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1. Introduction

The use of composite sandwich shells continues to increase in many
engineering applications. This is associated with their high strength and low
weight, superior noise and energy absorption, and/or high thermal resistance
under a variety of extreme environments. These structures consist of two
stiff metallic or composite thin face sheets separated by a soft honeycomb
or a thick foam core by utilizing mismatched constituent material and
geometric properties to achieve the ever-increasing structural performance
and stability requirements. Usually, the core of sandwich structures is
modelled as a medium with low transverse shear modulli and therefore,
transverse shear has an important role for most of sandwich theories. To
estimate and predict unique mechanical behaviors of composite sandwich
structures, research involving the accurate and general modeling has
consistently remained as a very active field in the last several decades; see
Sayyad and Ghugal [1] and Birman and Kardomateas [2]. Although a
formulation based on three-dimensional elasticity can be used for direct
modeling to study the detailed behavior of such structures and to accurately
calculate their mechanical characteristics to any degree of generality, to do
so is inordinately complex and constly. Even in the linear elasticity case,
the number of relevant papers is very limited to Pagano [3, 4] and
Brischetto [5]. Thus, a clear need exists for an alternative, less costly and

more convenient approach than 3D elasticity.



From a dimensional reduction perspective, these structures can be
effectively modeled as two-dimensional shells by taking advantage of the
smallness of thickness to in-plane wavelength of deformations (h/l) and
thickness to minimum curvature radius of the reference surface (h/R). As a
result, theoretical researchers have striven to construct accurate and general
2D shell models under various ad hoc kinematic assumptions, which are
convenient to eliminate the thickness coordinate from the independent
mechanical variables of the governing partial differential equations. By
referring to the existing literature by Carrera and Demasi [6], Carrera and
Brischetto [7, 9] and Demasi and Yu [8], one can ecasily observe that there
has been a tremendous amount of work done to construct plate/shell models
extendable to sandwich plate/shell ones, most of which differ from each
other only by how to introduce ad hoc kinematic assumptions into their
models collectively or individually. In particular, these models are mainly
based on two competing theories: equivalent single-layer (ESL) theories and
layer-wise (LW)  theories. In ESL ' theories, it is easy to affordably
implement theoretical and computational procedures because ad hoc
kinematic assumptions are only relied upon in the mid-surface of the shell,
regardless of how many layers the shell is comprised of. However, as
pointed out by Carrera and Brischetto [7, 9] and Demasi and Yu [8], most
ESL models fail to predict accurate 3D displacement/stress fields for the
sandwich plate/shell problems in high face-to-core-stiffness-ratio (FCSR),
small length-to-thickness-ratio (LTR) and small radius-to-thickness-ratio

(RTR) cases. On the other hand, since the sandwich structure in LW



theories is modeled as an assembly of three individual shells with
interlaminar displacement and transverse stress continuity conditions, their
own specific kinematic assumptions for each layer must be used to capture
interlaminar discontinuity phenomena of the displacement and stress fields.
However, attempts to utilize this directly will meet with the same difficulties
as using a 3D elasticity approach. Therefore, such models based on these
theories have always suffered from an unbalanced compromise between
accuracy and efficiency, or between simplicity and generality, for predicting
mechanical characteristics of composite sandwich shells.

To resolve the above unbalanced compromise, a universal asymptotic
theory as the synthesis of ESL and LW theories based on 3D elasticity
formulation and the zeroth-order approximation was recently proposed by
Berdichevsky [10] for sandwich plates and Berdichevsky [11] for hard-skin
plates and shells. For simplicity, we will henceforth refer to these two
papers as “Berdichevsky’s papers” or “Berdichevsky’s works”. At first, when
all constituent material constants of a sandwich structure are assumed to
have the same order, such structure can be described by an elastic
plate/shell from the ESL perspective. And then, under the variational
asymptotic method (VAM) introduced by Berdichevsky [12] an equivalent
2D plate/shell model is formulated in a manner similar to that introduced
for laminated composite plate/shell models by Yu [13, 14] and is based on
an asymptotically correct energy functional capable of capturing the
transverse deformations. On the other hand, when the sandwich structure can

be regarded as the assembly of three individual layers with mismatched



constituent material and geometric propertiecs, a new 2D plate/shell model

different from the ESL theories is introduced. By considering the smallness

of a new coupled parameter (p’h°/uh°), called “the ratio of effective
extensional rigidities of the core and the skin”, and by performing kinematic
identity procedures via the interlaminar continuity of the 3D displacement
components, a universal theory from the LW perspective is asymptotically

established for geometrically linear/nonlinear problem of sandwich
plates/shells. Here p” and p° denote characteristic elastic moduli of the skin

and the core, while h° and h° thickness of the skin and the core,
respectively. Nevertheless, Berdichevsky’s papers are not only restricted to
predict the mechanical characteristics of symmetric sandwich plates/shells
made of isotropic materials, but two important shortcomings inherent in the
theoretical derivation procedure are also found: (1) no clear mathematical
and physical explanations to exclude the usage of interlaminar transverse
stress continuity conditions, and (2) no a general procedure for 3D recovery
relations (i.e., expressions for 3D displacement, strain and stress fields of the
original 3D sandwich structures).  Later, Berdichevsky’s works was
theoretically extended by Lee et al. [15] to resolve these two deficiencies.
In the intrinsic form suitable for composite structure analysis, it involves
constructing the universal asymptotic theory of composite sandwich plates by
utilizing both interlaminar displacement/transverse stress continuity conditions
and recovering the 3D displacement, strain and in-plane stress fields by
using the original 3D constitutive relations and the 3D transverse stress

components by integration of the equilibrium equations from the 3D



clasticity theory through the plate thickness under the traction boundary
conditions on top and bottom surfaces and the transverse stress continuity
conditions at skin-core interfaces. However, from various validation examples
performed by Lee et al. [15], one can observe that the universal asymptotic
theory based on the zeroth-order approximation did not provide satisfactory
results for a thick plate with very and extremely hard skin, even though it
can do a good job in predicting the mechanical behaviors for thin and
moderately thick structures for a wide range of face-to-core-stiffness-ratio
(FCSR). And also the theory is just a special case of a shell. Therefore,
this can be directly explained that a higher-order universal shell theory in
the asymptotic sense should be required for such an extreme case and
complex shell geometry.

Usually, the faces of the sandwich structures are built of stiff and strong
materials and they are much thinner than the light and relatively soft core.
Therefore, due to the mismatch in the material properties between
constituent materials, high transverse stresses can be created at the vicinity
of the edges, which is known as boundary layer phenomena. It has been
shown that this phenomena is not captured accurately by the zeroth-order
approximation found in Lee et al. [15]. To capture boundary layer effect,
we need to use a post processing step. As a post processing step, additional
integration procedure for 3D stress recovery has been used widely in many
cases and leads to accurate results. For example, from Pagano [4],
interlaminar stresses calculated by integrating equilibrium equation over the

plate thickness with the assumption of linear in-plane stresses. The



interlaminar stresses calculated agreed well with three-dimensional -elasticity
solution. And, as mentioned in Cho and Parmerter [16], integrating
equilibrium equations of three-dimensional elasitcity produce better transverse
shear stresses when comparing a way directly from the constitutive equation.
In addition, crossply parabolic and hyperbolic caps subjected to uniform
external pressure and a simply supported cylindrical shell subjected to an
internal sinusoidal pressure were considered in the paper Ramalingeswara
and Ganesan [17]. This paper also following conclusion were drawn:
interlaminar stresses evaluated using material law directly are not corect. In
recent years, many researchers have published papers using integrating
equilibrium equations; see Shah and Batra [18], Tornabene and Brischetto
[19] and Sayyad and Naik [20]. In addition, as another processing step, 3D
refined recovery relations introduced by Yu [13, 14] for derive the
asymptotically correct energy functional capable of capturing the small LTR
and RTR effects and based on the first-order approximation.

For accurately . predicting 3D displacement and stress components of
composite sandwich shells for various FCSR, LTR and RTR cases, the main
objective of this paper is to construct a universal shell model which is
based on the energy functional and interlaminar displacement/transverse stress
continuity conditions asymptotically correct up to the second order. At first,
when all constituent material constants of the sandwich structure are
assumed to be of the same order, the equivalent 2D shell theory from the
ESL perspective is systematically formulated in an intrinsic form by Hodges

et al. [21] suitable for composite structure analysis. And then, from the LW



perspective, both interlaminar displacement/transverse stress continuity
conditions asymptotically correct to the first order are established and
introduced into the present approach to construct the universal asymptotic
theory of composite sandwich shells when the sandwich shell model can be
regarded as the assembly of three individual shell models.

Morever, when constructing the refined theory denoting by PA(11EE), we
follow the additional integration procedure for 3D recovery relations as a
post processing step. On the other hand, for 3D refined recovery relations
of PA(22CS) without additional integration procedure, 3D displacement,
strain and stress fields can be directly recovered under refined interlaminar
displacement/transverse stress continuity conditions valid to the same order
as the energy formulation. As a preliminary validation, a set of bending
problems for various FCSR, LTR and RTR cases illustrated by Carrera and
Demasi [6], Carrera and Brischetto [7, 9], Demasi and Yu [8] and Lee et
al. [15] are finally presented to demonstrate the capability and accuracy of
this present approach together with critical comparisons of the 3D exact

solutions found in Pagano [4] and Brischetto [5].



2. Equivalent 2D shell model from the ESL

perspective

When all constituent material constant of a sandwich structure are
assumed to be of the same order, such structure can be modeled as a shell
from the ESL-based perspective. From the 3D elasticity problem under the
variational asymptotic procedure, an equivalent 2D refined shell model for
any LTRs and RTRs is derived in terms of the asymptotically correct
energy functional taking account of transverse shear/normal deformations and
incorporating the additional energy contributions due to the small ratios (h/l,

h/R).
2.1 3D shell kinematics and 3D energy formulation

In a three-dimensional shell, Consider the surface (2, and, at each point

on the surface, erect a segment of length h directed along the normal to

the surface; the centers of the segments are on (2. An arbitrarily curved

shell can be considered as a solid medium geometrically defined by a

surface (2, immersed in three-dimensional physical space and a constant

thickness h of the medium around the surface 2,



2.1.1 Shell kinematics

Let {2, be called the reference surface of the 3-D body, bounded by a
smooth closed curve 0f2, and mathematically represented by a set of

arbitrary curvilinear coordinates, xz,. However, without loss of generality,

[N
one may choose the lines of curvature to be the curvilinear coordinates to
simplify the formulation. In addition, for representing the 3-D medium

uniquely and following a very natural choice generally, the third coordinate

is selected as the coordinate normal to the reference surface specified by x,.

(Here and throughout the rest of the development, Greek indices assume
values 1 and 2, while Latin indices assume values 1, 2, and 3. Repeated
indices are summed over their range except where explicitly mentioned.)
Note that a plate is a special case of a shell whose middle surface is

planar. As sketched in Fig. 2.1, letting bs(z,,7,) denote the unit vector nor-

Undeformed State Deformed State
w0, Xy, X 0B (2, )

BB, (v, x,)

Fig. 1 Schematic of shell deformation



mal to the reference surface, one can then describe the position of any

material point in the stress-free, undeformed configuration by its position

vector T relative to an inertially fixed point O, such that
f'(:pl,%,xg) = r(x1,$2) + b, (wl,wQ) (1

where 7 is the position vector from O to the point located by z, on the

reference surface. Following Berdichevsky’s papers, the 2D position vector is
naturally defined as

PRE .
T (x1,$2)+ T (ml,wQ)]

@)

rlaya,) =5 |

When the reference surface of the undeformed shell is coincided with its

middle surface (2, and the position vectors on the top and bottom surfaces

(QbJr and (2,) (See Fig. 2) are given by r and T, respectively. Here

(o) =(o )|I3:h/2 and () =(» )|9L.3,_h/2 denote the values prescribed at

Fig. 2 Undeformed configuration for the shell

- 10 -



the top and bottom thickness coordinates x; =+h/2, respectively, and will

be used throughout this paper.

