τs is given by

(5.2.1) L(s) := L(τs) =

∫ 1

0

√
g(φ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s)) dt.

Let φ∗(∂/∂t)(t,s) and φ∗(∂/∂s)(t,s) are defined on [0, 1] × (−ε, ε). Moreover, we

define a vector field Xt along the curve τ = xt (0 ≤ t ≤ 1) by

(5.2.2) Xt := φ∗(∂/∂s)(t,0) (0 ≤ t ≤ 1).

Such a vector field Xt (0 ≤ t ≤ 1) along the curve τ = xt (0 ≤ t ≤ 1) is called

the variation vector field along φ. In this chapter, we assume that φ(0, s) = x0

and φ(1, s) = x1, s ∈ (−ε, ε), for any variation φ of the curve τ = xt (0 ≤ t ≤ 1).

Then we have

(5.2.3) X0 = 0 ∈ Tx0(M), X1 = 0 ∈ Tx1(M).
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Now we calculate the first variation (dL/ds)s=0 of L(s). First of all, we get

(5.2.4)

∂

∂s

(√
g(φ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s))

)
=

g(∇sφ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s))√
g(φ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s))

.

Since
∇sφ∗(∂/∂t)(t,s) − ∇tφ∗(∂/∂s)(t,s) − φ∗[(∂/∂s)(t,s), (∂/∂t)(t,s)]

= T∇(φ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s))

and T∇ = 0 (cf. [21]), we obtain on [0, 1]× (−ε, ε)

(5.2.5) ∇sφ∗(∂/∂t)(t,s) = ∇tφ∗(∂/∂s)(t,s).

Here, T∇ is the torsion of ∇. We get from (5.2.2) and (5.2.5)

(5.2.6) φ∗(∂/∂t)(t,0) = x′t, (∇sφ∗(∂/∂t)(t,s))s=0 = ∇tXt.

From (5.2.1), (5.2.4) and (5.2.6), we obtain

(5.2.7)

(
dL(s)

ds

)
s=0

=

∫ 1

0

g(∇tXt, x
′
t) dt.

Moreover, we get

(5.2.8) g(∇tXt, x
′
t) =

d

dt
(g(Xt, x

′
t))− g(Xt,∇tx

′
t).

By the help of (5.2.7) and (5.2.8), we have

(5.2.9)

(
dL(s)

ds

)
s=0

=

∫ 1

0

{
d

dt
(g(Xt, x

′
t))− g(Xt,∇tx

′
t)

}
dt

= [g(Xt, x
′
t)]

1
0 −

∫ 1

0

g(Xt,∇tx
′
t) dt.

Since X0 = 0 ∈ Tx0(M) and X1 = 0 ∈ Tx1(M) from (5.2.3), we get from (5.2.9)(
dL(s)

ds

)
s=0

= −
∫ 1

0

g(Xt,∇tx
′
t) dt.
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Hence we have the following theorem.

Theorem 5.2.1. Let τs : [0, 1] → M (−ε < s < ε) be an arbitrarily given

smooth variation of τ = xt (0 ≤ t ≤ 1) such that τs(0) = x0 and τs(1) = x1 for

every s ∈ (−ε, ε). Then, (dL(s)/ds)s=0 = 0 if and only if ∇tx
′
t = 0 for every

t ∈ (0, 1), that is, τ = xt (0 ≤ t ≤ 1) is a geodesic in the Riemannian manifold

(M, g).

Next, we calculate the second variation (d2L(s)/ds2)s=0 of the geodesic τ = xt

(0 ≤ t ≤ 1). From (5.2.4) and (5.2.5), we get

(5.2.10)

∂2

∂s2

(√
g(φ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s))

)
=

g(∇s∇tφ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s)) + ‖∇tφ∗(∂/∂s)(t,s)‖2

{g(φ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s))}
1
2

−
{g(∇tφ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s))}2

{g(φ∗(∂/∂t)(t,s), φ∗(∂/∂t)(t,s))}
3
2

.

