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1 Introduction

Decision making problems generally consist of finding the most desirable alter-

native(s) from a given alternative set. Because of increasing of vagueness and

complexity of socio-economic environment, it is difficult to acquire accurate and

sufficient data in practical decision making. So it is necessary to deal with uncer-

tainty data in real decision making process, and thus, several different method-

ologies and theories have been proposed, among which the fuzzy set theory1 is

outstanding and has been widely used in many fields in real life.2−5 Since then

many extensions of fuzzy set (FS) such as intuitionistic fuzzy set (IFS),6 interval-

valued fuzzy set (IVFS),7 interval-valued intuitionistic fuzzy set (IVIFS),8 hesi-

tant fuzzy set (HFS),9,10 dual hesitant fuzzy set (DFS),11 and generalized hesitant

fuzzy set (GHFS)12 allowed people to deal with uncertainty and information in

much broader perspective. In particular, as a new development of FS, the concept

of HFS has been receiving increased attention and has recently become a popular

research topic.9,10,13−16

HFS is a significant extension of the FS that models the uncertainty roused

by hesitancy, which is a common phenomenon in decision making. Several possi-

ble values can be used to indicate the membership degree or an evaluation value

under hesitant fuzzy environment. Thus, it is suitable and convenient for describ-

ing the hesitancy experienced by the decision makers during the decision making

process. The original definition of the HFS was provided by Torra.9 Xia and Xu13

defined the hesitant fuzzy element (HFE), which is a set of values in the unit in-

terval [0, 1], and proposed and investigated the score function and comparison law

of the HFEs as the basis for its calculation and application. Many authors17−23

developed the aggregation operators and used to fuse the hesitant fuzzy informa-

tion. However, we find that the occurring probabilities of the possible values in

the HFE are equal, which is obviously impractical, and thus HFE is unsuitable

for the hesitant judgments and evaluations of the decision makers in real decision

making process under the hesitant fuzzy environment. To overcome this draw-

back, Xu and Zhou24 proposed the hesitant probabilistic fuzzy set (HPFS) and

1



hesitant probabilistic fuzzy element (HPFE), which are developed by introducing

probabilities into the HFS and the HFE, respectively. For example, a decision

maker provides a HFE (0.3, 0.4, 0.5) to evaluate the “comport” of a house because

he/she is hesitant to do this evaluation. However, he/she thinks 0.4 is more suit-

able than other values in this HFE, and 0.3 is less of possibility than others.

Then the HFE (0.3, 0.4, 0.5) cannot fully represent his/her evaluation, but the

HPFE (0.3|0.2, 0.4|0.5, 0.5|0.3) can describe this dilemma vividly and it is more

convenient and reasonable than the HFE. Thus, the HPFE is more generalized

HFE and can be used to depict hesitant fuzzy information with probabilities.

They24 also applied the HPFS and HPFE to group decision making and built

the consensus of the decision makers based on the perspective of the aggregation

operator. By combining the HPFE and the weighted operator, they developed

basic weighted operators including the hesitant probabilistic fuzzy weighted aver-

aging/geometric (HPFWA or HPFWG) operators and the hesitant probabilistic

fuzzy ordered weighted averaging/geometric (HPFOWA or HPFOWG) operators.

On the other hand, the all aggregation operators introduced previously are

based on the algebraic product and algebraic sum of HPFEs. In fact, Einstein

operations including the Einstein product and Einstein sum are also good al-

ternatives for structuring aggregation operators, and they have been used to

aggregate the intuitionistic fuzzy values or the HFEs by many authors.21−23,25−27

Thus, it is meaningful to use Einstein operations to aggregate hesitant proba-

bilistic fuzzy information. However, it seems that in the literature there is little

investigation on aggregation techniques using the Einstein operations to aggre-

gate hesitant probabilistic fuzzy information. In this thesis, motivated by Xu and

Zhou24 and Yu,21 we propose the hesitant probabilistic fuzzy Einstein weighted

aggregation operators with the help of Einstein operations, and apply them to

multiple attribute group decision making (MAGDM) under hesitant probabilistic

fuzzy environment.

The remainder of this thesis is organized as follows. The following chapter

recalls briefly some basic concepts and notions related to the HPFSs and HPFEs.

In Chapter 3, based on the hesitant probabilistic fuzzy weighted aggregation op-
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erator and the Einstein operations, we propose the hesitant probabilistic fuzzy

Einstein weighted aggregation operators including the hesitant probabilistic fuzzy

Einstein weighted averaging/geometric (HPFEWA or HPFEWG) operators and

the hesitant probabilistic fuzzy Einstein ordered weighted averaging/geometric

(HPFEOWA or HPFEOWG) operators. Chapter 4 gives some concluding re-

marks.
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2 Preliminaries

2.1 HPFS and HPFE

The HPFS and HPFE are defined to represent hesitant fuzzy information with

probabilities as follows:

Definition 1.24 Let R be a fixed set, then a HPFS on R is expressed by a

mathematical symbol:

HP =
{
h̄(γi|pi)|γi, pi

}
, (1)

where h̄(γi|pi) is a set of some elements γi|pi denoting the hesitant fuzzy infor-

mation with probabilities to the set HP , γi ∈ R, 0 ≤ γi ≤ 1, i = 1, 2, . . . ,#h̄,

where #h̄ is the number of possible elements in h̄(γi|pi), pi ∈ [0, 1] is the hesitant

probability of γi, and
∑#h̄

i=1 pi = 1.

For convenience, Xu and Zhou24 called h̄(γi|pi) a HPFE, and HP the set of

HPFSs. In addition, they gave the following score function, deviation function

and comparison law to compare different HPFEs.

Definition 2.24 Let h̄(γi|pi) (i = 1, 2, , . . . ,#h̄) be a HPFE, then

(1) s(h̄) =
∑#h̄

i=1 γipi is called the score function of h̄(γi|pi), where #h̄ is the

number of possible elements in h̄(γi|pi);
(2) d(h̄) =

∑#h̄
i=1(γi−s(h̄))2pi is called the deviation function of h̄(γi|pi), where

s(h̄) =
∑#h̄

i=1 γipi is the score function of h̄(γi|pi) and #h̄ is the number of possible

elements in h̄(γi|pi).

If all probabilities are equal, i.e., p1 = p2 = · · · = p#h̄, then the HPFE is

reduced to the HFE. So, in this case, the score function of the HPFE is consistent

with that of the HFE.

Definition 3.24 Let h̄1(γi|pi) and h̄2(γj|pj) be two HPFEs, i = 1, 2, , . . . ,#h̄1,

j = 1, 2, , . . . ,#h̄2, s(h̄1) and s(h̄2) are the score functions of h̄1 and h̄2, respec-

tively, and d(h̄1) and d(h̄2) are the deviation functions of h̄1 and h̄2, respectively,

then
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(1) If s(h̄1) < s(h̄2), then h̄1 is smaller than h̄2, denoted by h̄1 < h̄2;

(2) If s(h̄1) = s(h̄2), then

(a) If d(h̄1) > d(h̄2), then h̄1 is smaller than h̄2, denoted by h̄1 < h̄2;

(b) If d(h̄1) = d(h̄2), then h̄1 and h̄2 represent the same information,

denoted by h̄1 = h̄2.

Some operations to aggregate HPFEs based on the operations of HFEs9,13 are

defined as follows:

Definition 4.24 Let h̄(γi|pi), h̄1(γ̇j|ṗj) and h̄2(γ̈k|p̈k) be three HPFEs, i =

1, 2, . . . ,#h̄, j = 1, 2, . . . ,#h̄1, k = 1, 2, . . . ,#h̄2, and λ > 0, then

(1) (h̄)c = ∪i=1,2,...,#h̄ {(1− γi)|pi};
(2) λh̄ = ∪i=1,2,...,#h̄

{
1− (1− γi)

λ|pi
}
;

(3) h̄λ = ∪i=1,2,...,#h̄

{
(γi)

λ|pi
}
;

(4) h̄1 ⊕ h̄2 = ∪j=1,2,...,#h̄1,k=1,2,...,#h̄2
{(γ̇j + γ̈k − γ̇j γ̈k)|ṗj p̈k};

(5) h̄1 ⊗ h̄2 = ∪j=1,2,...,#h̄1,k=1,2,...,#h̄2
{γ̇j γ̈k|ṗj p̈k}.

Theorem 1. Let h̄(γi|pi), h̄1(γ̇j|ṗj) and h̄2(γ̈k|p̈k) be three HPFEs, i =

1, 2, . . . ,#h̄, j = 1, 2, . . . ,#h̄1, k = 1, 2, . . . ,#h̄2, λ > 0, λ1 > 0, and λ2 > 0,

then

(1) h̄1 ⊕ h̄2 = h̄2 ⊕ h̄1;

(2) h̄⊕ (h̄1 ⊕ h̄2) = (h̄⊕ h̄1)⊕ h̄2;

(3) λ(h̄1 ⊕ h̄2) = (λh̄1)⊕ (λh̄2);

(4) λ1(λ2h̄) = (λ1λ2)h̄;

(5) h̄1 ⊗ h̄2 = h̄2 ⊗ h̄1;

(6) h̄⊗ (h̄1 ⊗ h̄2) = (h̄⊗ h̄1)⊗ h̄2;

(7) (h̄1 ⊗ h̄2)
λ = h̄λ

1 ⊗ h̄λ
2 ;

(8) (h̄λ1)λ2 = h̄(λ1λ2).

Proof. We only prove (3) and the other are trivial or similar to (3).

(3) Since h̄1 ⊕ h̄2 = ∪j=1,2,...,#h̄1,k=1,2,...,#h̄2
{γ̇j + γ̈k − γ̇j γ̈k|ṗj p̈k}, by the oper-

ational law (2) in Definition 4, we have

λ(h̄1 ⊕ h̄2) = ∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
1− (1− (γ̇j + γ̈k − γ̇j γ̈k))

λ |ṗj p̈k
}
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= ∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
1− ((1− γ̇j)(1− γ̈k))

λ |ṗj p̈k
}
.

Since λh̄1 = ∪j=1,2,...,#h̄1

{
1− (1− γ̇j)

λ|ṗj
}
and λh̄2 = ∪k=1,2,...,#h̄2

{
1− (1− γ̇k)

λ|p̈k
}
,

we have

(λh̄1)⊕ (λh̄2)

= ∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
1− (1− γ̇j)

λ + 1− (1− γ̇k)
λ − (1− (1− γ̇j)

λ)(1− (1− γ̇k)
λ)|ṗj p̈k

}
= ∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
1− (1− γ̇j)

λ(1− γ̈k)
λ|ṗj p̈k

}
.