Typically, let 2-D base vectors a, associated with z, be defined as:

aa<xl’$2):rw (3)

)

From henceforth, for simplicity, we will avoid including the independent
variables on which a function depends unless it is not obvious for the
reader to determine what they are. From Eq. (3) one can define the

so-called Lame parameters as:
Aa (xl’xQ) = Vaga, (4)

Let us mention that in Eq. (4), the summation convention is not applied
because « is not a dummy index. The same rule will apply to the rest of
development without repeating the same statement. Then, for the

computational procedures used later, the 2D unit base vectors b, constitute

an orthogonal triad system such- that

aOt
ba (331’552) - A—a S
a xa, ()
b3 = bl ><b2 e
|a, ¥a,|
Now by taking the partial derivatives of Eq. (1) with respect to z,, it is

easy to see that the covariant 3D base vectors g, associated with the chosen

coordinate system are given by:

- 11 -



g =a -+t $3b3,1
g =at x3b3,2 (6)
g = by

From the differential geometry of the surface and with the help of Ref. [21,

22] one can express the derivative of 2D unit base vectors b, , as follows:

bi,a = Aaka X bi (7)
with
k (3 K oby + kg by - kaSbS) ®)

where k, is the curvature vector measured in b, in which £k, ; refers to
out-of-plane curvatures. We note that kj, =k, =0 because the coordinates
are defined to be the lines of curvatures. However, the geodesic curvatures
k,, do not necessarily vanish for the chosen coordinate system, and they

(e?

can be expressed in terms of Lame parameters as:

A, Ay
kig =— Ky = A A ©)

As we are interested in the interior solution with geometrical and shear

refinements for regular shells, we assume that the initial curvatures k; and

Lame parameters A, are slowly varying or constant. This assumption will

«

result in the neglect of all the derivatives of these quantities with respect to

in-plane coordinates x, in the formulation.

Using Egs. (7) and (8) one can rewrite the expression for the covariant

3D base vectors from Eq. (6) as:

- 12 -



g =4 1+ T3k, )bl
g =4, 1+ Tzkig )bz (10)
g = by

By the standard definition [21], the contravariant base vectors are given by

, 1
(A

g = 2\/§€ijkgj><g/c (11)
Where g=det (gi.gj) is the determinant of the metric tensor for the
undeformed configuration, and e, are the components of the permutation
tensor in a Cartesian coordinate system. Thus, one can define the

contravariant 3D base vectors g' as

y 8'2><83: A2(1+333k22)
Ve .

o g3><g1: A1(1+a:3k‘11)
Ve oy

‘ X

3: gl g2:b3

Tk

(12)

When the shell is deformed, the particle that had position vector in the

undeformed state now has the position vector R in the deformed
configuration. The latter can be uniquely determined by the deformation of

the 3-D body. A new triad B, unit vectors are just tools to enable one to

express vectors and tensors in their component form during the derivation.
They are not necessarily tangent to the coordinates of the deformed shell.

The relation between B, and b, can be specified by an arbitrarily large

rotation specified in terms of the matrix of direction cosines C (x1,$2), SO

that

- 13 -



B.= G (13)
G;=B.b,

subject to the requirement that B, is coincident with b, when the structure

is undeformed. Without loss of generality, the position vector R can be

defined as:
ﬁ($17$27x3) = R($1a$2 ) +x3B3 (xlaxg ) +wz‘ (Z17$2a$3 )Bi(xpr) (14)

where R=r+u describes the position vector from the point O to the point

on the reference surface of the deformed shell, u=wb; the 2D displacement
vector from the undeformed configuration, and the unknown 3D functions w;

represent the general warping displacement of an arbitrary point on the
normal line of the deformed shell, consisting of both in- and out-of-plane

components so that all possible deformations are considered. Here, six

constraints are required to ensure a one-to-one mapping between R and (R,

B,, w;) in Eq. (14). At first, three redundancies can be removed by
choosing appropriate definitions of B,. One of them can be selected by
taking B, as the normal to the reference surface (2, of the deformed shell

in such a way
ByR, =0 with (+),=0a(+)/ox, (15)

It is pointed out that this choice is only for convenience in the derivation
and has nothing to do with the Kirchhoff assumption. In addition, the
second constraint introduced in most 2D shell models, can be specified by

the rotation of B, around B; such that
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B,R, B,R,
4 = a4, (16)

which can serve as another constraint to specify the global rotation of the

triad B; and make the formulation in (14) unique. For the last constraints, it

can be obtained from a proper definition of R. Similar to the way r is

defined in Eq. (2), R can be defined as the average of two position vectors

R and R on the top and bottom surfaces (£2," and £, ):

dh yf 2P =
R(xlaxg)zi[R ($1,$2)+R ($1a$2>] (17)
Therefore, if Eq. (14) is substituted into Eq. (17), then the warping

functions must satisfy the following three constraints as the last constraints:
fwj (@), 24) =— w; (z,2,) (18)

It means that the warping functions do not contribute to the rigid-body
displacement of the 2D shell model. So far, a total of six constraints have
been introduced, and then Eq. (14) designates a unique point in the 2D
shell model.

Before closing this subsection, definitions of the 2-D generalized LK

strain measures (g,; and k;;) can be first defined from the partial

derivatives of R and B, with respect to z, as follows:

(Ba + Szx“SBﬂ)

Aa
Aa (_ KxQBl + [(alBQ + Ky3B3> X BL (19)

R.
Bi,a =

where ¢, are the 2D in-plane strains, and Kj; are the curvatures of the

ij
deformed surface, which are the summation of curvatures of undeformed

geometry k;; and curvatures introduced by the deformation ;. Here, using
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Eq. (19), it can be shown that the second constraint, the one in Eq. (16),

actually implies symmetry of 2D in-plane strains, such that e, =¢,.

Second, as pointed out in Berdichevsky’s papers, three additional degrees of
freedom (DOFs) associated with transverse deformations should be
introduced into Eq. (14) because shell models taking account of such
deformations are required to accurate estimate and predict mechanical

behaviors of hard-skin sandwich structures. For development of the universal
asymptotic model introduced later, let us first replace w;” and w, by
he,(x,,2,)/2 and —he;(z,,2,)/2, respectively, due to Eq. (18) and then
implement the following change of variables into the original 3D warping

functions:
wi(w17$23$3) :x3¢i(x17$2)+yi (xpmgax;;) (20)

where ¢, and ¢, denote the rotations of a transverse normal about the x,
and w; axes, respectively, and ¢, represents the elongation of a transverse
normal along the =z, axis. Here to differentiate from the 2D generalized LK
strain measures, (; are referred to the 2D generalized transverse motion

measures throughout the rest of the development. Therefore, instead of Eq.
(18), the following six constraints are used to ensure a one-to-one mapping

between w; and (¢;, y;) in Eq. (20):

yj(ml,xQ)ZO y;(acl,xQ):O 21)

Finally, substituting Eq. (21) into Eq. (14), we can redefine the deformed
position vectors considering the transverse shear and normal effects, such

that

ﬁ(wl,x2,$3) = R(l‘l,l'Q) +z50, (x1,$2 )Ba +a, [1+ 5 (xl_’xg )]B3

22
+yi(m1’x27x3)B,[ ( )
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2.1.2 Energy formulation in intrinsic form

Based on the decomposition concept of rotation tensor introduced by
Danielson and Hodges [23], the Jauman-Biot-Cauchy strain components for

small local rotation are given by

I.=—(F,+F)-6

ij 92 ij i i

(23)

where §;; is the Kronecker symbol, and F; the mixed-basis component of

J

the deformation gradient tensor such that
Fz‘j = Bi‘Gkgk'bj (24)

Here G,=0R/dx; denotes the 3D covariant basis vectors of the deformed

configuration and g are the 3D contravariant base vectors of the
undeformed configuration. In the plate case, it is obvious that g’ =b,.

Until now, we have been trying to keep the analysis both general and
simple. However, to make the problem more manageable, we have to make
some inevitable approximations that published shell theories have almost
universally used. There are several small parameters inherent in engineering
structures, and the existence of small parameters brings about a great variety
of possibilities for application of asymptotic methods. In the shell problem
considered, three possible small parameters exist: the maximum strain é, the
physical parameter h/l, and the geometric parameter h/R, where R is the
characteristic radius of curvature of the shell reference surface, [ a
characteristic length in the in-plane directions (determined by the loads
applied for static behavior). Having made the above approximations, the 2D
generalized LK strain and transverse motion measures are considered to be

small compared to unity and the 3D warping functions are of the order of
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those measures or smaller, and then we can safely neglect all the terms that
are products of the 3D warping functions and both 2D generalized LK
strain measures and 2D generalized transverse motion measures. With the

help of Egs. (19), (23) and (24), one can obtain the 3D strain field as:

etk ey a3k 5wy T+ kW,

e 1+a,k),
of  — &y T T3kg) T T3P0 T Wy &y TT3Ry +333902;1 +wy,
12 1+ x5k, 1+ x5k,
_ €99 T Tghoy T L300 T T3kyop3 + Wo.9 + kg
2 T (25)
;o Typzq — Tk o) tws g —kjjw,
2, =@, +w, + : :
13 1 : 1+xsky,
, T3P0 — Tgkingy T Wg0 — Kigty
200, =@, +w, + : :
23 - 2 1+,

F33:‘/’3+w3/

where ()., =a(«)/A0z,, () =0(e)/om,.

By definition, the 3D strain energy stored in the shell can be then

expressed as:

I L De DesDet Fe

QU:/ / 2FS Dg{ Ds Dst 2FS X d.’EldJ)Q
e I‘f Dez Ds? Dt E (26)

— [ <r'pryydo= f 2T d0
(9] N

where I, = LIy, 2, I, 17, I, = |2l 2T, 1 7, I =T, and

817588

= =1+422. H+ 12K 27
|a; X ay| 3 3 @7

X

Here H=(k;, +ky,)/2 and K=k k,, are called the mean and the Gaussian
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curvatures of the surface, respectively. And angle-brackets < ¢ ) represents

the definite integral through the shell thickness, U denotes the 3D strain

energy density per unit area, and D(z;) is the 6x6 material matrix, which

comes from the fourth-order elasticity tensor expressed in the b, basis. This
matrix is in general fully populated. However, if it is desired to model
laminated composite shells in which each lamina exhibits a monoclinic
symmetry about its own mid-surface (for which the material matrix is
determined by 13 constraints instead of 21) and rotated about the local
normal to be a layer in the composite laminated shell, then D,, and D,
will always vanish no matter what the layup angle is. To make this
problem tractable and procedure simpler, the nonzero components of the
material matrix are also assumed to be constants along the shell thickness.
Considering these, we can simplify the strain energy expression to the

following form:

[17D.r, +2I"D, I, +@L,) "Dy@L ) + ITD,T; | x )

= (28)
<[ D, I, +@r)'D,@r)+ (L, + DIL) ™D, (r,+ DT x)

with D, =D,~D D! and D, =D, D] ".

To deal with the 3D virtual work done by applied loads, we follow the
similar methodology introduced by Yu et al. [24] and Yu [25]. When the
3D virtual work done is developed, at first leaving the existence of a
potential energy open, the 3D virtual work of the applied loads through a
virtual displacement of the 3D shell structure can be generally represented

as

mzfﬂ(@ -5R>+T-5R++ﬁ-5ﬁ_)d0+/m<Q L RdOQ)  (29)

where P= PB, is the applied body force, 7=7B, and B=j3B, are the

applied surface tractions on the top and bottom surfaces, respectively, and
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Q; = @B, denotes the applied traction on the lateral surfaces (i.e., the

vertical surface on the boundaries). Taking the variation of Eq. (22)

R = 5_qL»Bi +2,60,B,, + 230,0B,, +1300,B; + 1, [1+,]0B,

+dyB, +y0B; 30)

the 2D virtual displacement and rotation of the reference surface and 2D

virtual transverse motions are given in the B, system by

5—% =du - B,
6B; =(—8),B, + &, B, + 0,B;) X B, 31
dp; = dp; + B;

However, unlike Yu et al. [24] and Yu [25]., it is possible to write the 2D
virtual rotations in terms of the partial derivatives of the 2D virtual

displacements with respect to x, because B; is taken as the normal to the

reference surface of the deformed shell. This means that the present shell
model can be determined in terms of six independent 2D shell quantities,
not nine.

In a manner similar to the procedure to obtain the 3D strain field under
the small strain assumption, we can safely ignore products of the warping
functions and the loading in the virtual rotation term. Then, the virtual work

done by the applied loads is

SW=0W,,+0W (32)

where
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5—%0 = /Q [fagla + (fs + e3ijmi,j)&]3 "’mi‘s—%]d!)
+ /m [ < Q&>§1a +(&; +$3€3ijQi.j>E13 + <$3@>@i]d(8‘9) (33)

WV* - /Q<<Pi§yi>+7—i5y’j_ +@5%>d0+/m<@5%>d(39)

with e, denoted by the 3D permutation symbol and the generalized forces

f; and moments m, defined as
h
[i=(P)+n+p mi:<373pi>+§(7}'_5i) (34)

Here the second integral part of WV* in Eq. (33) accounts for the virtual
work done through the warping functions along the lateral boundaries of the
shell. This term is only necessary for the edge-zone problem, which is
beyond the scope of the present paper. Therefore, we will drop this term
hereafter.