Moreover, the following is well known (cf. [17]):

(5.2.11)
∇s∇tφ∗(∂/∂s)(t,s) −∇t∇sφ∗(∂/∂s)(t,s)

= R(φ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s))φ∗(∂/∂s)(t,s).

Here, R is the curvature tensor field on (M, g). Furthermore,

(5.2.12)

g(∇t∇sφ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s))

=
d

dt
{g(∇sφ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s))}

− g(∇sφ∗(∂/∂s)(t,s),∇tφ∗(∂/∂t)(t,s)).

By the help of (5.2.6), (5.2.10), (5.2.11) and (5.2.12), we obtain

(5.2.13)

(
d2L(s)

ds2

)
s=0

=
[
(g(∇sφ∗(∂/∂s)(t,s), φ∗(∂/∂t)(t,s)))s=0

]1
t=0

+

∫ 1

0

{g(R(Xt, x
′
t)Xt, x

′
t) + ‖∇tXt‖2

− (g(∇tXt, x
′
t))

2}dt.
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Let X⊥
t (0 ≤ t ≤ 1) be the component of Xt perpendicular to the geodesic τ = xt

(0 ≤ t ≤ 1), that is,

(5.2.14) X⊥
t = Xt − g(Xt, x

′
t) x′t.

Since τs(0) = φ(0, s) = x0 and τs(1) = φ(1, s) = x1 for every s ∈ (−ε, ε), we get

(5.2.15) ∇sφ∗(∂/∂s)(0,s) = 0, ∇sφ∗(∂/∂s)(1,s) = 0.

From (5.2.14), we obtain

(5.2.16)
∇tXt = ∇tX

⊥
t +

d(g(Xt, x
′
t))

dt
x′t,

0 =
d(g(X⊥

t , x′t))

dt
= g(∇tX

⊥
t , x′t),

because xt (0 ≤ t ≤ 1) is a geodesic in the Riemannian manifold (M, g). From

(5.2.16), we get

(5.2.17) ‖∇tXt‖2 − (g(∇tXt, x
′
t))

2 = ‖∇tX
⊥
t ‖2.

We obtain from (5.2.13), (5.2.14), (5.2.15) and (5.2.17)(
d2L(s)

ds2

)
s=0

=

∫ 1

0

{‖∇tX
⊥
t ‖2 − g(R(X⊥

t , x′t)x
′
t, X

⊥
t )}dt.

Thus, we get the following theorem.

Theorem 5.2.2. Let τs : [0, 1] → M (−ε < s < ε) be an arbitrarily given

variation of a geodesic τ0 = τ = xt (0 ≤ t ≤ 1) on (M, g) such that τs(0) = x0

and τs(1) = x1 for every s ∈ (−ε, ε). Then the second variation (d2L/ds2)s=0 is

given as follows:(
d2L(s)

ds2

)
s=0

=

∫ 1

0

{‖∇tX
⊥
t ‖2 − g(R(X⊥

t , x′t)x
′
t, X

⊥
t )}dt

=

∫ 1

0

{‖∇tX
⊥
t ‖2 − ‖X⊥

t ‖2 σ(X⊥
t , x′t)}dt,
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where σ(X⊥
t , x′t) is the sectional curvature determined by {X⊥

t , x′t}.

By virtue of Theorem 5.2.2, we obtain the following corollary.

Corollary 5.2.3. Assume that (M, g) is a space of constant negative. For an

arbitrarily given variation τs : [0, 1] → M (−ε < s < ε) of a geodesic τ0 = τ = xt

(0 ≤ t ≤ 1) on (M, g) such that τs(0) = x0 and τs(1) = x1 for every s ∈ (−ε, ε),

a necessary and sufficient condition for the second variation (d2L/ds2)s=0 to be 0

is X⊥
t = 0 (0 ≤ t ≤ 1).
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