Hence λ(h̄1 ⊕ h̄2) = (λh̄1)⊕ (λh̄2). 2

However, for a HPFE h̄(γi|pi), i = 1, 2, . . . ,#h̄, λ1 > 0 and λ2 > 0, the

operational laws (λ1h̄)⊕ (λ2h̄) = (λ1 +λ2)h̄ and h̄λ1 ⊗ h̄λ2 = h̄(λ1+λ2) do not hold

in general. To illustrate this case, we give an example as follows:

Example 1. Let h̄(γi|pi) = (0.7|0.5, 0.2|0.5) and λ1 = λ2 = 1, then

(λ1h̄)⊕ (λ2h̄) = h̄⊕ h̄ = ∪i,j=1,2 {γi + γj − γiγj|0.25}
= (0.91|0.25, 0.76|0.25, 0.76|0.25, 0.36|0.25),

(λ1 + λ2)h̄ = 2h̄ = ∪i=1,2

{
1− (1− γi)

2|0.5
}
= (0.91|0.5, 0.36|0.5)

and s((λ1h̄)⊕(λ2h̄)) = 0.6975 > 0.635 = s((λ1+λ2)h̄) and hence (λ1h̄)⊕(λ2h̄) >

(λ1 + λ2)h̄. Similarly, we have s(h̄λ1 ⊗ h̄λ2) = 0.2025 < 0.265 = s(h̄(λ1+λ2)) and

thus h̄λ1 ⊗ h̄λ2 < h̄(λ1+λ2).

Based on Definition 4, in order to aggregate the HPFEs, Xu and Zhou24

developed some hesitant probabilistic fuzzy aggregation operators as follows:

Definition 5.24 Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, w =

(w1, w2, . . . , wT )
T be the weight vector of h̄t with wt ∈ [0, 1] and

∑T
t=1wt = 1, and

pt be the probability of γt in the HPFE h̄t, then

(1) the hesitant probabilistic fuzzy weighted averaging (HPFWA) operator:

HPFWA(h̄1, h̄2, . . . , h̄T ) = (w1h̄1)⊕ (w2h̄2)⊕ · · · ⊕ (wT h̄T )

= ∪γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{
1−

T∏
t=1

(1− γt)
wt |p1p2 · · · pT

}
. (2)
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(2) the hesitant probabilistic fuzzy weighted geometric (HPFWG) operator:

HPFWG(h̄1, h̄2, . . . , h̄T ) = (h̄1)
w1 ⊗ (h̄2)

w2 ⊗ · · · ⊗ (h̄T )
wT

= ∪γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{
T∏
t=1

(γt)
wt|p1p2 · · · pT

}
. (3)

Definition 6.24 Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, h̄σ(t) be

the tth largest of h̄t (t = 1, 2, . . . , T ), and pσ(t) be the probability of γσ(t) in the

HPFE h̄σ(t), then the following two aggregation operators, which are based on the

mapping HT
P → HP with an associated vector ω = (ω1, ω2, . . . , ωT )

T such that

ωt ∈ [0, 1] and
∑T

t=1 ωt = 1, are given by:

(1) the hesitant probabilistic fuzzy ordered weighted averaging (HPFOWA)

operator:

HPFOWA(h̄1, h̄2, . . . , h̄T ) = (ω1h̄σ(1))⊕ (ω2h̄σ(2))⊕ · · · ⊕ (ωT h̄σ(T ))

= ∪γσ(1)∈h̄σ(1),γσ(2)∈h̄σ(2),...,γσ(T )∈h̄σ(T )

{
1−

T∏
t=1

(1− γσ(t))
wt

∣∣∣pσ(1)pσ(2) · · · pσ(T )

}
.(4)

(2) the hesitant probabilistic fuzzy ordered weighted geometric (HPFOWG)

operator:

HPFOWG(h̄1, h̄2, . . . , h̄T ) = (h̄σ(1))
ω1 ⊗ (h̄σ(2))

ω2 ⊗ · · · ⊗ (h̄σ(T ))
ωT

= ∪γσ(1)∈h̄σ(1),γσ(2)∈h̄σ(2),...,γσ(T )∈h̄σ(T )

{
T∏
t=1

(γσ(t))
wt

∣∣∣pσ(1)pσ(2) · · · pσ(T )

}
. (5)

2.2 Einstein operations on HPFEs

It is well known that the t-norms and t-conorms are general concepts satisfying the

requirements of the conjunction and disjunction operators. Einstein operations

includes the Einstein sum ⊕ε and Einstein product ⊗ε, which are examples of
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t-conorms and t-norms, respectively. They are defined by Klement et al.28 as

follows:

x⊗ε y =
xy

1 + (1− x)(1− y)
, x⊕ε y =

x+ y

1 + xy
, x, y ∈ [0, 1].

Based on the above Einstein operations, we give some new operations on

HPFEs as follows:

Definition 7. Let h̄(γi|pi), h̄1(γ̇j|ṗj) and h̄2(γ̈k|p̈k) be three HPFEs, i =

1, 2, . . . ,#h̄, j = 1, 2, . . . ,#h̄1, k = 1, 2, . . . ,#h̄2, and λ > 0, then

(1) h̄1 ⊕ε h̄2 = ∪j=1,2,...,#h̄1,k=1,2,...,#h̄2

{
γ̇j+γ̈k
1+γ̇j γ̈k

|ṗj p̈k
}
;

(2) h̄1 ⊗ε h̄2 = ∪j=1,2,...,#h̄1,k=1,2,...,#h̄2

{
γ̇j γ̈k

1+(1−γ̇j)(1−γ̈k)
|ṗj p̈k

}
;

(3) λ ·ε h̄ = ∪i=1,2,...,#h̄

{
(1+γi)

λ−(1−γi)
λ

(1+γi)λ+(1−γi)λ
|pi
}
;

(4) h̄∧ελ = ∪i=1,2,...,#h̄

{
2γλ

i

(2−γi)λ+γλ
i
|pi
}
.

Thus, the above four operations on the HPFEs can be suitable for the HPFSs.

Moreover, some relationships can be discussed for operations on HPFEs given in

Definitions 4 and 7 as follows:

Theorem 2. Let h̄(γi|pi), h̄1(γ̇j|ṗj) and h̄2(γ̈k|p̈k) be three HPFEs, i =

1, 2, . . . ,#h̄, j = 1, 2, . . . ,#h̄1, k = 1, 2, . . . ,#h̄2, and λ > 0, then

(1) ((h̄)c)∧ελ = (λ ·ε h̄)c;
(2) λ ·ε (h̄)c = (h̄∧ελ)c;

(3) (h̄1)
c ⊕ε (h̄2)

c = (h̄1 ⊗ε h̄2)
c;

(4) (h̄1)
c ⊗ε (h̄2)

c = (h̄1 ⊕ε h̄2)
c.

Proof. (1)

((h̄)c)∧ελ = ∪i=1,2,...,#h̄

{
2(1− γi)

λ

(2− (1− γi))λ + (1− γi)λ

∣∣∣pi
}

= ∪i=1,2,...,#h̄

{
2(1− γi)

λ

(1 + γi))λ + (1− γi)λ

∣∣∣pi
}

=

(
∪i=1,2,...,#h̄

{
(1 + γi)

λ − (1− γi)
λ

(1 + γi))λ + (1− γi)λ

∣∣∣pi
})c

= (λ ·ε h̄)c.
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(2)

λ ·ε (h̄)c = ∪i=1,2,...,#h̄

{
(1 + (1− γi))

λ − (1− (1− γi))
λ

(1 + (1− γi))λ + (1− (1− γi))λ

∣∣∣pi
}

= ∪i=1,2,...,#h̄

{
1− 2γλ

i

(2− γi)λ + γλ
i

∣∣∣pi
}

=

(
∪i=1,2,...,#h̄

{
2γλ

i

(2− γi)λ + γλ
i

∣∣∣pi
})c

= (h̄∧ελ)c.

(3)

(h̄1)
c ⊕ε (h̄2)

c = ∪i=1,2,...,#h̄1
{(1− γ̇j)|ṗj} ⊕ε ∪i=1,2,...,#h̄2

{(1− γ̈k)|p̈k}

= ∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
(1− γ̇j) + (1− γ̈k)

1 + (1− γ̇j)(1− γ̈k)

∣∣∣ṗj p̈k
}

=

(
∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
γ̇j γ̈k

1 + (1− γ̇j)(1− γ̈k)

∣∣∣ṗj p̈k
})c

= (h̄1 ⊗ε h̄2)
c.

(4)

(h̄1)
c ⊗ε (h̄2)

c = ∪i=1,2,...,#h̄1
{(1− γ̇j)|ṗj} ⊗ε ∪i=1,2,...,#h̄2

{(1− γ̈k)|p̈k}

= ∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
(1− γ̇j)(1− γ̈k)

1− γ̇j γ̈k

∣∣∣ṗj p̈k
}

=

(
∪ j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
γ̇j + γ̈k
1 + γ̇j γ̈k

|ṗj p̈k
})c

= (h̄1 ⊕ε h̄2)
c.

2

Theorem 3. Let h̄(γi|pi), h̄1(γ̇j|ṗj) and h̄2(γ̈k|p̈k) be three HPFEs, i =

1, 2, . . . ,#h̄, j = 1, 2, . . . ,#h̄1, k = 1, 2, . . . ,#h̄2, λ > 0, λ1 > 0, and λ2 > 0,

then

(1) h̄1 ⊕ε h̄2 = h̄2 ⊕ε h̄1;
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(2) h̄⊕ε (h̄1 ⊕ε h̄2) = (h̄⊕ε h̄1)⊕ε h̄2;

(3) λ ·ε (h̄1 ⊕ε h̄2) = (λ ·ε h̄1)⊕ε (λ ·ε h̄2);

(4) λ1 ·ε (λ2 ·ε h̄) = (λ1λ2) ·ε h̄;
(5) h̄1 ⊗ε h̄2 = h̄2 ⊗ε h̄1;

(6) h̄⊗ε (h̄1 ⊗ε h̄2) = (h̄⊗ε h̄1)⊗ε h̄2;

(7) (h̄1 ⊗ε h̄2)
∧ελ = h̄∧ελ

1 ⊗ε h̄
∧ελ
2 ;

(8) (h̄∧ελ1)∧ελ2 = h̄∧ε(λ1λ2).

Proof. Since (1), (2), (5) and (6) are trivial, and (7) and (8) are similar to

(3) and (4), respectively, we only prove (3) and (4).

(3) Since h̄1 ⊕ε h̄2 = ∪j=1,2,...,#h̄1,k=1,2,...,#h̄2

{
γ̇j+γ̈k
1+γ̇j γ̈k

|ṗj p̈k
}
, by the operational

law (3) in Definition 7, we have

λ ·ε (h̄1 ⊕ε h̄2) =
∪

j=1,2,...,#h̄1,

k=1,2,...,#h̄2


(
1 + γ̇j+γ̈k

1+γ̇j γ̈k

)λ
−
(
1− γ̇j+γ̈k

1+γ̇j γ̈k

)λ
(
1 + γ̇j+γ̈k

1+γ̇j γ̈k

)λ
+
(
1− γ̇j+γ̈k

1+γ̇j γ̈k

)λ ∣∣∣ṗj p̈k


=
∪

j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
(1 + γ̇j)

λ(1 + γ̈k)
λ − (1− γ̇j)

λ(1− γ̈k)
λ

(1 + γ̇j)λ(1 + γ̈k)λ + (1− γ̇j)λ(1− γ̈k)λ

∣∣∣ṗj p̈k
}
.