Now, the complete statement of the problem can be presented in terms of

the principle of virtual work, such that

SU—~SW =0 (35)

In spite of the possibility of taking nonconservative forces into account in
Eq. (35), the problem governed by the 3D unknown warping functions is
conservative. Thus, one can pose the problem that governs the warping

functions as a minimum total potential energy:
n=u-w (36)

so that
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SIT=0 (36)
where W~ contains the load-related terms such that
W= / QW “dn (38)
with
W = Phy)+7Ty" + %y ={(P%y) (39)

Here Eq. (21) is used the above. Up to this point, this is simply an
alternative formulation of the original 3D elasticity problem. Attempts to
solve this problem directly will meet with the same difficulties as solving
any full 3D elasticity problem. Fortunately, as shown below, the VAM can
be used to calculate the 3D unknown warping functions asymptotically up to

the desired order.
2.2 Dimensional reduction under VAM

To rigorously and efficiently reduce the original 3D problem to that of an
equivalent 2D shell, the VAM will be first used to reproduce the 3D total
potential energy functional stored in the structure into the intrinsic
formulation in terms of 2D generalized LK strain and transverse motion
measures. Then, asymptotically correct solutions will be estimated up to the
desired order taking advantage of the small parameters inherent in the

structure.
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2.2.1 Order analysis

Following Sutyrin [26] and Berdichevsky [27], the quantities of interest

assess and keep track of the following determined orders in the formulation:

8q, ~h(l/h)e gy ~h(l/n)e

Eap ~ Nbog ~ hip; ~ e k., ~1/R
hP,~1, ~B, ~ph/l)e Q, ~ pe

th ~ T3 53 ~ ,u(h/l)Q,; Q?, ~ M(h/l)g’

(40)

where p is the order of the material constants (all of which are assumed to
be of the same order). For most engineering structures, & is a small
parameter in the order of 10°° ~ 10" ? and it is not necessary to keep terms
in the order of & in comparison with unity. And also, in the shell problem,
two more small parameters (h/R, h/l) need to be considered. The existence
of three small parameters brings about a great variety of asymptotics.
Therefore, to compare the approximation theories, the approach denoting by

00EE, 11EE deals with the case of [~ R while the approach denoting by
22CS deals with the case of [~ VhR.

2.2.2 Zeroth-order approximation (00EE)

Let us now construct a shell model up to the zeroth-order approximation
under the VAM. Following the methodology introduced by Berdichevsky
[12], the VAM requires one to find the leading terms of the energy
functional according to the different orders. For the zeroth-order
approximation, at first, the 3D virtual work per unit area in Eq. (38) can be
negligible because the applied loads are of higher order according to the
order analysis based on Eq. (40). On the other hand, the 3D strain energy
per unit area in Eq. (28) can be systematically obtained by dropping the
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derivatives with respective to x, and the terms related to initial curvature,

resulting in

Qﬁo = <(3+m3n)TD| (s+x3/<:)+(g0”+yH')TDs (<p||+y”')

/ , 41
+[np3+y3 +Df(s+$3ﬂ)]TDt[w3+y3 +Df(8+$3ﬂ)]> S

where e=[e)) 2e)y &3] ",k = [y g+ Ky Kool ", ( e )H =[(+), (o) 0"
Therefore, the 3D total potential functional in Eq. (35) can be simply

expressed as:
85I, =0 with 6U, =0 (42)

along with the constraints in Eq. (21).
By applying the usual procedure of the calculus of variations, this

variational principle has the following Euler-Lagrange equations for y, and

Ys:

[D, (g +y/ )] =0

{Dt {903 S y3, =7 DJ_T(S—F x?ﬁ)] }' =0 (43)

with the associated in-plane and normal constraints in Eq. (21), respectively,

Solving the equations in Eq. (43) along with Eq. (21), one obtains the

h2
3)

By substituting Eq. (44) back into Eq. (41), the asymptotically correct

following warping functions:

1
=0 y=-5

x5 — Dl'w (44)

energy functional capable of capturing the transverse shear/normal
deformations and based on the zeroth-order approximation can be finally

obtained as:
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AY 0 0 A

0 A2 0 0
2T, =€"A%€  where A°= * 0 45)
0 0 A4y 0
Ay 0 0 A}
with €= [e k@] @3] " and
0 0 0 "
A} =hD, Af,=hD, Ap=-3D, (46)

A303 = hD, Az& n (A104)T Af4 =hD,

It is obvious that the total potential energy functional of this approximation
coincides with 2D shell model, which is the same as that restricted by the

shell composed of an isotropic material found in the Berdichevsky’s works.

2.2.3 First-order approximation (11EE and 22CS)

As pointed out in Berdichevsky [12, 27], refined theories taking advantage
of small parameters h/R and h/l are required for both moderately thick and
thick shells to give a better prediction of global deformation, in-plane
quantities and especially out-of-plane stresses and strains, even though the
classical shell theory based on the zeroth-order approximation can do a good
job in predicting the global deformation and in-plane quantities for thin
structures. Therefore, to accurate obtain the energy contributions for shells,
another more approximation under the VAM is carried out in the asymptotic
sense.

Before proceeding to the derivation of the refined shell model, let us

check that if all terms containing x;, —k,, can be neglected as higher-order

terms according to the 2D compatibility equation or not. As pointed out in

Yu and Hodges [28], from the B; components of the equality R.,, =R.,,
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the difference between k,, and k;, can be obtained as

Rip T Ky
Ky — Koy _ €19 (](22 — Ky )+ 9 (511 - 522) kyy — Ky ~ 47

= +0
2 2+ ey, + ey g aet o)

~

ch
The difference is clearly O(i—z) or 0(%), and one can show that it

ugh?
R

. Therefore, as mentioned

~3.
h
contributes terms that are 0( ,uelQ ) or O

in Yu and Hodges [28], k;, —kKy 1s neglected as higher-order terms in the
first-order approximation for the case [~ VhR. However, if |~ R, such
terms should be considered. Hence, in the approach 11EE, K, =k, is
included in the 3-D strain field, where the difference will be used as a
result obtained from the compatibility equation instead of using it directly.

At first, let us consider the case of [~ R Having made the

approximation (I~ /), one can express the 3-D strain field including the

terms of order h/R, (h/R)Q, h/l and (h/l)g, such as

I’ =etasn—Ipx, (e+ 553“) + IRRExg (e+ x3/<;) + (x?)%@ll;a + yH;u)
- ]aeﬁangOl + 1 (953903 +5 )— Iy A, (953903 +ys )+ wglRRwS

20, =@ +y +e, (@305 T Ys0) —eplagp +y) (48)
- 3536360‘ (IB3()03;(¥ + y?);cy) + ZE§€R€R§0H
I, = o5 +y,
with
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10 00 ki 0
0
L=\01| L= 10} elz[é] 62:[(1)] I,=10] ep= Slk
00 01 kyo LY 722l
kyy 0 0 kfl 0 0
ke +k e+ E [k 0]
I. =10 11 22 0 T — 11 22 — |
Re 9 RRe 0 9 0 Rl i 0 kll, (49)
0 0 Ko 0 0 k3,
0 0 0
kyy 0 ey, — ki 2
— I =10 11 22 0
€m [0 k| R (72
0 0 0

Then the zeroth-order result is perturbed to find the 3D refined warping
fields of order h/l, h/R, resulting in the following form:

Dk (50)

g .. 1 h\?

Yy = vy and y; = ys tvg with y; = —g{azgi(g)

In a manner similar to the procedure used to obtain the warping functions
for the zeroth-order approximation, one obtains the following warping

functions. For vy

1
u= Ty

2

Ve £
E) ]{l)(5 1[(XT‘D6T8;1¥ i %thli;a +DSQSD3;(X +DR¢SO|} (51)

2
L3

where Ql(y = D; II(MTQ\T_ e(ny’ D, =D, 1IaTDet + €a and D]?x,a = D; 16£D9T

S S

+k;, +ky—ep, and for vs:

_ 1) 5 [h 2 L3 5
v = 5 |% 5 | [1Pret 5 Dk~ DiaPlia — i+ ko )iy (52)

where D, =D 'I'D.+D'I, —(k,+ky,)D', D, =D 'I.D +2D'rI,

&

and D

ta

=D 'e!D/+DII.

1 Ta
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Now, all the information needed to obtain a total energy functional that is

asymptotically correct up to the order of u(h/l)Qé2 and ,u(h/R)Q.;2 has been

found, viz.,

201, = €M(A"+ Ap + AR, )e+2e7(4)e + AR E +ATE )

(53)
+€ {;A alé 8
Where
00 00 Ay 000
01 _ 0 0 A2031a 0z B 0 A2022a[3 0 Agfaﬂ
* 0 AL ORI~ 0O 2D
0.0 0.0 0 A42a[3 0 A44ozﬂ
Allllaﬁ 0 0 Al4aﬁ 0 A5 %0l
o' /AL S0 A 0 0
A;é A 22043 4 Agﬂ — Apm 0 0Ayp (54)
0 0 A33aﬁ 0 0 0 0 O
A4111aﬁ 0 0 A44(w 0 A42f?1 0@
Al 0 0 Ap ¥ 0 AL =D
A0 — 0 A22 m 0 0 T _ (?1 0 O (?1
w 0 0 Appm O o 1 Agp, 0000 Agpp,
Al 0 0~ 0 0Apg, O
with
01_h3 17T \T 01_h 02_h3 17T \T7T
AZSa - E(‘Ds ](-x Q\) Ds A32a - _Dse D Alla[ﬁ E(‘Ds Ioz ‘De) [‘3 De
o, n?
A2022aﬁ = 720 (Ds 1]<—MTQ\ )TDaQI/J A2042w’3 = E(‘Da 1ITD >T[TD A£22l¥ﬁ (A204204/5)T
3
Alllllaﬁ = %(Ds 1[TD )T‘[TD A3131w5 Q‘I/é ! fDé )TIﬁT‘Det]
h5
A2121a[5 = 7— .5 Q\ TI} Q| + 5 e DLT) TDS (eb’DLT)] A4111(x3 <A1141u[f)
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n? R,
;?32@8 = E(est)TDtﬂ Affaﬁ = E(Ds 1[aTDet )TDst“B A201}?,1 = (A1O2R1 )"
11 I —14T T+T 0 h’ T
4400 = E(Ds [a Det) [[1‘ Det A12R1 = E [_ 2l)e[}?e + (kll +k22 )Q| + DEIRDL ]
h3
A101}?2 = E [ 2De ([RRe + [}?Rw) + [RTe DeIRe -2 (kn + k22 )De[}?e
+ klleZDe - Dti 1D}€? D]i’s]
I T
A104R2 = E o DeQIRﬁ[R o [RTs DeQIR +2 (kn + k22 )De[R Az?lm = (A1O4m )
- (kn + k11k22 + kzz >Det + ([m + [RRLU)Det
h5
Ay = o5 | 18D, +9 g, D, =2y + ko) D)) I, + ey Ko D,
o Dthg;; 'DRK +6 (_ 2'D8[HE + (kn G k22 )De
+ DL ([RTDe + DetT]Rg - (kn i, k22 )DetT))]RDLT
h3
A204}?,1 = 12 (De[R N [1%; Det) Az&m = (A204R1 )"
h3
A:§)3R2 = 12 [2Ds€ReR + 6£Ds€5: —2 (kn +kyy )DseR ] (ku —kyykgy T Koy )Ds]
h3
Az&m = 12 [ 2DetT[Re[R + [RT D Ip+2 (kn kg, )D(f[R
- (kfl + k11k22 L k’§2 )Dt
h3
Alo?)li?a = 12| D.1eg,— [R]; WL (kn + Ky )De[a + De[aDm
- ([}g Det . (kll + kQZ )Def - De[R)Dtoz - DR]; e(f])s
h? P
A??ll}?a = E [‘Dseu‘DRe + (kll i k22 )[ozTDeT_ D}gp DSTDS 1[(,VT‘D6T]
h3
??41}?(1 = E - Dseﬁea - (kll + kZQ )]uTDet + (kll + k22 )Dsea
- e]:gDsTea + D}g;a ](,VT‘Det
K T T T
AZ?SIRQ = E [_Det];yef?(y+[RDe‘[(,v+‘Det Ia‘DRAP] (55)
If I~ +hR, we are only interested in obtaining an energy functional

asymptotically correct up to the order of h/R, it is unnecessary to calculate

the refined warping functions with respect to h/R because they make no

contribution to the energy up to the order of h/R. Therefore, one needs

only to find the 3D refined warping fields of the order of A/l and simply
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perturb the zeroth-order result. Then, the 3D refined warping field can be

constructed by discarding all the terms of initial curvatures, which leads to

. 1 92 h 2 -1 77T 1'3
v= 9 L3~ 9 D, I, D, g;a+?l)\\aﬁ;a+Dsa<‘03;a

1 h\?
U= T [903 - (5) }Dta(pll;a

All the information needed to obtain a total energy functional that is

(56)

asymptotically correct up to the order of u(h/ l)252 and ,u(h/R);2 has been
found, viz.,
211, =€T(A"+ Ay Je+2e7(4)'e  +ATE ) +ELALE (57)

Before closing this subsection, it is noted that in order to obtain the
asymptotically correct energy functional, integration of parts with respect to
was naturally introduced into Yu [13, 14] for no apparent reason. However,
according to Lee and Hodges [29] and Lee [30], one can observe that it
causes a violation of the positive definiteness of derived stiffness

coefficients, so it was not applied in Egs. (53) and (57).
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3. Universal 2D shell model from the LW

perspective

Carrera and Brischetto [9] and Demasi and Yu [8] provided an excellent
review of various ESL- and LW-based shell models that had been applied
to the analysis of multilayered and sandwich structures by comparing 3D
exact solutions as well as the results from these models. In particular, they
have shown that since most of ESL-based models have significant problems
to accurate predict mechanical characteristics of sandwich shells with very
high FCSRs, LW-based shell ones should be used instead. Moreover, as
pointed out the Berdichevsky’s works, to accurate predict the mechanical
behaviors of the sandwich shell, the 2D generalized transverse motion

measures, “in the worst case scenario”, iS chosen to be on the order of

(1/ h)é due to mismatch between constituent materials.