Since λ·εh̄1 = ∪j=1,2,...,#h̄1

{
(1+γ̇j)

λ−(1−γ̇j)
λ

(1+γ̇j)λ+(1−γ̇j)λ
|ṗj
}
and λ·εh̄2 = ∪k=1,2,...,#h̄2

{
(1+γ̈k)

λ−(1−γ̈k)
λ

(1+γ̈k)λ+(1−γ̈k)λ
|p̈k
}
,

we have

(λ ·ε h̄1)⊕ε (λ ·ε h̄2) =
∪

j=1,2,...,#h̄1,

k=1,2,...,#h̄2


(1+γ̇j)

λ−(1−γ̇j)
λ

(1+γ̇j)λ+(1−γ̇j)λ
+ (1+γ̈k)

λ−(1−γ̈k)
λ

(1+γ̈k)λ+(1−γ̈k)λ

1 + (1+γ̇j)λ−(1−γ̇j)λ

(1+γ̇j)λ+(1−γ̇j)λ
· (1+γ̈k)λ−(1−γ̈k)λ

(1+γ̈k)λ+(1−γ̈k)λ

∣∣∣ṗj p̈k


=
∪

j=1,2,...,#h̄1,

k=1,2,...,#h̄2

{
(1 + γ̇j)

λ(1 + γ̈k)
λ − (1− γ̇j)

λ(1− γ̈k)
λ

(1 + γ̇j)λ(1 + γ̈k)λ + (1− γ̇j)λ(1− γ̈k)λ

∣∣∣ṗj p̈k
}
.

Hence λ ·ε (h̄1 ⊕ε h̄2) = (λ ·ε h̄1)⊕ε (λ ·ε h̄2).

(4) Since λ2 ·ε h̄ = ∪i=1,2,...,#h̄

{
(1+γi)

λ2−(1−γi)
λ2

(1+γi)λ2+(1−γi)λ2
|pi
}
, then we have

λ1 ·ε (λ2 ·ε h̄)

= ∪i=1,2,...,#h̄


(
1 + (1+γi)

λ2−(1−γi)
λ2

(1+γi)λ2+(1−γi)λ2

)λ1

−
(
1− (1+γi)

λ2−(1−γi)
λ2

(1+γi)λ2+(1−γi)λ2

)λ1

(
1 + (1+γi)λ2−(1−γi)λ2

(1+γi)λ2+(1−γi)λ2

)λ1

+
(
1− (1+γi)λ2−(1−γi)λ2

(1+γi)λ2+(1−γi)λ2

)λ1

∣∣∣pi

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= ∪i=1,2,...,#h̄

{
(1 + γi)

(λ1λ2) − (1− γi)
(λ1λ2)

(1 + γi)(λ1λ2) + (1− γi)(λ1λ2)

∣∣∣pi
}

= (λ1λ2) ·ε h̄.

2

For a HPFE h̄(γi|pi), i = 1, 2, . . . ,#h̄, λ1 > 0 and λ2 > 0, the operational

laws (λ1 ·ε h̄) ⊕ε (λ2 ·ε h̄) = (λ1 + λ2) ·ε h̄ and h̄∧ελ1 ⊗ε h̄
∧ελ2 = h̄∧ε(λ1+λ2) do not

hold in general. To illustrate this case, we give an example as follows:

Example 2. Let h̄(γi|pi) = (0.3|0.5, 0.5|0.5) and λ1 = λ2 = 1, then

(λ1 ·ε h̄)⊕ε (λ2 ·ε h̄) = h̄⊕ε h̄ = ∪i,j=1,2

{
γi + γj
1 + γiγj

∣∣∣0.25}
= (0.5505|0.25, 0.6957|0.25, 0.6957|0.25, 0.8|0.25),

(λ1 + λ2) ·ε h̄ = 2 ·ε h̄ = ∪i=1,2

{
(1 + γi)

2 − (1− γi)
2

(1 + γi)2 + (1− γi)2

∣∣∣0.5}
= (0.5505|0.5, 0.8|0.5).

Clearly, s((λ1 ·ε h̄) ⊕ε (λ2 ·ε h̄)) = 0.6856 > 0.6752 = s((λ1 + λ2) ·ε h̄). Hence

(λ1 ·ε h̄)⊕ε (λ2 ·ε h̄) < (λ1 + λ2) ·ε h̄.
Similarly, we have s(h̄∧ελ1 ⊗ε h̄

∧ελ2) = 0.2566 > 0.13 = s(h̄∧ε(λ1+λ2)) and thus

h̄∧ελ1 ⊗ε h̄
∧ελ2 < h̄∧ε(λ1+λ2).

3 Some HPFE weighted aggregation operators

based on Einstein operation

One important issue is the question of how to extend Einstein operations to ag-

gregate the HPFE information provided by the decision makers. The optimal

approach is weighted aggregation operators, in which the widely used technolo-

gies are the weighted averaging (WA) operator, the ordered weighted averag-

ing (OWA) operator, and their extended forms.29,30 Yu21 proposed the hesitant

fuzzy Einstein weighted averaging (HFEWA) operator, the hesitant fuzzy Einstein
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ordered weighted averaging (HFEOWA) operator, the hesitant fuzzy Einstein

weighted geometric (HFEWG) operator, and the hesitant fuzzy Einstein ordered

weighted geometric (HFEOWG) operator based on those operators. Similar to

these hesitant fuzzy information aggregation operators, we propose the corre-

sponding hesitant probabilistic fuzzy Einstein weighted and ordered operators,

to aggregate the HPFEs.

Definition 8. Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, then a

hesitant probabilistic fuzzy Einstein weighted averaging (HPFEWA) operator is

a mapping HT
P → HP such that

HPFEWA(h̄1, h̄2, . . . , h̄T ) = (w1 ·ε h̄1)⊕ε (w2 ·ε h̄2)⊕ε · · · ⊕ε (wT ·ε h̄T ),(6)

where w = (w1, w2, . . . , wT )
T is the weight vector of h̄t (t = 1, 2, . . . , T ) with

wt ∈ [0, 1] and
∑T

t=1wt = 1, and pt is the probability of γt in HPFE h̄t. In

particular, if w =
(

1
T
, 1
T
, . . . , 1

T

)T
, then the HPFEWA operator is reduced to the

hesitant probabilistic fuzzy Einstein averaging (HPFEA) operator:

HPFEA(h̄1, h̄2, . . . , h̄T ) = (
1

T
·ε h̄1)⊕ε (

1

T
·ε h̄2)⊕ε · · · ⊕ε (

1

T
·ε h̄T ). (7)

By Definitions 7 and 8, we can get the following result by using mathematical

induction.

Theorem 4. Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, then their

aggregated value by using HPFEWA operator is also a HPFE and

HPFEWA(h̄1, h̄2, . . . , h̄T )

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{∏T
t=1(1 + γt)

wt −∏T
t=1(1− γt)

wt∏T
t=1(1 + γt)wt +

∏T
t=1(1− γt)wt

∣∣∣p1p2 · · · pT
}
, (8)

where w = (w1, w2, . . . , wT )
T is the weight vector of h̄t (t = 1, 2, . . . , T ) with

wt ∈ [0, 1] and
∑T

t=1wt = 1, and pt is the probability of γt in HPFE h̄t.

Proof. We prove Eq. (8) by mathematical induction. For T = 2: Since

w1 ·ε h̄1 = ∪γ1∈h̄1

{
(1+γ1)w1−(1−γ1)w1

(1+γ1)w1+(1−γ1)w1
|p1
}
and w2 ·ε h̄2 = ∪γ2∈h̄2

{
(1+γ2)w2−(1−γ2)w2

(1+γ2)w2+(1−γ2)w2
|p2
}
,
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then

(w1 ·ε h̄1)⊕ε (w2 ·ε h̄2) =
∪

γ1∈h̄1,γ2∈h̄2


(1+γ1)w1−(1−γ1)w1

(1+γ1)w1+(1−γ1)w1
+ (1+γ2)w2−(1−γ2)w2

(1+γ2)w2+(1−γ2)w2

1 + (1+γ1)w1−(1−γ1)w1

(1+γ1)w1+(1−γ1)w1
· (1+γ2)w2−(1−γ2)w2

(1+γ2)w2+(1−γ2)w2

∣∣∣p1p2


=
∪

γ1∈h̄1,γ2∈h̄2

{∏2
t=1(1 + γt)

wt −∏2
t=1(1− γt)

wt∏2
t=1(1 + γt)wt +

∏2
t=1(1− γt)wt

∣∣∣p1p2
}
.

If Eq. (8) holds for T = k, that is

(w1 ·ε h̄1)⊕ε (w2 ·ε h̄2)⊕ε · · · ⊕ε (wk ·ε h̄k)

=
∪

γ1∈h̄1,γ2∈h̄2,...,γk∈h̄k

{∏k
t=1(1 + γt)

wt −∏k
t=1(1− γt)

wt∏k
t=1(1 + γt)wt +

∏k
t=1(1− γt)wt

∣∣∣p1p2 · · · pk
}
,

then when T = k + 1, by the Einstein operations of HPFEs, we have

(w1 ·ε h̄1)⊕ε (w2 ·ε h̄2)⊕ε · · · ⊕ε (wk+1 ·ε h̄k+1)

=
(
(w1 ·ε h̄1)⊕ε (w2 ·ε h̄2)⊕ε · · · ⊕ε (wk ·ε h̄k)

)
⊕ε (wk+1 ·ε h̄k+1)

=
∪

γ1∈h̄1,γ2∈h̄2,...,γk∈h̄k

{∏k
t=1(1 + γt)

wt −∏k
t=1(1− γt)

wt∏k
t=1(1 + γt)wt +

∏k
t=1(1− γt)wt

∣∣∣p1p2 · · · pk
}

⊕ε

∪
γk+1∈h̄k+1

{
(1 + γk+1)

wk+1 − (1− γk+1)
wk+1

(1 + γk+1)wk+1 + (1− γk+1)wk+1
|pk+1

}

=
∪

γ1∈h̄1,γ2∈h̄2,...,γk∈h̄k,γk+1∈h̄k+1

{∏k+1
t=1 (1 + γt)

wt −∏k+1
t=1 (1− γt)

wt∏k+1
t=1 (1 + γt)wt +

∏k+1
t=1 (1− γt)wt

∣∣∣p1p2 · · · pkpk+1

}
,

i.e., Eq. (8) holds for T = k + 1. Hence Eq. (8) holds for all T . Thus

HPFEWA(h̄1, h̄2, . . . , h̄T )