For this reason, from the LW-based perspective, let us first regard the
sandwich shell as an assembly of three individual layers with mismatched
constituent material and geometric properties and describe each layer of
which as an equivalent 2D shell model composed of material and geometry

having different orders.

3.1 PA(OOEE)

The energy functional storing in the composite sandwich shell and based
on asymptotically correct through the zeroth-order can be obtained by

utilizing Eq. (45) for two skin-layers and one core-layer, resulting in
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20T = (€M) TANEN) 4 ()T A (%) (58)

where the superscripts A(=t,b) and c¢ identify the quantities at the
“top-skin”, “bottom-skin” and “core” layers of the composite sandwich shell,
respectively. However, because the numbers of required DOF of Eq. (58)
are much higher than ones of Eq. (45), attempt to utilize this directly will
meet with the same difficulties as the 3D elasticity-based approach.
Therefore, to maximize the simplicity and enhance the efficiency of the
present approach, another expression of the energy functional for composite
sandwich shells is inevitably required.

Similar to the analytic framework proposed by the Berdichevsky’s works,
twelve continuity conditions at each skin-core interfaces are first introduced
into Eq. (58) to reduce the numbers of DOF up to six and then to develop
the energy functional in terms of the only core-layer’s 2D generalized LK
strain, transverse motion measures and initial curvatures of undeformed

geometry. (&, K

, ¢; and K ). First of all, eight of them can be specified
by defining the interlaminar 3D displacement continuity conditions with

U=R—r such that

t _T171C b e
U |z§=fh’/2_U x5 = h°/2 U xlg:h”/2_U x5 =—h*/2 (59)

Ty =—
Alternatively, by substituting the following kinematic identities with

b, = b} = b5

R S i RS R
' =r'+ 7b°3 + 7bt3 r’=r— 7b‘3 - Tbbg (60)

into Eq. (59), it is straightforward to be replaced with the -continuity
conditions of undeformed and deformed position vectors at the interfaces

between the core-layer and two skin-layers, such as
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~

t _ c ~b _ Jc
Tlat=—ny2 =T |ag=n/2 Folat=ptye = T ot =—ne/2 (61)
and
St _ pc 5 b _pCc
R |x% =—hnl/2 R x5 =h"/2 R ah=hnb/2 R x5 =—h/2 (62)

Although the universal model developed by the Berdichevsky’s works
satisfies the interlaminar displacement continuity, it does not mention about
the aspects related to transverse stress continuity as other six constraints. By
definition, the interlaminar continuity conditions of the transverse shear and

normal stress fields can be obtained by

i _c t o
& at=—h'2 I Fg =Hh/2 " ah==h'/2 T BF="h"/" 63
O‘b = O-C o-b pas O,C ( )
slab=nb/2 s |a§=—h/2 t|ah=n"/2 blag=—h"/2
where
0= D,@2I) =Dy,
(64)

0,=DIT,+ DT, =D '(p,+Dle)

Before imposing Egs. (62) and (63) on Eq. (58) to reduce the numbers of

DOF up to six, the continuity conditions of undeformed position vectors can

be first mentioned. Firstly, let us try to establish the relationship between bti

for the top skin-layer and b for the core-layer. By differentiating both side

of Eq. (61) with respect to z, and then introducing Egs. (3) and (4) into

«
the obtained result, the relationships between Lame parameters for the upper

skin-layer and Lame parameters for the core are given by

Al=ALS! (65)

a T
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h* R h* R
with S} =1+—|14+— |k, and S5 =1+—|1+—|k,.

2 h¢ 2 he
And then, to find the relationship between initial curvatures, differentiate
both side of the following kinematic identity b, =b% with respect to z,.

Initial curvatures of top-skin layer can be specified in terms of the initial

curvatures of core-layer, such as

S =K, (66)

[eRaneTe’}

Analogously, one can also obtain the relationship between &’ and k°_ such

(e7e} (e7e%

as

Sikon = Koo (67)
nel [ B W
with SP=1—— 5 [ +§]k§1 and S”—1«7[1+ ” ]k;;2
And, let us try to establish the relationship between B and B! for two

skin-layers and B; for the core-layer. By differentiating both sides of the
first equation of Eq. (62) with respect to x, and then introducing Egs. (19)

and (44) into the obtained results, the first-order derivative of R on the

interface is given by

ht ht ht ht ht
Alt[(l +8§1 - 7f(1t1 - ?‘Pfiu - 7k§130§)Bt1 + (532 - 7"%2 - _90;|1)B;
ht ht . . hc ’ hC hc .
+(= 790;1 + jktn%oi )BS] = Af[(1+¢f; + 7]{1(1 +5 B) — %t kn 5)BS
. hC hC . hC hC
_’_(8124_7"512 9 9021)B + (5 9 P31 9 ny 1)B3] (68)

and
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ht ; ht ht ht ht

AQt[(StQI - 7"{21 - 7‘P§\2)Bt1 +( "‘522 - ?Kth - 7903\2 - ?kgﬁg )BtZ
ht ht . . h() . hc . .
(= e Kb JBS) = ASl(el, + ok + S0l B
C hc hc C hc C (& (& h(,’ (& hc C C C
+(1+ €9y T 7K2t2 + 7‘?2;2 + ?km%@?, )BQ + (3903;2 - 7"722302)]33] (69)

Similar to the kinematic identity suggested by Yu [13] under the small
strain assumption, the relationship between these two sets of basis vectors

can be specified by a direction cosine matrix which will be expressed in

terms of the partial derivatives of ; with respect to x,

Bi By |G Ge Gl (B
B;|= PP B|= 02t1 C2t2 C2ts B (70)
Bi| B [Gic. Gl

Multiplying both sides of Egs. (68) and (69) by BS, one obtains

ht ht ht ht ht
Sf[(1+5t11_?Iql_7¢t1|1_7k§130t3)B§'+(5§2_7“§2_?%Il)B;
ht ht . hc . hc y
+(= 7903\1 + ?ktnﬁ)Bé]'Bs = 7903;1 - 7’%19@1’ .
PRI A =T - L, ZaL AT
S [(521 - 7"521 - 7901{2)131 +(1 teg = iz 7902& - ?k22903 )BQ
ht hz‘ hc hc

+ (- 7%03\2 + ?thQSotz )Bé]Bg = ?305:2 - 7/43;2@3

Considering the fact that we assume the strains to be small, one can easily

inspect that

C C

(& C C h (& C C
_(903;1 - ku‘Pl)’ CZ’,tQ = _(903;2 - kzz%) (72)

o =
31 9 9

When the following identity for the third row of the direction cosine matrix
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in Eq. (71) is also restricted
(ChP+(CP +(CP =1 73)

one can deduce that Cj; =1. Having known the third row of the direction
cosine matrix, one can obtain all the other components in this matrix
according to Hodges [23]. Using the fact that the direction cosine matrices
CB® and C® B are transposed and inverted of each other, one can finally
obtain the following relationship between B! and B:
t _nec hv c cliLPc c [ hc c c C c c 74

Ba - Ba + ?(903;& _kaagoa)B3 B3 —— 7(%03;0[ _kaagoa)Ba—’—Bi} ( )
Analogously, one can also obtain the relationship between B? and B; such
as

[ (6]

¢ h c ¢ e\npe h c ¢ e\pe c
fo = Ba w7 ? (()03@ R k;aasooc )B3 Bg = 7 ((103;& B kaasoa )Ba v BJ (75)

From Egs. (62) with Egs. (74) and (75), we can then derive the following
kinematic identities of the generalized LK strain and transverse motion
measures of two skin-layers in terms of the corresponding ones of the

core-layer,
& =& TR I+ T + Dnla + T 105 (76)

where & =—4& =1 and

c A c c
R e I L AR
77
A )\h)\ A )\h)\ ( )
lo=0—51 I'ip=56—1I
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Similar to Lee et al. [1], plugging Eq. (64) into Eq. (63) with Egs. (74)

and (75) we obtain ¢’ and ¢’ in terms of ¢ and &, ¢’ and &°

A __ FAc ¢
o =Py

e . 78
cpg = M'/;\‘(«:L + Wi‘lpg + Wg\eA (78)

where

R [ G v A R R AR S

By using Eqgs. (76) and (78), the kinematic identities of the generalized LK
strain and transverse motion measures (£ and Eb) of two skin-layers for
PA(OOEE) can be derived in terms of the corresponding ones (£°) and their

partial ~derivatives (€7)) of the core-layer through the zeroth-order

approximation. viz.,
e SRR P T, € (80)

Where the associated operators used in Eq. (80) are also defined as

rAry o o

o 00017, 0017y, 0
0 0 0
=l =000 0 | T=lo0 0 o] @D
33 A A\
Ty oI 0001k 0073, 0

with
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D ) N A e A FAC A e A g TAC
Fll - FQ? - AS F12 - FK F33 _QSH F41 _WS F42 _WSFI{

A c A A c A0 e A Ac
F44 - w)l F14R - FLRW/\L F4APR - wﬁ\ (FLR + FL RWL ) (82)
Fl)g’)a = ||($ + [ﬁaéﬂ\c Fﬂi\l?a = Wi\ ([ﬁ\s + Ij\Ta@/\\C)

Here A, denotes the 3<3 identity matrix.