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{∏T
t=1(1 + γt)

wt −∏T
t=1(1− γt)

wt∏T
t=1(1 + γt)wt +

∏T
t=1(1− γt)wt

∣∣∣p1p2 · · · pT
}
,

which completes the proof of theorem. 2

Based on Theorem 4, we have basic properties of the HPFEWA operator as

follows:
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Theorem 5. Let h̄t(γ
(t)
i |pt) (t = 1, 2, . . . , T ) be a collection of HPFEs, w =

(w1, w2, . . . , wT )
T be the weight vector of h̄t (t = 1, 2, . . . , T ) such that wt ∈ [0, 1]

and
∑T

t=1wt = 1, and pt be the corresponding probability of γ
(t)
i in HPFE h̄t,

then we have the followings:

(1) (Boundary):

h̄− ≤ HPFEWA(h̄1, h̄2, . . . , h̄T ) ≤ h̄+, (9)

where h̄− = (min1≤t≤T mint∈h̄t
γt|p1 · · · pT ) and h̄+ = (max1≤t≤T maxt∈h̄t

γt|p1 · · · pT ).
(2) (Monotonicity): Let h̄∗

t (γ̇
(t)
i |pt) (t = 1, 2, . . . , T ) be a collection of HPFEs

with #t = #h̄t = #h̄∗
t for t = 1, 2, . . . , T , w = (w1, w2, . . . , wT )

T be the weight

vector of h̄∗
t (t = 1, 2, . . . , T ) such that wt ∈ [0, 1] and

∑T
t=1wt = 1, and pt

be the probability of γ̇
(t)
i in HPFE h̄∗

t . If γ
(t)
i ≤ γ̇

(t)
i for each i = 1, 2, . . . ,#t,

t = 1, 2, . . . , T , then

HPFEWA(h̄1, h̄2, . . . , h̄T ) ≤ HPFEWA(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ). (10)

Proof. (1) Let f(x) = 1−x
1+x

, x ∈ [0, 1], then f ′(x) = −2
(1+x)2

< 0, i.e.,

f(x) is a decreasing function. Let max γt = max1≤t≤T maxt∈h̄t
γt and min γt =

min1≤t≤T mint∈h̄t
γt. For any γt ∈ h̄t (t = 1, 2, . . . , T ), since minγt∈h̄t

γt ≤ γt ≤
maxγt∈h̄t

γt, then f(maxγt∈h̄t
γt) ≤ f(γt) ≤ f(minγt∈h̄t

γt), and so

1−max γt
1 + max γt

≤
1−maxγt∈h̄t

γt
1 + maxγt∈h̄t

γt
≤ 1− γt

1 + γt
≤

1−minγt∈h̄t
γt

1 + minγt∈h̄t
γt

≤ 1−min γt
1 + min γt

.

Since w = (w1, w2, . . . , wT )
T is the weight vector of h̄t (t = 1, 2, . . . , T ) with

wt ∈ [0, 1] and
∑T

t=1wt = 1, we have

T∏
t=1

(
1−max γt
1 + max γt

)wt

≤
T∏
t=1

(
1− γt
1 + γt

)wt

≤
T∏
t=1

(
1−min γt
1 + min γt

)wt

.

Since
∏T

t=1

(
1−max γt
1+max γt

)wt

=
(
1−max γt
1+max γt

)∑T

t=1
wt

= 1−max γt
1+max γt

and
∏T

t=1

(
1−min γt
1+min γt

)wt

=(
1−min γt
1+min γt

)∑T

t=1
wt

= 1−min γt
1+min γt

, we get

1−max γt
1 + max γt

≤
T∏
t=1

(
1− γt
1 + γt

)wt

≤ 1−min γt
1 + min γt
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⇔ 2

1 + max γt
≤ 1 +

T∏
t=1

(
1− γt
1 + γt

)wt

≤ 2

1 + min γt

⇔ 1 + min γt
2

≤ 1

1 +
∏T

t=1

(
1−γt
1+γt

)wt ≤ 1 + max γt
2

⇔ min γt ≤
2

1 +
∏T

t=1

(
1−γt
1+γt

)wt − 1 ≤ max γt,

i.e.,

min γt ≤
∏T

t=1(1 + γt)
wt −∏T

t=1(1− γt)
wt∏T

t=1(1 + γt)wt +
∏T

t=1(1− γt)wt
≤ max γt. (11)

Let HPFEWA(h̄1, h̄2, . . . , h̄T ) = h̄(γi|p1p2 · · · pT ), i = 1, 2, . . . , #h̄, where

#h̄ = #h̄1×#h̄2×· · ·×#h̄T , h̄
− = (min γt|p1p2 · · · pT ) and h̄+ = (max γt|p1p2 · · · pT ),

then Eq. (11) is transformed into the following forms: min γt ≤ γi ≤ max γt for

all i = 1, 2, . . . , #h̄. Thus s(h̄−) = min γtp1p2 · · · pT ≤ ∑#h̄
i=1 γip1p2 · · · pT = s(h̄)

and s(h̄) =
∑#h̄

i=1 γip1p2 · · · pT ≤ max γtp1p2 · · · pT = s(h̄+).

If s(h̄−) < s(h̄) and s(h̄) < s(h̄+), then by Definition 3, we have h̄− <

HPFEWA(h̄1, h̄2, . . . , h̄T ) < h̄+. If s(h̄) = s(h̄+), i.e., max γt =
∑#h̄

i=1 γi, then

d(h̄) =
∑#h̄

i=1(γi − s(h̄))2p1p2 · · · pT = (max γt − s(h̄))2p1p2 · · · pT = d(h̄+), in

this case, from Definition 3, it follows that HPFEWA(h̄1, h̄2, . . . , h̄T ) = h̄+. If

s(h̄) = s(h̄−), then by the similar way, we have HPFEWA(h̄1, h̄2, . . . , h̄T ) = h̄−.

(2) Let f(x) = 1−x
1+x

, x ∈ [0, 1], then f(x) is a decreasing function. If γ
(t)
i ≤

γ̇
(t)
i for each i = 1, 2, . . . ,#t, t = 1, 2, . . . , T , then f(γ

(t)
i ) ≥ f(γ̇

(t)
i ), for each

i = 1, 2, . . . ,#t, t = 1, 2, . . . , T , i.e.,
1−γ

(t)
i

1+γ
(t)
i

≥ 1−γ̇
(t)
i

1+γ̇
(t)
i

, for each i = 1, 2, . . . ,#t,

t = 1, 2, . . . , T . For any γ
(t)
i ∈ h̄t (t = 1, 2, . . . , T ), since w = (w1, w2, . . . , wT )

T is

the weight vector of h̄t (t = 1, 2, . . . , T ) such that wt ∈ [0, 1], t = 1, 2, . . . , T and∑T
t=1 wt = 1, we have1− γ

(t)
i

1 + γ
(t)
i

wt

≥

1− γ̇
(t)
i

1 + γ̇
(t)
i

wt

, t = 1, 2, . . . , T.

Then
T∏
t=1

1− γ
(t)
i

1 + γ
(t)
i

wt

≥
T∏
t=1

1− γ̇
(t)
i

1 + γ̇
(t)
i

wt
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⇔ 1 +
T∏
t=1

1− γ
(t)
i

1 + γ
(t)
i

wt

≥ 1 +
T∏
t=1

1− γ̇
(t)
i

1 + γ̇
(t)
i

wt

⇔ 1

1 +
∏T

t=1

(
1−γ

(t)
i

1+γ
(t)
i

)wt ≤ 1

1 +
∏T

t=1

(
1−γ̇

(t)
i

1+γ̇
(t)
i

)wt

⇔ 2

1 +
∏T

t=1

(
1−γ

(t)
i

1+γ
(t)
i

)wt − 1 ≤ 2

1 +
∏T

t=1

(
1−γ̇

(t)
i

1+γ̇
(t)
i

)wt − 1,

i.e.,

∏T
t=1(1 + γ

(t)
i )wt −∏T

t=1(1− γ
(t)
i )wt∏T

t=1(1 + γ
(t)
i )wt +

∏T
t=1(1− γ

(t)
i )wt

≤
∏T

t=1(1 + γ̇
(t)
i )wt −∏T

t=1(1− γ̇
(t)
i )wt∏T

t=1(1 + γ̇
(t)
i )wt +

∏T
t=1(1− γ̇

(t)
i )wt

. (12)

Let HPFEWA(h̄1, h̄2, . . . , h̄T ) = h̄(γi|p1p2 · · · pT ) and HPFEWA(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ) =

h̄∗(γ̇i|p1p2 · · · pT ), where i = 1, 2, . . . , #, and # = #1×#2×· · ·×#T is the num-

ber of possible elements in h̄(γi|p1p2 · · · pT ) and h̄∗(γ̇i|p1p2 · · · pT ), respectively,
then the Eq. (12) is transformed into the form: γi ≤ γ̇i (i = 1, 2, . . . ,#). Thus

s(h̄) =
∑#

i=1 γip1p2 · · · pT ≤ ∑#
i=1 γ̇ip1p2 · · · pT = s(h̄∗).

If s(h̄) < s(h̄∗), then by Definition 3, we have HPFEWA(h̄1, h̄2, . . . , h̄T ) <

HPFEWA(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ). If s(h̄) = s(h̄∗), i.e.,

∑#
i=1 γi =

∑#
i=1 γ̇i, then d(h̄) =∑#

i=1(γi − s(h̄))2p1p2 · · · pT =
∑#

i=1(γ̇i − s(h̄∗))2p1p2 · · · pT = d(h̄∗), in this case,

by Definition 3, it follows HPFEWA(h̄1, h̄2, . . . , h̄T ) = HPFEWA(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ).

2

However, the HPFEWA operator does not satisfy the idempotency. To illus-

trate this, we give an example as follows:

Example 3. Let h̄1 = h̄2 = (0.3|0.5, 0.7|0.5) and w = (0.2, 0.8)T be the

weight vector h̄t (t = 1, 2), then

HPFEWA(h̄1, h̄2) = ∪γ1∈h̄1,γ2∈h̄2

{∏2
t=1(1 + γt)

wt −∏2
t=1(1− γt)

wt∏2
t=1(1 + γt)wt +

∏2
t=1(1− γt)wt

|p1p2
}

= (0.3|0.25, 0.398|0.25, 0.639|0.25, 0.7|0.25)

and thus HPFEWA(h̄1, h̄2) ̸= (0.3|0.5, 0.7|0.5).
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Based on the HPFWG operator and Einstein operation, we develop the hesi-

tant probabilistic fuzzy Einstein weighted geometric operator as follows:

Definition 9. Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, then a

hesitant probabilistic fuzzy Einstein weighted geometric (HPFEWG) operator is

a mapping HT
P → HP such that

HPFEWG(h̄1, h̄2, . . . , h̄T ) = h̄∧εw1
1 ⊗ε h̄

∧εw2
2 ⊗ε · · · ⊗ε h̄

∧εwT
T , (13)

where w = (w1, w2, . . . , wT )
T is the weight vector of h̄t (t = 1, 2, . . . , T ) with

wt ∈ [0, 1] and
∑T

t=1wt = 1, and pt is the probability of γt in HPFE h̄t. In

particular, if w =
(

1
T
, 1
T
, . . . , 1

T

)T
, then the HPFEWG operator is reduced to the

hesitant probabilistic fuzzy Einstein geometric (HPFEG) operator:

HPFEG(h̄1, h̄2, . . . , h̄T ) = h̄
∧ε

1
T

1 ⊗ε h̄
∧ε

1
T

2 ⊗ε · · · ⊗ε h̄
∧ε

1
T

T . (14)

Theorem 6. Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, then their

aggregated value by using HPFEWG operator is also a HPFE and

HPFEWG(h̄1, h̄2, . . . , h̄T )

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{
2
∏T

t=1 γ
wt
t∏T

t=1(2− γt)wt +
∏T

t=1 γ
wt
t

∣∣∣p1p2 · · · pT
}
, (15)

where w = (w1, w2, . . . , wT )
T is the weight vector of h̄t (t = 1, 2, . . . , T ) with

wt ∈ [0, 1] and
∑T

t=1wt = 1, and pt is the probability of γt in HPFE h̄t.