Finally, for any FCSR, LTR and RTR cases, we have all the information
needed to obtain the zeroth-order approximation of the asymptotically

universal shell model with the following energy functional:

20T = (€°) A TH(E) +2(6°) TAY (€S ) +(E5,) T B o T(ES) (83)
where

A Veff — (ﬁ)TAOA(ﬂ)+2(ﬂ)TAOA(I‘}%O
A£1eff: (IV\)TAUA(QO)_HFEO)TAOA([Q
B;éeff: (I-‘:\IO)TAO)\(IQO)

)+([1;\%0)TAOA([1;\?Q)+AOC
’) (84)

3.2 PA(11EE)

An energy functional of 2D laminated shell model derived by the VAM
found in Yu and Hodges [28] asymptotically correct up to the order of
h/R, it is unnecessary to calculate the refined warping functions with
respect to h/R. However, as a validation to demonstrate the capability and
accuracy of the present approach, the cases of numerical examples [~ R
should also be included. Therefore, in the present approach denoting by

11EE, we calculated the refined warping function with respect to h/R as
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well as h/l (See Sect. 2.2.3).
The energy functional storing in the composite sandwich shell,
asymptotically correct up to the second order, can be simply obtained by

utilizing Eq. (53) for two skin-layers and one core-layer, resulting in

20T= (*)T(A"+ Ay + AR (EY) +2(€°) TTAJNEY ) + AR NEL ) + ATNE )]

+(€)T(A A+ A+ A )E) +2(E) TTAES, )+ A(ES, )+ A(EN)]
H(EL)TANENY) +(€,) AL E) (85)

In the same way, as in Sect. 3.1., we can then derive the following
kinematic identities of the generalized LK strain and transverse motion
measures of two skin-layers in terms of the corresponding ones of the

core-layer,

_ Ac, ¢ c c A A
8 ¢ +F o +ﬂ\a@\\a+maﬂ¢3aﬂ+ﬂ\a(plla R<»O3+FLR903

C C c, C (86)
+ﬂR sOHw—'—I—V\ ( +F)\K’ +F1R503+Fil%(p3)+[‘\x1&y( HaSOIIa"FF\IuSOIIa)
where
A e A g
Ffs_ us hla FHXJ(? :h_ileﬁ?
\ \ h(’ h/\ [‘)\ hc h)\ (87)
Iy =14+ |r, — 2 h+2r
R [ h( Re | Rev 2 h(/} Ra

From Eq. (86) with Egs. (74) and (75), we obtain goﬁ\ and <p§ in terms of

@il P € and €°
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90’\—q§/|\54p”+q§/\ & 4 PR +§Z5A(a<p§a+d5’\ —i—@iacpg N

e RQ SDZ o3

+¢%WW+§@WN AL&ﬂ§a+gwm_HmMWk+¢L&M&y
W W Wl W U ) U T

+me03 F U ity U o F T T oy + 0 o 00l

(88)

where
c\2 A \2
ax =y e ey =) {(DS D[ )aa}
e )\hc 1 e c /\h)\ N\—1 771\
o), == 8 (D)) DD, —e,) P, 5?(1)) I'D
A )\h)\ A )\hc 1 e c
éia:— ?(Dsa—ea) quR ?(D) Ds(D +e}?)

y Lud

ta

A ) ¥ A )\h’ N=1 e pe
gpLRa: o | €RCa [lov = Y (D) D[D

n ; h \Tre
L S AR TR LA VO AL
Ep)\(: (hc)2 (D/\)*ch(Dc _S(Dc )T]‘L ) ( ) (D)\ _S(D)\)T[/\ )

KR~ 12 t t \" Rk i Re 12 Rk 1 Re

Wy = (D)) DL+, — (D))

2
. K¢ i e(e \Tre e e K¢
T L L A L R AR AU
A A
=0 (Dp,— (D) 'Lp) Wy ==6"7- (ke + ki, — (D))
A\2 A\2 (89)
WiRR:(h ) (DY) I, Iy Wl&y_(h ) (D) Teq,

By using Eq. (86) and (88), the kinematic identities of the generalized
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LK strain and transverse motion measures of two skin-layers for PA(11EE)
can be derived in terms of the corresponding ones and their partial

derivatives of the core-layer through the first-order approximation. viz.,

EN = (I + Ty + )€+ (I + Iy, )€+ TEC (90)

«

Here the associated operators used in Eq. (90) are also defined as

0 0 I}, 0] 00 0 IT.s
r=| 0 SEvANNeaSL’ s
¢ Igia L30s 0 T3, P OOFSA?)W 0
00Ty, 0] 00 0] o1 s
FllRpl/\QR 0 Iig 00 0 Fﬁ}m
0 gl 00 DO 0% o€
D=0 o 2, o | TE5lo0r,, o 1)
F4A13F4A2R 0 F4/\43, OOIZE%RR 0
00, O
v |00 5m, O
¥ (08,0 I
OGEE - 0

with

F3)\1a' :@;_F@?a—i_@/la(w;\(_‘_wi) 1?204 :¢2§1+<¢?&+¢/\ v, )1728

lae

A c e c __gAC c A\ A FAcC
F34a - Q)\La +¢La¢i Iiiia - WHEM +Wi\ ([ﬁ\a + [Aaéh(’) +¢Ha¢”
Fl);la[} = Ij)faﬁ + [ﬁ(y (QY\LC/} +¢/\L ﬂw)j) Fg@ﬁ - 6)\7]&6[3

A _ F c e A c c A c
Fssaﬁ =, ([ﬁa + [ﬂ\ﬂ(p\\ ) —i—diuy[ lls +W?FHA¢3 + @el—\!\xﬁ —l—Wﬁﬁ)@ﬁ\ ]

A —__ 2 T\e A A c Ac
F44a[3 - !peljiuﬁ + (Eps[ﬁ\a _,_WHO)(@)\L{} +@iﬁwL )
Fl)\lR = FJX; +FXLR(W?C +Wi) FleR = ([%:+me2)11:¢ FQXQR = F;zc
I =P+ Py Dhp =Yl T W+ W+ W0 o+ p) (0 + )
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T =T + W)+ UG+ (BT o+ 0 )L

F4/\4}z = %\Fxfzz + Q)Af}z + @iﬁuz + LPALR)Q)Y

Dipr = g (DY p+ 1) g0°)+ 1) g0+ WY ) (14 07Y)

I 3/\333 = Qjﬁfm + éﬁ\R @ﬁ% + @ﬁR@ﬂ\c> + @ﬁ\RR I ‘

I 4/\3}?1% = (LD? F?%c + W?R) (F\f}?, + FXLR@LC) + WYER + W\L RRQ/\LC
(WD) g+ 0 )T+ 0 ) (L4 0Y)

Iy o = Do (@ + D)) + L, + (D, + 1) 005+ 10, 9)°)

e

c A FAC
+ 1\ (047 5))

llex llev
he

F;:}Ra = 5)\?1063%
F?y);l}i’a = (@?a + QS/\Lay—/?)([iCR = Ij)\LR!I/ALL) ik gp/\La (W/\LCR & Sp)i Rgp)\f)

+ ¢)\L(:Roz + Q/\Ll?aw/\j i Qjﬂ\R (ds)fa s @iawic)
F4)1\’)Ra = (!p?[ﬁ\a A Wﬁ\a )(dsﬂ\;f e @ﬁ\R@ﬁ‘(:) + Wi\[ﬁ\;&x + mfcﬁa T !pﬁ\l?a@ﬁ\c

A c Ac
+ (@ D + Vo) [y + 1.9)°) (92)
+ (D) 4+, P+ T+ (0T, + 3, )P

llev e [l llev

Finally, we have all the information needed to obtain the universal

asymptotic model with the following energy functional asymptotically correct

up to the order of u(h/l)Zé2 and u(h/R)2<::2

2= (SC)TA Oeff(gc) +9 (SC)T[A(Sleff(E;Ca) R Agéeff( iyﬁ) T Ab(zgiff((c;;caﬁ’y) ]
+2(€) T;fl<?§§§ff§8§’ma) +(&,) Tfié:i(ffb) +2(€,)7B,5 (€5 (93)
+2(8,) B35 (E5,5) + (€1,) G55 (E2,)

where

A% = (P Ty D) "ANI A+ Dy D) + (5 + 1) AR (D + Ty +20,)
+ (D) AR (PN 42+ 200, + (D) "A R () + A%+ A + Aps

-4 -



/loleff

(P4 T+ D) TAND 41, ) + (P + D) TAN D 4+ T, ) + AR
D) TAR () + (P AR (D) + Ty, )+ (D) TAPN D + T+ T)
YA+ AIND + T4 Ty) + (D) TAPN P + T+ Ty )
WVTARND + )+ (D) TAPN T 4 ) 4 (D) AN ) + A D
+ Dy D) PANIR )+ (D + ) TAR(D ) + (P AR
) (A ARy + D)+ (D) TAZND + Ty 4 Typ)
) AN+ Iyy) + (I )74 W (3) + (L) TAZN P + 1)
) TASNDN )+ A%
) (A APN(D,) + () AZND +1y,)
YTAIND, )+ (D) "AZNTY)
)TATND))

+++||
3

02eff
/4a3

(

_l’_

(
(
(
(
(

+
=3 i

_%
?U

(
A=
i
r

_l’_

Odeff _
/4a375 (

BT = (P4 Dy JANDS + Ty,) + (1) TADN (TS 4+ D)+ (T, ) TALNTS)
+(I)TABI) +2(I) TADNP + Ty + Ty +2(1) TSN +175)

_l’_

o D
2(J g )TA°1A(ﬁ+I“)+2( )TAOU(F*)
r [“Jrfj‘W)TAm(P\+P\+I’X )+ A
w—i—[’?&x)TAO)‘(I’X

i A}

= ) (BTG, )+ (1) AP+ 13,
)
)

B =( s )
[ (F(XM)TAOI/\(P}Y) (['X)TAOZ\(FX-FFX) B ) T4, (T )_|_(FXBU)TA02A( )
(FX—FFX) (AUD\) (I,g’y) () (AOD‘)T(]%
+(P + RS TAN P T
Bt = (1) AN (D) AN + (P + Iy T AT
G221 = (1)) TANIY) + 2(P) "AYNE) ) +2(T ) TATA () o
+ (I + D) AR NTS + L)

y

3.3 PA(22CS)

An energy functional of the approximation theory denoting by 22CS is
similar to the energy functional derived by the VAM found in Yu and
Hodges [28]. Therefore, the energy functional storing in the composite

sandwich shell, asymptotically correct up to the second order, can be simply
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obtained by utilizing Eq. (57) for two skin-layers and one core-layer,
resulting in

21T = () T(AP+ Ap(EY) +2(€) T[AINED ) + ATNEL I+ (€,)TANED,)
H(E)T(AY+ARE) +2() T[AYE,) +ATEN] +(€5,) TAL(ES,)

(95)
In the same way, as in Sect. 3.1., we can then derive the following

kinematic identities of the generalized LK strain and transverse motion

measures of two skin-layers in terms of the corresponding ones of the

core-layer,

&' =&+ LR TGt D agfian T Hatha T 1105 103 (96)

From Eq. (86) with Egs. (74) and (75), we obtain cpﬂ\ and g0§ in terms of
@il 5 € and €&

cpﬂ\ = @ﬁ\cipﬁ + @?(‘;efa R A @’\fagog;a +@ &

e s D) o
SRR e, ey 97)
0y = + U5 + Wi, + B L,
Oty T ol

with

Ack A h(f A\—1 : ¥ A h)\ A
Dy =—6 5 (D;) 'Diey Dp=—0 "¢
vy = 5A7 (DN DD )Ly W= 5A7 (DY),

By using Eq. (96) and (97), the kinematic identities of the generalized LK

strain and transverse motion measures of two skin-layers for PA(22CS) can
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be derived in terms of the corresponding ones and their partial derivatives

of the core-layer through the first-order approximation. viz.,

EN = (DT )&+ (LNEL + T 5 (99)
Here the associated operators used in Eq. (99) are also defined as

00 0 I\,

00 0 0 . o
Iry= with gy, =P+ (100)

: OOF?’R 0 A% A e Ack A M\ TAc
A¥ L=, LR+WLR+(W5 LR+WLR)WL
00 0 I'pp

Finally, we have all the information needed to obtain the universal

asymptotic model with the following energy functional asymptotically correct

up to the order of u(h/l)zé2 and u(h/R);’2

T = (8C)TA06“(86)+2(88)T[A21ef[(8;ca)+Ao€)§eff(86 ) Aggsff(gagﬁ)]

+2(80)Tf£é’eyg[(gc 370) (80 )TTBHMf(S;:ﬁ)‘i‘2(8;C )TBigsf% 037) (101)
c 13e c c 22¢ G
+2(85,) Bty (€155 + (€55) " G (ES,)

where

AP = (P 4+ D) ) TAND + 0 ) + () TARN (P + 200 )+ A"+ A
AgleffZ(f')‘—i-fA*)TAo’\( ) FX)TAO/\( )

() AP+ T+ () AT + 40
A(Sgeff_(fﬂ_i_[&]\%)TAO)\( W}) ( )TAO/\( a/})

+ ()T (AINT) + () TAZND + Ty

(T ) TAINDY) + (T ) TATNT ) + A%
AR = (1) (Amxm + (r“)TAg“uj)
ARest= (1) TANE)
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BT = (E) AP + (D) AR ) +2(7) AT 1)
+(1~A)TA11>\(F>\ F;;) A;lc

B = (1) AN )+ (1) AP + (1) AP
YA, ) ()

Bt = (P ADND) + () AP + () AT

GE = (12, TAPNI) +2(1, ) TADNI) +2(1,) TAT)
+( )TAH’\( ) (102)
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4. Recovery relations from 2D to 3D

Now one can use the stiffness coefficients as input for the 2D shell
theory to accurately calculate the 2D displacement field, generalized strains
and stress resultants of the composite sandwich shells. However, in many
engineering applications this is not sufficient. Recovery relations, (i.e.,
expressions for 3D displacement, strain, and stress fields in terms of 2D

shell variables, their partial derivatives and ;) are necessary ingredients for

such theories. Indeed, one of the ways fidelity of the sandwich shell model
can be evaluated is how well it predicts the 3D fields for the original 3D
structure. Hence, comparison of results obtained for 3D field variables from
the recovery relations versus those from a fully 3D model should be a

significant part of validation for any composite sandwich shell theory.
4.1 Second-order approximation (22CS)

Before deriving 3D recovery relations from the 2D shell model (22CS),
let us recall that the universal asymptotic model that has been constructed
only ensures a good fit with the asymptotically correct 3D strain fields (thus
the 3D stress fields) and interlaminar 3D displacement/transverse stress
continuity conditions through the first order in h/l and h/R, while the

energy functional is approximated to the second order in h/I. Thus, in order
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to obtain asymptotically correct recovery relations that are valid to the same
order as the energy formulation, the VAM iteration need to be applied one
more time. Using a procedure similar to that of the first-order approximation
from the ESL perspective, the 3D warping function of the second order in

h/l can be simply expressed as
Y= EH +2z, and y; = Yy + o+ 2, (103)

Substituting Eq. (103) back into Eq. (28) then into (37) and by
considering the warping constraint in Eq. (21), one obtains the following

warping functions: for z

1 h\
A= % ] (5) } (Do + D, DO — D, Dyl (wgpyag) - (104)
And for z,
1 2 h % — 147
2’3_6 Ty = 5 ((DwDé ]{jDe)(ng:aﬁ)
1 hy b
+Z{ i 5) ]Dtuﬂlfr 933_5(5) }Dt 16517.@65DLT}(%§) (199

+ (Z)tozDsB B D; 1€§Dseﬁ)($3¢3;aﬁ))

From the LW perspective, let us now consider the interlaminar
displacement and transverse stress continuity conditions up to the second
order. In a manner similar to the procedure used to obtain the kinematic
identities of the generalized LK strain and transverse motion measures for

the first-order approximation, one can obtain the following kinematic
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identities of the generalized LK strain and transverse motion measures of
two skin-layers in terms of the corresponding ones and their partial

derivatives of the core-layer for the second-order approximation. viz.,

€8 = (I + Ty JE 4 (I + T el + Tl + Tag £ (106)
Here the associated operators used in Eq. (106) are also defined as
Oig Toe 0 Tig 00z, O
v _| 0 T M0 1B 4A 4 00, O
g g M1, 0 i 112 Y
Iivr Tise 0 Tiag 00z, O
— N (107)
I‘i\laﬁ [‘1\2@[3 0 I‘izlaﬂ 00 fg\?)a By 0
ey BB s o _[oo 0 0
N 0 0 F;/S\Saﬂ 0 0 Y E I§4aﬁv
,[‘i\lu/} [‘22043 0 Iilaﬂ, gy I':l\iiaﬁ'y 0
with
T =0T + W+ 00D, o+ )@+ )
Lipp =Wl + W)L+ 05 + T o+ W) 0T
L c* * e c A c Ac
Tispe = D @ +B0B) + Dy + (L, + 1) g2+ 1,90
+ 1)o@+ 97, 2)°)
FS):;?& = (gpe):\a + QY\LQW;\ )(IALLR + [iRLpic) + @1 «a (!p/\fjf + W/YRW)\L()
+ Q)\LCRQ + QsAL Haw)\f + @ﬂ\; (é/\fa + QY\LQWY)
Ligpe = 1, + )@ +P)) + O L, + L, + ) (L + 17, 27)

+ Epﬁfh + lpﬁ\}?u I ‘+ (W?[ALR + WTR) [![/ﬁ\(f + 'I/? HLi + (W?[ﬁ\a

[y =010+ )+ 0\ (0 + 0]
[(1\2@3 = Iﬁ\a [(152; + ((p?ﬁ +¢i 3@» )F\hc]

+ 7 )P

‘(!
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T _ F)\c A A A c %) c ’) A\ c
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4.2 3D Refined Recovery Relations (22CS)

By subtracting Eq. (1) from Eq. (22) for one layer of the composite
sandwich shell, 3D displacement fields can be first recovered with Eqs. (44),
(56), (109) and (105) through the second-order as:

Uy =u +$3Céa m( L3P )+Q3ay3+0f3U3+Q3aU3+O/3Zﬁ+Q>>aZ‘5
Us =uy +333( —1)+ Gy (xs%) + Cézay?, + CB(yUu + 03”3 + Cz'mzu + C3Z3

(110)

where U, are 3D displacement measures in the b, basis, w; are the 2D

7

displacements in the b; basis, and Cj; is the direction-cosine matrix relating

B, and b, given in Eq. (13). In addition, to recover the 3D displacement
fields for the composite sandwich shell, the following continuity conditions
are established from Egs. (62), (74) and (75): for the top skin-layer and the

core-layer,

Uy :uOLi? 9 hC « i 2 2
R g » h¢ Rt - h¢ R (11
== 2,2+ e e )
and for the bottom skin-layer and the core-layer
ubzu“’—l-ibbc&'b—ﬁ 1 h—b a_aé(ic@”'—b(ﬂb)
« « 2 Ba 306 2 hC 3a ait g T 9 i
hb . R hc hb N R hC hb (112)
b _ ¢ c b
Us —u3+?C§3 fsa_?{l*'ﬁ}( 33_1)_0361(7%‘*' 9 ¢;)

From Eq. (25) through the second order, one can also recover the 3D
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strain fields for the individually layer of the composite sandwich shell as

I, = et agr L (g, +vp,) + L (ypy +ys) — 2yl (et ayn)
2L, = @ tu + 2 e, (2305, T Ys0 T 03.0) —€plT50)) (113)
I, =, +y3/+v3/+z3'

Finally, the 3D stress fields can be also recovered in a straightforward

manner using the original 3D constitutive relations:
Ue :DeFe+‘Det]—;€

g —PH{oF~ (114)
Ut i ] Defpe +l)t[‘t

Finally, one obtains the 3D strain/stress fields for the composite sandwich
shell (22CS) by introducing Eq. (106) into Egs. (113) and (114).

4.3 3D Recovery relations with stress recovery (00EE&11EE)

By subtracting Eq. (1) from Eq. (22) for one layer of the composite
sandwich shell, 3D displacement fields can be first recovered with Eqgs. (44)
and (56) as:

U =1 +‘T365<y+6:u( L3P )+Cguy3+03vg +C‘Z’)(xv
U3=u3+:v3(0 )4—6’ (x3<pi)+C§3y3+C' v +C’3v3

3a”«

(115)

The underlined terms are additive higher-order term which will affect only
11EE approach and can be simply dropped for O0EE approach. To recover
the 3D displacement fields for the composite sandwich shell, the following
continuity conditions are established from Egs. (62), (74) and (75): for the

top skin-layer and the core-layer,
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, 116)
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“'3:“3_7653 3(y+7[1+§}( 1)+ 31'(79027 7909
and for the bottom skin-layer and the core-layer,
. th’A he hb L "’hcc hb
U(XZUQ‘F?CE;QC;/}_T[]_"‘F} Cgo_ m(?%@""?@f)
, 117)
N ST B, - S SR (
Ug:u3+7q3ciy_7{1+7}(0§3—1)_Cgﬁ(j%*jﬁ)

From Eq. (25) through the second-order, one can also recover the 3D strain

fields for the individually layer of the composite sandwich shell as

I =etxw+ 1 (373@\\;@ = qu;a) —Ip x4 (e+ x3/1) 4 IRRBxg (e+ 333/£) — Ioemxggou;a

+[R(x3g03 - oA +v3) - I&[R(xggog + y3) +x§]me

2F5 = (pH + ,Ull/ + €q (1‘3@3;@ Ty yS;Oz a0 v3;a) B 63{33390“ i UH}

2 2
7 eR{ea (x3(p3;a 3 $3y3;a) — 631’3(,0”} (118)
I =<p3—|—y3'+v3'

Finally, for the present approaches(OOEE, 11EE), the 3D transverse stress
fields can be alternatively recovered from integration of the equilibrium
equations of the 3D elasticity through the shell thickness, similar to the
approaches found in Tornabene and Brischetto [19] and Sayyad and Naik
[20]. The following elasticity equilibrium equation neglecting the body forces
is first used to derive the expression for the 3D transverse shear and normal

stress fields

- 53 .-



0y = By(— 033+ G) (119)
2

513 :_/(%011;1+%(l31+$3)2012;2)dx3

523 = /(i%m + R <Rz +333)2012;1)d373

Ry
533 = f((Rz +$3)(R1U13;1 —oy)+ (R +x3)(l‘72023;2 —022))dx3
o 1 r T 7Y 1
! (R1+x3)2(%+$3) (R, +z,)(R, —i—xg)2 (R, +z3)(R, + ;)

(120)

Where R, representing mean radius of curvature evaluated in x, directions.
Here, to estimate C; above, the associated boundary conditions at the top

and bottom faces of the shell are also provided such as

Ua;} «

o =T
a3 |, — @
’,Lrh/Q =" 1/2

121
T3 O33 By (121)

o" pu— p—
33 | Tq= }L/Q g =— h/?

In a manner similar to obtain the 3D displacement and strain/stress fields
for the composite sandwich shell, imposing Eqgs. (119) and (121) into Egs.

(63) we obtain the following transverse shear and normal stresses fields:
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o :7{( 013+CC) (122)

where
K R (—a+7)-R R (—B+7)-F R (a+5+28—27)
Ot =
BB (a,-3)-R K (~B+3)-RB R (a,+8+25—27)
L 2A,
R'R (a,-7)+R' B (~B+7)-R K (a,+8,+28—27)

(123)

with @, = (033)% = (0)F = (@)%, B, =(@)" +(@05)7 +(0y)%, 7 =(0,)°
+E)E (o)A =R E R +R B R () =()+(s)
(o) =(e)" =().

and
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5. Validation Examples

As a preliminary validation to demonstrate the capability and accuracy of
the present approach, a set of numerical examples will be performed for
various FCSR, LTR and RTR cases. Although a plate is just a special case
of a shell and the plate model should be able to be reduced from the shell
model given in this paper by specifying the initial curvatures to be zero, we
study plate examples as well as shell examples, to validate the capability
and accuracy for various LTR and RTR cases separately. In particular, for
sandwich structures (plates and shells) in which each layer is made of an
isotropic or composite material, a geometrically linear, static analysis is
carried out to compare analytical results generated in this study with 3D
exact solutions available in the literature. Together with 3D exact solutions
provided by Pagano [4] and Brischetto [5], several types of associated
plate/shell theories will be compared with the present approach in all tables
and graphics to be presented in this section,

EDN: Nth-order ESL- and displacement-based theory

EDZN: Nth-order ESL- and displacement-based theory including Murakami’s
Zig-Zag function

LDN: Nth-order LW- and displacement-based theory

EMCN: Nth-order ESL- and displacement-based mixed theory

EMZCN: Nth-order EDZ- and displacement-based mixed theory

LMN: Nth-order LD- and displacement-based mixed theory
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VAPAS: Second-orderESL-andstrain-basedtheory

It is noteworthy to point out that the present approach used 6 DOFs for its
zeroth-order (PA(OOEE)) and second-order (PA(11EE) and PA(22CS))
approximations. Here, from Demasi [31], ED types are indicated as a sort
of Advanced Higher-order Shear Deformation Theories (AHSDT), and EDZ
is named as Advanced Higher-order Shear Deformation Theories with
Zig-Zag effects included (AHSDTZ). In addition, LD theories are indicated
as Advanced Layer-wise Theories (ALWT), and from Yu [13, 14], VAPAS
denotes the second-order approximation of Variational Asymptotic Plate and
Shell Analysis (VAPAS) and has the same potential energy functional of the
2D generalized Reissner-like model. And the character M included in the
types means mixed models based on Reissner’s mixed variational theorem.
In this section, the six proposed examples are taken to be simply supported
along all four edges and are subjected to the following harmonic transverse

normal loads at the top of the whole structure

d mm 4 nm
7, =53, 50 " 3 = pysiil 7 T1jsin
1

where p, is the amplitude of transverse applied pressure, m and n are the
half-wave numbers. And L, representing length evaluated in x, directions.