Proof. We prove Eq. (15) by mathematical induction on T . When T = 2,

since h̄∧εw1
1 = ∪γ1∈h̄1

{
2γ

w1
1

(2−γ1)w1+γ
w1
1
|p1
}
and h̄∧εw2

2 = ∪γ2∈h̄2

{
2γ

w2
2

(2−γ2)w2+γ
w2
2
|p2
}
, we

have

h̄∧εw1
1 ⊗ε h̄

∧εw2
2 =

∪
γ1∈h̄1,γ2∈h̄2


2γ

w1
1

(2−γ1)w1+γ
w1
1

· 2γ
w2
2

(2−γ2)w2+γ
w2
2

1 +
(
1− 2γ

w1
1

(2−γ1)w1+γ
w1
1

)(
1− 2γ

w2
2

(2−γ2)w2+γ
w2
2

)∣∣∣p1p2


=
∪

γ1∈h̄1,γ2∈h̄2

{
2
∏2

t=1 γ
wt
t∏2

t=1(2− γt)wt +
∏2

t=1 γ
wt
t

∣∣∣p1p2
}
.
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Assume that Eq. (15) holds for T = k, i.e.,

h̄∧εw1
1 ⊗ε h̄

∧εw2
2 ⊗ε · · · ⊗ε h̄

∧εwk
k

=
∪

γ1∈h̄1,γ2∈h̄2,···,γk∈h̄k

{
2
∏k

t=1 γ
wt
t∏k

t=1(2− γt)wt +
∏k

t=1 γ
wt
t

∣∣∣p1p2 · · · pk
}
.

By the Einstein operational laws of HPFEs for T = k + 1, we have

h̄∧εw1
1 ⊗ε h̄

∧εw2
2 ⊗ε · · · ⊗ε h̄

∧εwk+1

k+1

=
(
h̄∧εw1
1 ⊗ε h̄

∧εw2
2 ⊗ε · · · ⊗ε h̄

∧εwk
k

)
⊗ε h̄

∧εwk+1

k+1

=
∪

γ1∈h̄1,γ2∈h̄2,...,γk∈h̄k

{
2
∏k

t=1 γ
wt
t∏k

t=1(2− γt)wt +
∏k

t=1 γ
wt
t

∣∣∣p1p2 · · · pk
}

⊗ε

∪
γk+1∈h̄k+1

{
2γ

wk+1

k+1

(2− γk+1)wk+1 + γ
wk+1

k+1

|pk+1

}

=
∪

γ1∈h̄1,γ2∈h̄2,...,γk∈h̄k,γk+1∈h̄k+1

{
2
∏k+1

t=1 γ
wt
t∏k+1

t=1 (2− γt)wt +
∏k+1

t=1 γ
wt
t

∣∣∣p1p2 · · · pkpk+1

}
,

i.e., Eq. (15) holds for T = k + 1. Then, Eq. (15) holds for all T . Hence we

complete the proof of the theorem. 2

Based on Theorem 6, we have basic properties of the HPFEWG operator as

follows:

Theorem 7. Let h̄t(γ
(t)
i |pt) (t = 1, 2, . . . , T ) be a collection of HPFEs, w =

(w1, w2, . . . , wT )
T be the weight vector of h̄t (t = 1, 2, . . . , T ) such that wt ∈ [0, 1]

and
∑T

t=1wt = 1, and pt be the corresponding probability of γ
(t)
i in HPFE h̄t,

then we have the followings:

(1) (Boundary):

h̄− ≤ HPFEWG(h̄1, h̄2, . . . , h̄T ) ≤ h̄+, (16)

where h̄− = (min1≤t≤T mint∈h̄t
γt|p1 · · · pT ) and h̄+ = (max1≤t≤T maxt∈h̄t

γt|p1 · · · pT ).
(2) (Monotonicity): Let h̄∗

t (γ̇
(t)
i |pt) (t = 1, 2, . . . , T ) be a collection of HPFEs

with #t = #h̄t = #h̄∗
t for t = 1, 2, . . . , T , w = (w1, w2, . . . , wT )

T be the weight
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vector of h̄∗
t (t = 1, 2, . . . , T ) such that wt ∈ [0, 1] and

∑T
t=1wt = 1, and pt

be the probability of γ̇
(t)
i in HPFE h̄∗

t . If γ
(t)
i ≤ γ̇

(t)
i for each i = 1, 2, . . . ,#t,

t = 1, 2, . . . , T , then

HPFEWG(h̄1, h̄2, . . . , h̄T ) ≤ HPFEWG(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ). (17)

Proof. (1) Let g(x) = 2−x
x
, x ∈ (0, 1], then g′(x) = −2

x2 < 0, i.e., g(x) is a de-

creasing function. Let max γt = max1≤t≤T maxt∈h̄t
γt and min γt = min1≤t≤T mint∈h̄t

γt.

For any γt ∈ h̄t (t = 1, 2, . . . , T ), since minγt∈h̄t
γt ≤ γt ≤ maxγt∈h̄t

γt, then

g(maxγt∈h̄t
γt) ≤ g(γt) ≤ g(minγt∈h̄t

γt), and so

2−max γt
max γt

≤
2−maxγt∈h̄t

γt
maxγt∈h̄t

γt
≤ 2− γt

γt
≤

2−minγt∈h̄t
γt

minγt∈h̄t
γt

≤ 2−min γt
min γt

.

Since w = (w1, w2, . . . , wT )
T is the weight vector of h̄t (t = 1, 2, . . . , T ) with

wt ∈ [0, 1] and
∑T

t=1wt = 1, we have

T∏
t=1

(
2−max γt
max γt

)wt

≤
T∏
t=1

(
2− γt
γt

)wt

≤
T∏
t=1

(
2−min γt
min γt

)wt

.

Since
∏T

t=1

(
2−max γt
max γt

)wt

=
(
2−max γt
max γt

)∑T

t=1
wt

= 2−max γt
max γt

and
∏T

t=1

(
2−min γt
min γt

)wt

=(
2−min γt
min γt

)∑T

t=1
wt

= 2−min γt
min γt

, we obtain

2−max γt
max γt

≤
T∏
t=1

(
2− γt
γt

)wt

≤ 2−min γt
min γt

⇔ 2

max γt
≤ 1 +

T∏
t=1

(
2− γt
γt

)wt

≤ 2

min γt

⇔ min γt
2

≤ 1

1 +
∏T

t=1

(
2−γt
γt

)wt ≤ max γt
2

⇔ min γt ≤
2

1 +
∏T

t=1

(
2−γt
γt

)wt ≤ max γt,

i.e.,

min γt ≤
2
∏T

t=1 γ
wt
t∏T

t=1(2− γt)wt +
∏T

t=1 γ
wt
t

≤ max γt. (18)
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Let HPFEWG(h̄1, h̄2, . . . , h̄T ) = h̄(γi|p1p2 · · · pT ), i = 1, 2, . . . , #h̄, where

#h̄ = #h̄1×#h̄2×· · ·×#h̄T , h̄
− = (min γt|p1p2 · · · pT ) and h̄+ = (max γt|p1p2 · · · pT ),

then Eq. (18) is transformed into the following forms: min γt ≤ γi ≤ max γt for

all i = 1, 2, . . . , #h̄. Thus s(h̄−) = min γtp1p2 · · · pT ≤ ∑#h̄
i=1 γip1p2 · · · pT = s(h̄)

and s(h̄) =
∑#h̄

i=1 γip1p2 · · · pT ≤ max γtp1p2 · · · pT = s(h̄+). If s(h̄−) < s(h̄) and

s(h̄) < s(h̄+), then by Definition 3, we have h̄− < HPFEWG(h̄1, h̄2, . . . , h̄T ) <

h̄+. If s(h̄) = s(h̄+), i.e., max γt =
∑#h̄

i=1 γi, then d(h̄) =
∑#h̄

i=1(γi−s(h̄))2p1p2 · · · pT =

(max γt−s(h̄))2p1p2 · · · pT = d(h̄+), in this case, from Definition 3, it follows that

HPFEWG(h̄1, h̄2, . . . , h̄T ) = h̄+. If s(h̄) = s(h̄−), then by the similar way, we

have HPFEWG(h̄1, h̄2, . . . , h̄T ) = h̄−.

(2) Let g(x) = 2−x
x
, x ∈ (0, 1], then g(x) is a decreasing function. If γ

(t)
i ≤

γ̇
(t)
i for each i = 1, 2, . . . ,#t, t = 1, 2, . . . , T , then g(γ

(t)
i ) ≥ g(γ̇

(t)
i ), for each

i = 1, 2, . . . ,#t, t = 1, 2, . . . , T , i.e.,
2−γ

(t)
i

γ
(t)
i

≥ 2−γ̇
(t)
i

γ̇
(t)
i

, for each i = 1, 2, . . . ,#t,

t = 1, 2, . . . , T . For any γ
(t)
i ∈ h̄t (t = 1, 2, . . . , T ), since w = (w1, w2, . . . , wT )

T is

the weight vector of h̄t (t = 1, 2, . . . , T ) such that wt ∈ [0, 1], t = 1, 2, . . . , T and∑T
t=1 wt = 1, we have2− γ

(t)
i

γ
(t)
i

wt

≥

2− γ̇
(t)
i

γ̇
(t)
i

wt

, i = 1, 2, . . . ,#t, t = 1, 2, . . . , T.