Moreover, for the purpose of presenting the results graphically, the three

kinds of non-dimensional quantities are adopted in the following forms:

_ A _ A _ T
Ua:Ua £ 3 U}):Uj} 100E 4 xi’):_g
poh(L/h) poh(L/h) h
(124)
g = %8 = %3 - s
op o (L/h)? @ p(L/h) B p,
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U=U——— U-=U T, =—
© TOph(@/hy T Tpa(/h)t Tk (126)
Uoz/j = O-(,v;/f U(yS 0-(23 033 = 033
and
_ A _ T
=ty
Po (127)
— Uozﬁ — O4a3 — O33

O 3=——— O Oy = ——
aff pO(R/h)Q a3 pO(R/h) 33 Do

As the relative error Err%, number in parentheses on the right of results

calculated from different plate and shell theories are also defined as follows:

Result from the theory — 3D exact solution

F L
% 3D exact solution

X100 (128)

This section is organized as follows: in Sect.5.1., we investigate the effect
of the order transition of 2D generalized transverse motion measures due to
mismatch of material constants between constituent materials in developing a
universal model. Referring to the published literature, one can easily observe
that several benchmarks with various FCSRs, LTRs and RTRs have been
critically performed to assess the capability and accuracy of different
higher-order sandwich plate/shell theories. Therefore, in Sect.5.2. and
Sect.5.3., for the purpose of a detailed comparison with 3D exact solutions
found in Pagano [4] and Brischetto [5], let us especially consider bending
problems of composite sandwich plates/shells suggested by Pagano [4],
Carrera and Demasi [6], Carrera and Brischetto [7,9], Demasi and Yu [8].
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5.1 Effect of different orders of 2D generalized transverse

motion measures into two universal theories

Fig. 3 Antisymmetric sandwich plate configuration of the bending problem

As depicted in Fig. 3 from Demasi and Yu [8], an antisymmetric

rectangular sandwich plate made of isotropic materials is considered with
width Z, =3L, and the total thickness h=h'+h"+h" along x, direction. In
particular, each thickness of top and bottom skin-layers has h' =0.1h and
R’ =0.2h, while the core-layer has h°=0.7h. It is also a thick (Z;/h=4)
with three FCSR cases (1.25E'/E°=E"/E°={10"10°10°}). As far as

Poisson’s ratio is concerned, the same values are used as ) =1/ =1/ =0.34.
To present the results graphically, we used the normalization scheme of

Eq. (125). Together with the exact 3D solution found in Brischetto [6], the
through-thickness  distributions  of _U?,(Ll/Q,Lz/Q,E?)), Ell(Ll/Q,L2/2,53),
0,300, L,/2,75), 045(L,/2,L,/2,7,) are predicted by two different refined

universal theories: in developing a refined universal model, we take the
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present approach with ¢; ~ (I/ h);: (PA(22CS)) and the present approach with
0, ~ & (PA(22CSO)).

Here it is noted that a somewhat different asymptotic approach for
composite sandwich plates was independently introduced by Rao et al. [32].
Rather than following Berdichevsky’s works, an analytical framework similar

to that used by Yu [13, 14] was used. It involves adopting a deformed plate

triad, B,, that takes into account transverse shear deformations and assuming

the order associated with the transverse shear strains to be & throughout the
development. Although we cannot make a direct comparison with their
asymptotic models, PA(22CSO) will be alternatively used and examined
because of following the same order analysis used by Rao et al. [32] when
the corresponding asymptotically correct energy functional up through the
second order has been constructed.

First, let us take the isotropic and thick sandwich plate with not hard-skin
(FCSR=10"). From the plotted results in Fig. 6, one can observe that results
obtained from PA(22CS) and PA(22CSO) are almost identical to 3D exact
solutions because the effect of transverse shear deformation is not significant
for this case.

Next, other sandwich plates with different FCSRs are investigated to

demonstrate the dominant effect of the order transition of ¢, in developing
a refined universal model for thick composite sandwich plates. From the
plots in Figs. 7 and 8 for hard-skin (FCSR=10") and very hard-skin

(FCSR=10"), respectively, one can easily observe that the difference
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dramatically increases with increasing FCSR. Unlike results calculated by
PA(22CSO), those from PA(22CS) for both hard-skin and very hard-skin
cases has all excellent agreement with 3D exact solutions because as pointed
out by Berdichevsky’s papers, the 2D generalized transverse motion
measures are chosen to be of the order of lé/ h when the thick sandwich
plate with the hard-skin FCSR is investigated as the worst scenario case.
Therefore, this clearly proves that to model the sandwich plates confidently
and obtain accurate results over a wide range of FCSRs, it is very
important to capture the order transition of 2D generalized transverse motion
measures caused by mismatch of material properties between constituent
materials as the essential consideration when the refined universal theory is

asymptotically constructed.

5.2 Bending analysis of composite sandwich plates/shells
related to different values of LTR and RTR for a fixed

FCSR

In section 5.2.1., as depicted in Fig. 4, a symmetric square sandwich plate
is considered with identical width L= L, along x, and total thickness h.
And both skin layers have equal thickness A’ =h”=0.1h and the core layer

thickness is h°=0.8h, where the total thickness of the plate is h = 10mm.

In addition, the material properties of both skin layers are £, =172,375)/Pa

,E,=6,805MPa, G,,=3,516MPa, Gp;=1,379MPa and v, ;= v, =0.25,
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Fig. 4 Symmetric sandwich plate and spherical sandwich shell configuration

of the bending problem

where the two subs-cripts L and 7' signify the parallel and transverse
directions to the fibers, respectively. On the other hand, the core material is
transversely isotropic with respect to x5 and has FE), = E,, = 275.8MPa,
By, =3,477.5MPa, G, = Gy, =413.TMPa, Gi; =1,103.2GPa and vy =v;,
=v, =0.25. Thus, the FCSR is F,/E,, =625, which represents the not

hard-skin case. The pressure is sinusoidally distributed over the top surface
(m=mn=1). The corresponding boundary conditions for the sandwich plate
are the same as those used in the previous section. In section 5.2.2., a
spherical sandwich shell is considered with same properties of the symmetric

square sandwich plate and, in addition, geometric data for shell R=R,
representing mean radius of curvature evaluated in x, directions. And the

results have been proposed in Sect. 5.2. in terms of non-dimensional form

of Eq. (125).
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5.2.1 Symmetric sandwich plate proposed by Pagano [4]

and Carrera and Demasi [6]

Firstly, to assess the accuracy of the present approach for moderately
thick and thick plates, the symmetric sandwich plate proposed by Pagano [4]
and Carrera and Demasi [6] are carried out and compared with the 3D
exact solution obtained from Pagano [4] for a fixed FCSR and various
LTRs. The different values of LTR that are used are {2,4,10}, where
LTR=2 represents a very thick sandwich plate, LTR=4 a thick one and
LTR=10 a moderately thick one. Here to present the results graphically we
used the same normalization scheme as one introduced by the previous
subsection.

In Tables 1-3, results obtained from the present approaches have been
compared with ones from 3D elasticity theory (3D Exact) and various ESL-
and LW-plate theories for moderately to very thick cases; the percentage
relative error is also placed in parenthesis. As shown in Table 1 for
maximum transverse deflection and 2 for maximum in-plane normal stress,
respectively, the our refined approach has very similar predictions as LD2
and LD3 for all LTR cases. However, from the table, one can easily
determine that our refined approach is generally better than PA(OOEE) and
VAPAS for thick to very thick plates because our refined approach is the
universal theory based on the asymptotically correct energy functional, taking

into account the higher-order mechanical deformations of sandwich structures.
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Moreover, from the Table 3 for maximum transverse shear stress, it is
possible to see that the present approach(22CS) has an accuracy comparable
or superior to all other higher-order theories listed in the table for all LTR
cases, except the only one case of EDZ3 for the LTR=2. However, from
the results in Tables 1 and 2, the present approach(22CS) presents a great
compromise between accuracy and efficiency because the present approaches
requires only 6 DOFs for predicting mechanical characteristics of composite
sandwich plates with various LTRs.

For the purpose of confirming the above results graphically, the transverse
displacement and transverse stress distributions of the thick sandwich plate
are predicted by three different approaches (3D Exact, PA(0OOEE), VAPAS)

and plotted versus the normalized thickness coordinates in Fig. 9, where Fig.

9(a) depicts the transverse displacement distribution _U3, Fig. 9(b) the
in-plane normal stress distribution 511 and Fig. 9(c) and (d) the transverse

shear/normal stress distributions o, and o, respectively. Unlike results

obtained from the present approaches, those from VAPAS differ from the
3D exact solutions for the transverse displacement and shear stress, although
PA(OOEE) agrees well for the transverse shear stress. Therefore, one can
easily observe that PA(22CS) has excellent agreement with the 3D exact
solution (Pagano [4]) for all displacement and stress components investigated

in the thick case.
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5.2.2 Bending analysis of sandwich spherical shells

The sandwich spherical shell is considered to assess the accuracy of the
present approaches and compared with the 3D exact solution obtained from
Brischetto [5] for a fixed FCSR and various RTRs. The different values of
RTR that are used are {10, 100}. Here to present the results graphically we
used the same normalization scheme as one introduced by the previous
subsection.

Together with the exact 3D solution found in - Brischetto [5], the

through-thickness distributions of _U3, 0,15 013 04 are predicted mainly by

two different refined universal theories: in developing a refined universal
model, we take the approach with [~ R (PA(11EE)) and the approach with
|~ VhR (PA(22CS)).

To investigate the effect of the order of the curvature radius of the

reference surface specifically, all parameters are fixed except for RTR. In

Fig. 10 and 11 show the through-the-thickness distributions of —Usv T O3
passing through the centroid of the shell and c_r13 passing through the point

(O,L/Z,Eg). In Fig. 10(d) and 11(d), different shell theories are markedly
distinguished, observing that PA(OOEE) and PA(11EE) with a stress recovery
in which equilibrium equations are integrated along the thickness direction as
an extra post processing step describe the transverse normal stress more
accurately than PA(22CS) and VAPAS with a refined recovery relations in

which second-order warpings are included additionally. And Fig. 10(a)-(c)
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for |~ vhR, one can observe that results obtained from PA(11EE) and
PA(22CS) are almost identical to 3D exact solutions. From the Fig. 11(a)
and (b) for [~ R, both approach PA(11EE) and PA(22CS) have similar
error rates, however, in the Fig. 11(c), the trend of the solutions of
PA(11EE) is similar with 3D exact solutions, unlike results calculated by
PA(22CS). Therefore, to obtain accurate results over a wide range of RTRs,
the order [~ R is better than the order [~ \/ﬁ when the refined

universal theory is asymptotically constructed.

5.3 Bending analysis of composite sandwich plates/shells

related to different values of LTR, RTR and FCSR

In order to explore how the various values of LTR, RTR and FCSR can
affect the response of sandwich plates/shells, the sandwich plate problems
conducted by Carrera and Brischetto [7], Demasi and Yu [8], and the
sandwich shell problems conducted by Carrera and Brischetto [9] will be
considered. The plate problem is similar to the geometric configuration used
in the Sect.5.1. And, a curved shell panel denoted as Ren shell and a
cylindrical shell well-known as Varadan-Baskar shell will be considered,
respectively; see Fig.5. And, in this section 5.3., a metallic material of two
top skin-layers is £=73GPa, G=27.239GPa and v=0.34, while a Nomex
material of the core-layer is transversely isotropic with respect to x; and is

E,=FE;=0.01MPa, E.=758MPa,G=225MPa and v=0.01. Stiffer

skins and softer cores have been obtained by multiplying the Nomex
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material properties by various factors. Thus, three different cases of FCSR;=

Et/Ej: and FCSR,~= Et/EZ“ were analyzed; this range of FCSRp is 7.3X

{10*,10°,10*} and this range of FCSR, is 9.624 < {10°,10%,10"}.

5.3.1 Symmetric sandwich plate proposed by Carrera and

Brischetto [7] and Demasi and Yu [8]

To assess the accuracy of the present approaches for various FCSRs and
LTRs, the plate case consists of the validation problems conducted by
Carrera and Brischetto [7] and Demasi and Yu [8]. Similar to the geometric
configuration used in Sect. 5.1., different values of the thickness parameter
are treated; this range of LTRs is {2,4,10}. Both skin-layers have equal
thickness h' =h’=0.1n and the core layer has h°=0.8h, respectively.
Moreover, for the purpose of presenting the results graphically, as another
kind of non-dimensional quantities Eq. (126) is adopted.

Table 4 compares different higher-order approaches with 3D exact
solutions found in Brischetto [5]. Maximum transverse displacements in
correspondence to the middle surface are given for different values of the
LTR and FCSR (FCSR_. and FCSR,). From the table, one can observe that
our refined approaches has excellent agreement with the 3D exact solution
for all FCSR and LTR case investigated but results obtained from VAPAS
are highly inaccurate for all sandwich plates with very hard and extremely
hard FCSRs in any LTRs investigated. This can be indirectly explained that

LW-based plate theories are required to predict accurate maximum transverse
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displacements for the sandwich plate problems in high FCSR and small LTR
cases.