Then

T∏
t=1

2− γ
(t)
i

γ
(t)
i

wt

≥
T∏
t=1

2− γ̇
(t)
i

γ̇
(t)
i

wt

⇔ 1 +
T∏
t=1

2− γ
(t)
i

γ
(t)
i

wt

≥ 1 +
T∏
t=1

2− γ̇
(t)
i

γ̇
(t)
i

wt

⇔ 1

1 +
∏T

t=1

(
2−γ

(t)
i

γ
(t)
i

)wt ≤ 1

1 +
∏T

t=1

(
2−γ̇

(t)
i

γ̇
(t)
i

)wt

⇔ 2

1 +
∏T

t=1

(
2−γ

(t)
i

γ
(t)
i

)wt − 1 ≤ 2

1 +
∏T

t=1

(
2−γ̇

(t)
i

γ̇
(t)
i

)wt − 1,
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i.e.,

2
∏T

t=1(γ
(t)
i )wt∏T

t=1(2− γ
(t)
i )wt +

∏T
t=1(γ

(t)
i )wt

≤ 2
∏T

t=1(γ
(t)
i )wt∏T

t=1(2− γ
(t)
i )wt +

∏T
t=1(γ

(t)
i )wt

. (19)

Let HPFEWG(h̄1, h̄2, . . . , h̄T ) = h̄(γi|p1p2 · · · pT ) and HPFEWG(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ) =

h̄∗(γ̇i|p1p2 · · · pT ), where i = 1, 2, . . . , #, and # = #1×#2×· · ·×#T is the num-

ber of possible elements in h̄(γi|p1p2 · · · pT ) and h̄∗(γ̇i|p1p2 · · · pT ), respectively,
then the Eq. (19) is transformed into the form: γi ≤ γ̇i (i = 1, 2, . . . ,#).

Thus s(h̄) =
∑#

i=1 γip1p2 · · · pT ≤ ∑#
i=1 γ̇ip1p2 · · · pT = s(h̄∗). If s(h̄) < s(h̄∗),

then by Definition 3, HPFEWG(h̄1, h̄2, . . . , h̄T ) < HPFEWG(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ). If

s(h̄) = s(h̄∗), i.e.,
∑#

i=1 γi =
∑#

i=1 γ̇i, then d(h̄) =
∑#

i=1(γi − s(h̄))2p1p2 · · · pT =∑#
i=1(γ̇i − s(h̄∗))2p1p2 · · · pT = d(h̄∗), in this case, from Definition 3, it follows

that HPFEWG(h̄1, h̄2, . . . , h̄T ) = HPFEWG(h̄∗
1, h̄

∗
2, . . . , h̄

∗
T ). 2

If all probabilities of values in each HPFE are equal, i.e., p1 = p2 = · · · =
p#h̄t

(t = 1, 2, . . . , T ), then the HPFE is reduced to the HFE. In this case, the

score function of the HPFEWA (resp. HPFEWG) operator is consistent with

that of the HFEWA (resp. HFEWG) operator.21 So we can conclude that the

HPFEWA (resp. HPFEWG) operator is reduced to the HFEWA (resp. HFEWG)

operator.21 In order to analyze the relationship between the HPFEWA (resp.

HPFEWG) operator and the HPFWA (resp. HPFWG) operator,24 we introduce

the following lemma.

Lemma 1.31,32 Let xi > 0, wi > 0, i = 1, 2, . . . , N , and
∑N

i=1wi = 1, then∏N
i=1 x

wi
i ≤ ∑N

i=1wixi, with equality if and only if x1 = x2 = · · · = xN .

Theorem 8. If h̄t (t = 1, 2, . . . , T ) are a collection of HPFEs and w =

(w1, w2, . . . , wT )
T is the weight vector of h̄t, with wt ∈ [0, 1] and

∑T
t=1wt = 1, and

pt is the probability of γt in HPFE h̄t, then

(1) HPFEWA(h̄1, h̄2, . . . , h̄T ) ≤ HPFWA(h̄1, h̄2, . . . , h̄T );

(2) HPFEWG(h̄1, h̄2, . . . , h̄T ) ≥ HPFWG(h̄1, h̄2, . . . , h̄T ).

Proof. (1) For any γt ∈ h̄t (t = 1, 2, . . . , T ), by Lemma 1, we obtain the

inequality
∏T

t=1(1+γt)
wt +

∏T
t=1(1−γt)

wt ≤ ∑T
t=1wt(1+γt)+

∑T
t=1wt(1−γt) = 2

21



and then∏T
t=1(1 + γt)

wt −∏T
t=1(1− γt)

wt∏T
t=1(1 + γt)wt +

∏T
t=1(1− γt)wt

= 1− 2
∏T

t=1(1− γt)
wt∏T

t=1(1 + γt)wt +
∏T

t=1(1− γt)wt

≤ 1−
T∏
t=1

(1− γt)
wt .

Hence we can obtain the inequality:

∪
γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{∏T
t=1(1 + γt)

wt −∏T
t=1(1− γt)

wt∏T
t=1(1 + γt)wt +

∏T
t=1(1− γt)wt

}

≤
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{
1−

T∏
t=1

(1− γt)
wt

}
. (20)

Let HPFEWA(h̄1, h̄2, . . . , h̄T ) = h̄(γi|pi) and HPFWA(h̄1, h̄2, . . . , h̄T ) = h̄∗(γ∗
i |pi),

i = 1, 2, . . .#, where # = #h̄ = #h̄∗ is the number of possible elements

in h̄(γi|pi) and h̄∗(γ̇i|pi), respectively, then the Eq. (20) is transformed into

the form: γi ≤ γ∗
i (i = 1, 2, . . . ,#). According to s(h̄) =

∑#h̄
i=1 γipi, we have

HPFEWA(h̄1, h̄2, . . . , h̄T ) ≤ HPFWA(h̄1, h̄2, . . . , h̄T ).

(2) For any γt ∈ h̄t (t = 1, 2, . . . , T ), by Lemma 1, we have
∏T

t=1(2 − γt)
wt +∏T

t=1 γ
wt
t ≤ ∑T

t=1wt(2− γt) +
∑T

t=1 wtγt = 2 and then

2
∏T

t=1 γ
wt
t∏T

t=1(2− γt)wt +
∏T

t=1 γ
wt
t

≥
T∏
t=1

γwt
t .

Hence by similar way to (1), HPFEWG(h̄1, h̄2, . . . , h̄T ) ≥ HPFWG(h̄1, h̄2, . . . , h̄T ).

2

Example 4. Let h̄1 = (0.5|0.5, 0.6|0.5) and h̄2 = (0.1|0.2, 0.3|0.3, 0.4|0.5) be
two HPFEs and w = (0.6, 0.4)T be the weight vector of them, then by Eq. (8),

the aggregated values by the HPFEWA operator is

HPFEWA(h̄1, h̄2) = (w1 ·ε h̄1)⊕ε (w2 ·ε h̄2)

=
∪

γ1∈h̄1,γ2∈h̄2

{∏2
t=1(1 + γt)

wt −∏2
t=1(1− γt)

wt∏2
t=1(1 + γt)wt +

∏2
t=1(1− γt)wt

∣∣∣p1p2
}

= {0.3537|0.1, 0.4247|0.15, 0.4614|0.25, 0.4268|0.1, 0.4928|0.15, 0.5265|0.25}.
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If we use the HPFWA operator (Eq. (2)) to aggregate two HPFEs, then we

have

HPFWA(h̄1, h̄2) = (w1h̄1)⊕ (w2h̄2)

=
∪

γ1∈h̄1,γ2∈h̄2

{
1−

2∏
t=1

(1− γt)
wt

∣∣∣p1p2
}

= {0.3675|0.1, 0.4280|0.15, 0.4622|0.25, 0.4467|0.1, 0.4996|0.15, 0.5296|0.25}.

Then s(HPFEWA(h̄1, h̄2)) = 0.4627 and s(HPFWA(h̄1, h̄2)) = 0.4685, and thus

HPFEWA(h̄1, h̄2) < HPFWA(h̄1, h̄2).

On the other hand, by Eq. (15), the aggregated value by HPFEWG operator

is

HPFEWG(h̄1, h̄2) = h̄∧εw1
1 ⊗ε h̄

∧εw2
2

=
∪

γ1∈h̄1,γ2∈h̄2

{
2
∏2

t=1 γ
wt
t∏2

t=1(2− γt)wt +
∏2

t=1 γ
wt
t

∣∣∣p1p2
}

= {0.2748|0.1, 0.4108|0.15, 0.4581|0.25, 0.3126|0.1, 0.4622|0.15, 0.5135|0.25}.

If we use the HPFWG operator (Eq. (3)) to aggregate two HPFEs, then we

get

HPFWG(h̄1, h̄2) = (h̄1)
w1 ⊗ (h̄2)

w2

=
∪

γ1∈h̄1,γ2∈h̄2

{
2∏

t=1

(γt)
wt|p1p2

}
= {0.2627|0.1, 0.4076|0.15, 0.4573|0.25, 0.2930|0.1, 0.4547|0.15, 0.5102|0.25}.

It is clear that HPFEWG(h̄1, h̄2) > HPFWG(h̄1, h̄2).

Theorem 9. If h̄t (t = 1, 2, . . . , T ) are a collection of HPFEs, w = (w1, w2, . . . ,

wT )
T is the weight vector of h̄t with wt ∈ [0, 1] and

∑T
t=1wt = 1, and pt is the

probability of γt in HPFE h̄t, then

(1) HPFEWA((h̄1)
c, (h̄2)

c, . . . , (h̄T )
c) = (HPFEWG(h̄1, h̄2, . . . , h̄T ))

c;

(2) HPFEWG((h̄1)
c, (h̄2)

c, . . . , (h̄T )
c) = (HPFEWA(h̄1, h̄2, . . . , h̄T ))

c.
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Proof. Since (2) is similar (1), we only prove (1).

HPFEWA((h̄1)
c, (h̄2)

c, . . . , (h̄T )
c)

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{∏T
t=1(1 + (1− γt))

wt −∏T
t=1(1− (1− γt))

wt∏T
t=1(1 + (1− γt))wt +

∏T
t=1(1− (1− γt))wt

∣∣∣p1p2 · · · pT
}

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{
1− 2

∏T
t=1 γ

wt
t∏T

t=1(2− γt)wt +
∏T

t=1 γ
wt
t

∣∣∣p1p2 · · · pT
}

= (HPFEWG(h̄1, h̄2, . . . , h̄T ))
c.

2

Theorem 8 shows that (1) the values aggregated by the HPFEWA operator

are not larger than those obtained by the HPFWA operator. That is to say,

the HPFEWA operator reflects the decision maker’s pessimistic attitude than

the HPFWA operator in aggregation process; (2) the values aggregated by the

HPFWG operator are not larger than those obtained by the HPFEWG operator.

Thus the HPFEWG operator reflects the decision maker’s optimistic attitude

than the HPFWG operator in aggregation process. Moreover, we develop the

following ordered weighted operators based on the HPFOWA operator24 and the

HPFOWG operator,24 to aggregate the HPFEs.

Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, h̄σ(t) be the tth largest of h̄t

(t = 1, 2, . . . , T ), and pσ(t) be the probability of γσ(t) in the HPFE h̄σ(t), then we

develop the following two aggregation operators, which are based on the mapping

HT
P → HP with an associated vector ω = (ω1, ω2, . . . , ωT )

T such that ωt ∈ [0, 1]

and
∑T

t=1 ωt = 1:

(1) The hesitant probabilistic fuzzy Einstein ordered weighted averaging (HPFE-

OWA) operator:

HPFEOWA(h̄1, h̄2, . . . , h̄T ) = (ω1 ·ε h̄σ(1))⊕ε (ω2 ·ε h̄σ(2))⊕ε · · · ⊕ε (ωT ·ε h̄σ(T ))

=
∪

γσ(i)∈h̄σ(i),

i=1,2,...,T

{∏T
t=1(1 + γσ(t))

ωt −∏T
t=1(1− γσ(t))

ωt∏T
t=1(1 + γσ(t))ωt +

∏T
t=1(1− γσ(t))ωt

∣∣∣pσ(1)pσ(2) · · · pσ(T )

}
. (21)

(2) The hesitant probabilistic fuzzy Einstein ordered weighted geometric (HPFE-
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OWG) operator:

HPFEOWG(h̄1, h̄2, . . . , h̄T ) = (h̄∧εω1

σ(1) )⊗ε (h̄
∧εω2

σ(2) )⊗ε · · · ⊗ε (h̄
∧εωT

σ(T ) )

=
∪

γσ(i)∈h̄σ(i),

i=1,2,...,T

 2
∏T

t=1 γ
ωt

σ(t)∏T
t=1(2− γσ(t))ωt +

∏T
t=1 γ

ωt

σ(t)

∣∣∣pσ(1)pσ(2) · · · pσ(T )

 . (22)

Example 5. Let h̄1 = (0.5|0.5, 0.6|0.5) and h̄2 = (0.1|0.2, 0.3|0.3, 0.4|0.5) be
two HPFEs and suppose that the associated aggregated vector is ω = (0.55, 0.45)T .

Based on Definition 3, the score values of h̄1 and h̄2 are s(h̄1) = 0.55 and

s(h̄2) = 0.31. Since s(h̄1) > s(h̄2), then

h̄σ(1) = h̄1 = (0.5|0.5, 0.6|0.5), h̄σ(2) = h̄2 = (0.1|0.2, 0.3|0.3, 0.4|0.5).

From Eq. (21), the aggregated values by the HPFEOWA operator is

HPFEOWA(h̄1, h̄2) = (ω1 ·ε h̄σ(1))⊕ε (ω2 ·ε h̄σ(2))

= {0.3340|0.1, 0.4023|0.1, 0.4148|0.15, 0.4564|0.25, 0.4781|0.15, 0.5167|0.25}.

On the other hand, from Eq. (22), the aggregated values by the HPFEOWG

operator is

HPFEOWG(h̄1, h̄2) = (h̄∧εω1

σ(1) )⊗ε (h̄
∧εω2

σ(2) )

= {0.2937|0.1, 0.2859|0.1, 0.4005|0.15, 0.4466|0.15, 0.4530|0.25, 0.5033|0.25}.

In following, let us look at the HPFEOWA and HPFEOWG operators for

some special cases of the associated vector ω:

(1) If ω = (1, 0, . . . , 0)T , then

HPFEOWA(h̄1, h̄2, . . . , h̄T ) = h̄σ(1) = max{h̄i},
HPFEOWG(h̄1, h̄2, . . . , h̄n) = h̄σ(1) = max{h̄t}.

(2) If ω = (0, 0, . . . , 1)T , then

HPFEOWA(h̄1, h̄2, . . . , h̄T ) = h̄σ(T ) = min{h̄t},
HPFEOWA(h̄1, h̄2, . . . , h̄T ) = h̄σ(T ) = min{h̄t}.
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(3) If ωs = 1, wt = 0, s ̸= t, then

h̄σ(T ) ≤ HPFEOWA(h̄1, h̄2, . . . , h̄T ) = h̄σ(s) ≤ h̄σ(1),

h̄σ(T ) ≤ HPFEOWG(h̄1, h̄2, . . . , h̄T ) = h̄σ(s) ≤ h̄σ(1),

where h̄σ(s) is the sth largest of h̄t (t = 1, 2, . . . , T ).

(4) If ω = ( 1
T
, 1
T
, . . . , 1

T
)T , then

HPFEOWA(h̄1, h̄2, . . . , h̄T )

=
∪

γσ(i)∈h̄σ(i),

i=1,2,...,T


∏T

t=1(1 + γσ(t))
1
T −∏T

t=1(1− γσ(t))
1
T∏T

t=1(1 + γσ(t))
1
T +

∏T
t=1(1− γσ(t))

1
T

∣∣∣pσ(1)pσ(2) · · · pσ(T )


=

∪
γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T


∏T

t=1(1 + γt)
1
T −∏T

t=1(1− γt)
1
T∏T

t=1(1 + γt)
1
T +

∏T
t=1(1− γt)

1
T

∣∣∣p1p2 · · · pT


= HPFEA(h̄1, h̄2, . . . , h̄T ),

HPFEOWA(h̄1, h̄2, . . . , h̄T )

=
∪

γσ(i)∈h̄σ(i),

i=1,2,...,T


2
∏T

t=1 γ
1
T

σ(t)∏T
t=1(2− γσ(t))

1
T +

∏T
t=1 γ

1
T

σ(t)

∣∣∣pσ(1)pσ(2) · · · pσ(T )


=

∪
γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

 2
∏T

t=1 γ
1
T
t∏T

t=1(2− γt)
1
T +

∏T
t=1 γ

1
T
t

∣∣∣p1p2 · · · pT


= HPFEG(h̄1, h̄2, . . . , h̄T ),

i.e., the HPFEOWA (resp. HPFEOWG) operator is reduced to HPFEA (resp.

HPFEG) operator.

Similar to Theorems 8 and 9, the above ordered weighted operators have the

relationship below:

Theorem 10. If h̄t (t = 1, 2, . . . , T ) are a collection of HPFEs, ω = (ω1, ω2, . . . ,

ωT )
T is associated vector of the aggregation operator such that ωt ∈ [0, 1] and∑T

t=1 ωt = 1, then
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(1) HPFEOWA(h̄1, h̄2, . . . , h̄T ) ≤ HPFOWA(h̄1, h̄2, . . . , h̄T );

(2) HPFEOWG(h̄1, h̄2, . . . , h̄T ) ≥ HPFOWG(h̄1, h̄2, . . . , h̄T ).

Theorem 11. If h̄t (t = 1, 2, . . . , T ) are a collection of HPFEs, ω = (ω1, ω2, . . . ,

ωT )
T is associated vector of the aggregation operator such that ωt ∈ [0, 1] and∑T

t=1 ωt = 1, then

(1) HPFEOWA((h̄1)
c, (h̄2)

c, . . . , (h̄T )
c) = (HPFEOWG(h̄1, h̄2, . . . , h̄T ))

c;

(2) HPFEOWG((h̄1)
c, (h̄2)

c, . . . , (h̄T )
c) = (HPFEOWA(h̄1, h̄2, . . . , h̄T ))

c.

Clearly, the fundamental characteristic of the HPFEWA and HPFEWG op-

erators are that they consider the importance of each given HPFE, whereas the

fundamental characteristic of the HPFEOWA and HPFEOWG operators are the

reordering step, and they weight all the ordered positions of the HPFEs instead

of weighing the given HPFEs themselves. By combining the advantages of the

HPFEWA (resp. HPFEWG) and HPFEOWA (resp. HPFEOWG) operators, in

the following, we develop some hesitant probabilistic fuzzy hybrid aggregation

operators that weight both the given HPFEs and their ordered positions.

Let h̄t (t = 1, 2, . . . , T ) be a collection of HPFEs, w = (w1, w2, . . . , wT )
T

be the weight vector of h̄t, with wt ∈ [0, 1] and
∑T

t=1wt = 1 and pt be the

probability of γt in the HPFE h̄t, then we develop the following two aggregation

operators, which are based on the mapping HT
P → HP with an associated vector

ω = (ω1, ω2, . . . , ωT )
T such that ωt ∈ [0, 1] and

∑T
t=1 ωt = 1:

(1) The hesitant probabilistic fuzzy Einstein hybrid averaging (HPFEHA)

operator:

HPFEHA(h̄1, h̄2, . . . , h̄T ) = (ω1 ·ε ḣσ(1))⊕ε (ω2 ·ε ḣσ(2))⊕ε · · · ⊕ε (ωT ·ε ḣσ(T ))

=
∪

γ̇σ(i)∈ḣσ(i),

i=1,2,...,T

{∏T
t=1(1 + γ̇σ(t))

ωt −∏T
t=1(1− γ̇σ(t))

ωt∏T
t=1(1 + γ̇σ(t))ωt +

∏T
t=1(1− γ̇σ(t))ωt

∣∣∣ṗσ(1)ṗσ(2) · · · ṗσ(T )

}
,(23)

where ḣσ(t) is the tth largest of the weighted HPFEs ḣt = Twt·εh̄t (t = 1, 2, . . . , T ),

T is the balancing coefficient, and ṗσ(t) be the probability of γ̇σ(t) in the HPFE

ḣσ(t).
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(2) The hesitant probabilistic fuzzy Einstein hybrid geometric (HPFEHG)

operator:

HPFEHG(h̄1, h̄2, . . . , h̄T ) = (ḧ∧εω1

σ(1) )⊗ε (ḧ
∧εω2

σ(2) )⊗ε · · · ⊗ε (ḧ
∧εωT

σ(T ) )

=
∪

γ̈σ(i)∈ḧσ(i),

i=1,2,...,T

 2
∏T

t=1 γ̈
ωt

σ(t)∏T
t=1(2− γ̈σ(t))ωt +

∏T
t=1 γ̈

ωt

σ(t)

∣∣∣p̈σ(1)p̈σ(2) · · · p̈σ(T )

 , (24)

where ḧσ(t) is the tth largest of the weighted HPFEs ḧt = h̄∧εTwt
t (t = 1, 2, . . . , T ),

T is the balancing coefficient, and p̈σ(t) be the probability of γ̈σ(t) in the HPFE

ḧσ(t).

Especially, if w = ( 1
T
, 1
T
, . . . , 1

T
)T , then ḣt = ḧt = h̄t (t = 1, 2, . . . , T ), in

this case, the HPFEHA (resp. HPFEHG) operator is reduced to the HPFE-

OWA (resp. HPFEOWG) operator. If ω = ( 1
T
, 1
T
, . . . , 1

T
)T , then since 1

T
·ε

ḣt = 1
T
·ε (Twt ·ε h̄t) = ∪γt∈h̄t

{
(1+γt)wt−(1−γt)wt

(1+γt)wt+(1−γt)wt

∣∣∣pt} and ḧ
∧ε

1
T

t = (h̄∧εTwt
t )∧ε

1
T =

∪γt∈h̄t

{
2γ

wt
t

(2−γt)wt+γ
wt
t

∣∣∣pt}, we have

HPFEHA(h̄1, h̄2, . . . , h̄T ) = (
1

T
·ε ḣσ(1))⊕ε (

1

T
·ε ḣσ(2))⊕ε · · · ⊕ε (

1

T
·ε ḣσ(T ))

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{∏T
t=1(1 + γt)

wt −∏T
t=1(1− γt)

wt∏T
t=1(1 + γt)wt +

∏T
t=1(1− γt)wt

∣∣∣p1p2 · · · pT
}

= HPFEWA(h̄1, h̄2, . . . , h̄T ),

HPFEHG(h̄1, h̄2, . . . , h̄T ) = (ḧ
∧ε

1
T

σ(1) )⊗ε (ḧ
∧ε

1
T

σ(2) )⊗ε · · · ⊗ε (ḧ
∧ε

1
T

σ(T ))

=
∪

γ1∈h̄1,γ2∈h̄2,...,γT∈h̄T

{
2
∏T

t=1 γ
wt
t∏T

t=1(2− γt)wt +
∏T

t=1 γ
wt
t

∣∣∣p1p2 · · · pT
}

= HPFEWG(h̄1, h̄2, . . . , h̄T ),

i.e., the HPFEHA (resp. HPFEHG) operator is reduced to the HPFEWA (resp.

HPFEWG) operator.

Example 6. Let h̄1 = (0.5|0.5, 0.6|0.5) and h̄2 = (0.1|0.2, 0.3|0.3, 0.5|0.5) be
two HPFEs. Suppose that the weight vector of them is w = (0.63, 0.37)T , and
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the aggregation associated vector is ω = (0.3, 0.7)T . Then

ḣ1 =

(
(1 + 0.5)2×0.63 − (1− 0.5)2×0.63

(1 + 0.5)2×0.63 + (1− 0.5)2×0.63
|0.5, (1 + 0.6)2×0.63 − (1− 0.6)2×0.63

(1 + 0.6)2×0.63 + (1− 0.6)2×0.63
|0.5

)
= (0.5993|0.5, 0.7031|0.5),

ḣ2 =

(
(1 + 0.1)2×0.37 − (1− 0.1)2×0.37

(1 + 0.1)2×0.37 + (1− 0.1)2×0.37
|0.2, (1 + 0.3)2×0.37 − (1− 0.3)2×0.37

(1 + 0.3)2×0.37 + (1− 0.3)2×0.37
|0.3,

(1 + 0.5)2×0.37 − (1− 0.5)2×0.37

(1 + 0.5)2×0.37 + (1− 0.5)2×0.37
|0.2

)
= (0.7411|0.2, 0.2251|0.3, 0.3851|0.5)

and s(ḣ1) = 0.6512 and s(ḣ2) = 0.4083. Since s(ḣ1) > s(ḣ2), we have

ḣσ(1) = ḣ1 = (0.5993|0.5, 0.7031|0.5),
ḣσ(2) = ḣ2 = (0.7411|0.2, 0.2251|0.3, 0.3851|0.5).

From Eq. (23), we have

HPFEHA(h̄1, h̄2) = (ω1 ·ε ḣσ(1))⊕ε (ω2 ·ε ḣσ(2))

=
∪

γ̇σ(1)∈ḣσ(1),γ̇σ(2)∈ḣσ(2)

{∏2
t=1(1 + γ̇σ(t))

ωt −∏2
t=1(1− γ̇σ(t))

ωt∏2
t=1(1 + γ̇σ(t))ωt +

∏2
t=1(1− γ̇σ(t))ωt

∣∣∣ṗσ(1)ṗσ(2)
}

= {0.3715|0.15, 0.4175|0.15, 0.4557|0.25, 0.4977|0.25, 0.7037|0.1, 0.7302|0.1}.

On the other hand,

ḧ1 =

(
2× 0.52×0.63

(2− 0.5)2×0.63 + 0.52×0.63
|0.5, 2× 0.62×0.63

(2− 0.6)2×0.63 + 0.62×0.63
|0.5

)
= (0.4007|0.5, 0.5117|0.5),

ḧ2 =

(
2× 0.12×0.37

(2− 0.1)2×0.37 + 0.12×0.37
|0.2, 2× 0.32×0.37

(2− 0.3)2×0.37 + 0.32×0.37
|0.3,

2× 0.52×0.37

(2− 0.5)2×0.37 + 0.52×0.37
|0.5

)
= (0.2033|0.2, 0.4339|0.3, 0.6145|0.5)

and since s(ḧ1) = 0.4562 > 0.4465 = s(ḧ2), we have ḧσ(1) = ḧ1 and ḧσ(2) = ḧ2.

From Eq. (24), we have

HPFEHG(h̄1, h̄2) = (ḧ∧εω1

σ(1) )⊗ε (ḧ
∧εω2

σ(2) )
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=
∪

γ̈σ(1)∈ḧσ(1),γ̈σ(2)∈ḧσ(2)

 2
∏2

t=1 γ
ωt

σ(t)∏2
t=1(2− γσ(t))ωt +

∏2
t=1 γ

ωt

σ(t)

∣∣∣p̈σ(1)p̈σ(2)


= {0.2512|0.1, 0.2728|0.1, 0.4237|0.15, 0.4563|0.25, 0.5441|0.15, 0.5825|0.25}.

4 Conclusions

In this thesis, we have been defined some new operation laws of HPFEs such as

Einstein sum, Einstein product and Einstein scalar multiplication, and have been

developed some new hesitant probabilistic fuzzy Einstein aggregation operators,

including the HPFEWA, HPFEWG, HPFEOWA, HPFEOWG, HPFEHA and

HPFEHG operators, to accommodate the situations where the given arguments

are HPFEs. We have investigated desirable properties of these operators and

have given some numerical examples to illustrate the developed operators. Fur-

thermore, we have compared the developed operators with the existing hesitant

probabilistic fuzzy aggregation operators proposed by Xu and Zhou.24

30



References

[1] Zadeh LA. Fuzzy sets. Inform Control 1965;8:338-353.

[2] Zhou W. An accurate method for determining hesitant fuzzy aggregation

operator weights and its application to project investment. Int J Intell Syst

2014;29:668-686.

[3] Zhou W, Xu ZS. Generalized asymmetric linguistic term set and its appli-

cation to qualitative decision making involving risk appetities. Eur J Oper

Res 2016;254:610-621.

[4] Dong YC, Chen X, Herrera F. Minimizing adjusted sim-ple terms in the

consensus reaching process with hesitant linguistic assessments in group

decision making. Inf Sci 2015;297:95-117.

[5] Gou XJ, Xu ZS. Exponential operations for intuitionistic fuzzy numbers

and interval numbers in multi-attribute decision making. Fuzz Optim Decis

Making 2016; doi:10.1007/s10700-016-9243-y.

[6] Atanassov K. Intuitionistic fuzzy sets. Fuzzy Sets Syst 1986;20:87-96.

[7] Zadeh LA. The concept of a linguistic variable and its application to ap-

proximate reasoning-I. Inf Sci 1975;8:199-249.

[8] Atanassov K, Gargov G. Interval-valued intuitionistic fuzzy sets. Fuzzy Sets

Syst 1989;31:343-349.

[9] Torra V. Hesitant fuzzy sets. Int J Intell Syst 2010;25:529-539.

[10] Torra V, Narukawa Y. On hesitant fuzzy sets and decision. In: The 18th

IEEE International Conference on Fuzzy Systems, Jeju Island, Korea; 2009.

pp. 1378-1382.

[11] Zhu B, Xu ZS, Xia MM. Dual hesitant fuzzy sets. J Appl Math 2012;2012:

Article ID 879629, 13 pages.

31



[12] Qjan G, Wang H, Feng XQ. Generalized hesitant fuzzy sets and their ap-

plication in decision support system. Knowl-Based Syst 2013;37:357-365.

[13] Xia MM, Xu ZS. Hesitant fuzzy information aggregation in decision making.

Int J Approx Reason 2011;52:395-407.

[14] Liao HC, Xu ZS. A VIKOR-based method for hesitant fuzzy multi-criteria

decision making. Fuzz Optim Decis Making 2016;12:372-392.

[15] Rodriguez RM, Mart́ınez L, Torra V, Xu ZS, Herrera F. Hesitant fuzzy sets:

State of the art and future directions. Int J Intell Syst 2014;29:495-524.

[16] Zhou W, Xu ZS. Asmmetric hesitant fuzzy sigmoid preference relations in

analytic hierarchy process. Inf Sci 2016;358:191-207.

[17] Xu ZS, Cai XQ. Recent advances in intuitionistic fuzzy information aggre-

gation. Fuzz Optim Decis Making 2010;9:359-381.

[18] Zhu B, Xu ZS, Xia MM. Hesitant fuzzy geometric Bonferroni means. Inf Sci

2012;205:72-85.

[19] Xia MM, Xu ZS, Chen N. Some hesitant fuzzy aggregation operators with

their application in group decision making. Group Dec Negoit 2013;22:259-

279.

[20] Zhang ZM. Hesitant fuzzy power aggregation operators and their application

to multiple attribute group decision making. Inf Sci 2013;234:150-181.

[21] Yu DJ. Some hesitant fuzzy infromation aggregation operators based on

Einstein operational laws. Int J Intell Syst 2014;29:320-340.

[22] Zhou X, Li Q. Multiple attribute decision making based on hes-

itant fuzzy Einstein geometric aggregation operators. J App Math

2014;doi:10.1155/2014/745617.

32



[23] Zhou X, Li Q. Generalized hesitant fuzzy prioritized Einstein aggregation

operators and their application in group decision making. Int J Fuzzy Syst

2014;16:303-316.

[24] Z.S. Xu and W. Zhou, Consensus building with a group of decision mak-

ers under the hesitant probabilistic fuzzy environment, Fuzz Optim Decis

Making (2016) doi:10.1007/s10700-016-9257-5

[25] Wang WZ, Liu XW. Intuitionistic fuzzy geometric aggregation operators

based on Einstein operations. Int J Intell Syst 2011;26:1049-1075.

[26] Wang WZ, Liu XW. Intuitionistic fuzzy infromation aggregation using Ein-

stein operations. IEEE Trans Fuzzy Syst 2012;20:923-938.

[27] Zhao X, Wei G. Some intuitionistic fuzzy Einstein hybrid aggregation op-

erators and their application to multiple attribute decision making. Knowl-

Based Syst 2013;37:472-479.

[28] Klement E, Mesiar R, Pap E. Triangular norms Position paper I: basic

anaytical and algebraic properties. Fuzzy Sets and Systems 2004;143:5-26.

[29] Yager RR. On ordered weighted averaging aggregation operators in multi-

criteria decision making. IEEE Trans Syst. Man Cybern 1988;18:183-190.

[30] Xu ZS. An overview of methods for determining OWA weights. Int J Intell

Syst 2005;20:843-865.

[31] Xu ZS. On consistency of the weighted geometric mean complex judgement

matrix in AHP. Eur J Oper Res 2000;126:683-687.

[32] Torra V, Narukawa Y. Modeling decisions: information fusion and aggrega-

tion operators. Berlin: Springer-Verlag;2007.
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