Next, significant stress comparisons with 3D exact solutions for different
plate theories are given in Table 5 for maximum in-plane normal stress and
6 for maximum transverse shear stress. As shown in these table, similar
observations to those made earlier can be made. Therefore, for 3D stress
predictions of composite sandwich plates, the present approach (22CS) has a
very good accuracy, generally better than all other theories listed in the
tables. Moreover, from Table 6, it seems that PA(11EE) cannot describe
accurately the distributions of transverse shear stress for high value FCSR
and thick plate due to PA(11EE) results of transverse shear stress with
unsatisfied accuracy.

To confirm the above results graphically, Figs. 12-14 show the
through-the-thickness distributions of 3D displacement and stress distributions
of the thick sandwich plates with three different FCSR cases: (a) hard skin
FCSR (FCSR =7.3x10* and FCSR,=9.624), (b) very hard skin FCSR
(FCSR.="7.3%x10° and FCSR,=9.624 <10%), (c) extremely hard skin FCSR
(FCSR.=7.3x10° and FCSR,=9.624<10"), where Figs. 12(a), 13(a) and

14(a) depicts the transverse displacement distributions U5, and Figs. 12(b),
13(b) and 14(b) the in-plane stress distributions o, Figs. 12(c), 13(c) and
14(c) the transverse shear stress distributions 513 and Figs. 12(d), 13(d) and

14(d) the transverse normal stresses o, respectively.

In the first FCSR case, one can easily observe that our refined
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approaches have excellent agreement with 3D exact solutions for all
displacement and stress components investigated, even though PA(OOEE) and
VAPAS differ slightly from the 3D exact solution for the transverse shear
stress. Moreover, for thick plates with the very and extremely hard skin
FCSR case one can easily observe that the results obtained from PA(22CS),
PA(11EE) and PA(OOEE) still agree excellent, but VAPAS is not meaningful
with those from 3D exact solutions. However, from the plots for thick
plates with extremely hard skin (largest values of FCSR), VAPAS results
were not presented because they are not meaningful. In particular, the
transverse displacement distribution for PA(OOEE) on Fig. 14(a) shows that
the difference dramatically increases with increasing FCSR in the thick case,
while PA(22CS) and PA(11EE) have excellent agreement with the 3D exact
solution over the whole plate thickness. Moreover, from Fig. 14(c), our

refined approaches demonstrate the unsymmetric distribution of the transverse

shear stress 513 throughout the plate thickness in the thick and extremely

hard skin FCSR case, while such asymmetry of 513 cannot be described by

PA(OOEE). On the other hand, similar to Shah and Batra [18], the transverse
normal stress obtained from the 3D constitutive relation for PA(22CS) on
Fig. 14(d) does not accurately capture the boundary layer phenomenon near
the top and the bottom surfaces of the composite sandwich plate. However,
the refined approach PA(11EE) of PA(OOEE), wusing integration of
equilibrium equations of the 3D elasticity theory capture accurately, because
PA(22CS) does not directly utilize the traction boundary conditions on top

and bottom surfaces of the sandwich plate. As a result, PA(11EE) does not
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have a satisfied accuracy of transverse shear stress passing through the point
(0,L/2,0) compared to PA(22CS), but PA(11EE) has the strength to capture

boundary layer effect well.

5.3.2 Single curved shells proposed by Carrera and

Brischetto [9]

(3

i......

Fig. 5 Geometry of Ren(left) and Varadan and Baskar(right) shells

The first proposed problem of single curvature shells is a three-layered
curved shell panel, as a Ren shell, undergoing cylindrical bending

(m=1,n=0). Details on the geometrical data of Ren shell are: L, =7FR,/3,
L,=1, R =10, R,=oc0. And as a second problem of single curvature

shells, we investigate a three-layered composite cross-ply (0°/90°/0°)
cylindrical shell which is called a Varadan-Baskar shell. Details on the

geometrical data of Varadan-Baskar shell are: L, =27R,, L, =40, R, =10,

R,=oc. m=8n=1, pressure acts on the top surface. Both skin-layers
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have equal thickness h'=h"=0.1h and the core layer has h¢=0.8h,
respectively. To assess the accuracy of the present approaches for various
FCSRs and RTRs, the two problems consist of the validation problems
conducted by Carrera and Brischetto [9]. To compare the present approaches
with the results from the Carrera and Brischetto [5], Figs. 15-20 and Tables
7-12 show the through-the-thickness distributions of 3D displacement and
stress distributions of the composite sandwich shells with three different
FCSR cases. As we mentioned in the above, the case of hard skin FCSR,
very hard skin FCSR and extremely hard skin FCSR will be used with
different values of RTR; this range of RTRs is {4,10,100}. Moreover, for
the purpose of presenting the results graphically, as another kind of
non-dimensional quantities Eq. (127) is adopted.

Table 7 compares different higher-order mixed theories with 3D exact
solutions for Ren shell. Maximum transverse displacement in correspondence
to the middle surface are given for different values of the RTR and FCSR.
From the table, the present approaches show better accuracy in thick and
soft-core shell case compared ESL mixed theories and VAPAS. And LW
mixed theories have relatively high accuracy compared other theories. In
Table 10 maximum transverse displacement results for Varadan-Baskar shell
are reported. As shown in Table 7, similar observations can be made.
Moreover, from Tables 8 and 10 for maximum in-plane normal stress of
Ren shell and Varadan-Baskar shell, respectively, PA(11EE) excellent
agreement with the 3D exact solution for all FCSR and RTR case but

ressults obtained from VAPAS are highly inaccurate as discussed in the
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previous section. As mentioned in Sect. 5.3.1., maximum transverse normal
stress results in Tables 9 and 12 show that PA(11EE) cannot describe
accurately the distributions of transverse shear stress for high value FCSR
and thick shell.

The results in Figs. 15 and 18 for the case of hard skin FCSR are
similar to those in Fig. 11. Moreover, in Figs. 16 and 19 for very hard
skin FCSR, PA(11EE) and PA(OOEE) using integration of the equilibrium
equations from the 3D elasticity theory capture boundary layer effect
accurately, but PA(22CS), which takes second-order warpings into account
additionally without integration of the equilibrium equations, cannot describe
boundary layer effect accurately. And also VAPAS is not meaningful with
those from 3D exact solutions. However, from the plots for thick shells
with very hard and extremely hard skin, VAPAS results were not shown for
the reason mentioned above. In particular, one can observe the strength of
PA(11EE) dramatically in Figs. 17 and 20. For the case of extremely hard
skin, to catch the boundary layer effect, the displacement-based theories have
to expand the displacement field up to any desired degree and another
theories, such as PA(22CS) and VAPAS, need to more unknown warpings.
However, due to the complexity and computational cost, just adding the
degree of freedom or unknown warpings should be avoided. Therefore, this
difficulties can be partially supplemented by using integration of equilibrium
equations as used in PA(11EE).

From all the above plate problem in this section, PA(22CS) and

PA(11EE) present a great compromise between efficiency and accuracy for
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predicting 3D displacement and stress components of composite sandwich
plates for all cases considered for FCSR and LTR. However, in the case of
extremely hard skin, PA(11EE) can capture boundary layer effect well,
whereas PA(22CS) is not satisfied with transverse normal stress distributions.
In addition, from the shell problems, PA(11EE) taken the order | ~ R has a
great tendency similar to 3D exact solutions even in the very extremely
high skin and thick case, although high error rate is seen in the results of
the transverse stress of the middle surface. Therefore, PA(11EE) with a
stress recovery as an extra post processing step is capable of characterizing
the boundary layer effect resulting from the mismatch in the material

properties between constituent materials.
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6. Conclusions

The construction of a universal asymptotic model is systematically
implemented to estimate and predict compound mechanical behaviors of
composite sandwich shells for various FCSR, LTR and RTR cases. Unlike
the companion paper [1] for plates, a universal asymptotic shell model that
the geometric parameter (h/R) should consider additionally has a great

variety of possibilities for application of asymptotic methods. Therefore, we

take the approach with [~ R (PA(11EE)) and the approach with [~ VhR
(PA(22CS)) to compare the effect of the order of the curvature radius of
the reference surface. When each layer of a sandwich structure can be
modeled as an elastic shell and all constituent material constants of such
shells are assumed to be of the same order, an equivalent 2D refined shell
model is first derived in terms of the asymptotically correct energy
functional taking account of transverse shear/normal deformation and
incorporating the additional energy contributions. Unlike the previous
derivation procedure from the ESL perspective, a new predominant order
relative to FCSR for any LTR and RTR cases should be then taken into
account during the refined derivation procedure from the LW perspective
when the sandwich shell can be regarded as the assembly of three-layered
structures with mismatched constituent material and geometric properties.
With the help of the interlaminar displacement/transverse stress continuity

conditions through the first-order approximation, the present approaches
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derived the refined model for composite sandwich shells with various
FCSRs, LTRs, and RTRs having an asymptotically correct energy functional
in terms of the only core-layer’s 2D generalized LK strain and transverse

shear motion measures and their partial derivatives. At that time, the order

of 2D generalized transverse motion measures can be transited into (1/ h)(;
due to mismatch of material properties between constituent materials in
developing a universal model. Furthermore, to evaluate the accuracy and
capability of the present approach (22CS) valid to the same order as the
energy formulation, 3D refined recovery relations are directly established by
introducing refined continuity conditions of interlaminar and transverse
stresses into the 3D displacement/strain/stress fields for each layer without
integrating the 3D elastic equilibrium over the thickness. In addition, in the
present approaches (00OEE, 11EE), 3D recovery relations are explicitly
provided through conditions of interlaminar 3D displacement continuity and
integrations of the 3D elastic equilibrium equations. Finally, together with
critical comparisons of the present approaches versus 3D elasticity and
different higher-order ESL- and LW-approaches, the capability and accuracy
of the refined model introduced by the present approaches to predict the
mechanical behavior of composite sandwich shells with various FCSRs,
LTRs and RTRs has been illustrated using several examples available in the

literature.

- 75 -



Table 1. Comparison of ng (L/2,L/2,0) from different plate theories

LTR 2 4 10
3D Exact 22.074 7.5845 2.1972
PA(I1EE) 2248 (1.85)  7.6711 (1.14)  2.2144 (0.78)
PA(22CS) 22482 (1.85) 7.6711 (1.14)  2.2144 (0.78)

PA(0OEE) 19.199 (13.02)
ED3 21.960 (0.52)
EDZ3 23305 (5.58)
LD2 22.071 (0.01)
LD3 22.103 (0.13)

VAPAS  29.825 (35.11)

7.2128 (4.90)
7.3560 (3.01)
7.8710 (3.78)
7.5931 (0.11)
7.5948 (0.14)

8.6399 (13.92)

2.1666 (1.39)
2.1132 (3.82)
2.2338 (1.67)
2.2001 (0.13)
2.2001 (0.13)
2.2453 (2.19)

Table 2. Comparison of 511 (L/2,L/2,h/2) from different plate theories

LTR 2 4 10

3D Exact 3.2812 1.5538 1.1511

PA(11EE) 3.6117 (10.07) 1.5837 (1.92) 1.1531 (0.17)

PA(22CS) = 3.3906 (3.33) 1.6628 (7.02) 1.1745 (2.03)

PA(OOEE) 2.7536 (16.08) 1.5114 (2.73) 1.1504 (0.06)
ED3 3.0752 (6.28) NA 1.1452 (0.51)
EDZ3 3.1623 (3.62) NA 1.1484 (0.23)
LD2 3.2259 (1.69) NA 1.1322 (1.64)
LD3 3.2426 (1.18) NA 1.1324 (1.62)
VAPAS  2.5066 (23.61) 1.6983 (9.30)  1.1781 (2.35)

Table 3. Comparison of 513 (0,Z/2,0) from different plate theories

LTR 2

4

10

3D Exact 0.1845
PA(11EE) 0.2498 (35.39)
PA(22CS)  0.1878 (1.76)
PA(0OEE)  0.1992 (7.95)
ED3 NA

EDZ3  0.1830 (0.82)
LD2  0.1783 (3.35)
LD3 0.1785 (3.25)
VAPAS  0.2642 (43.17)

0.2384
0.2617 (9.77)
0.2388 (0.16)
0.2422 (1.59)
NA
0.2375 (0.36)
0.2278 (4.44)
0.2278 (4.44)

0.2746 (15.19)

0.2995
0.3041 (1.54)
0.2993 (0.06)
0.3003 (0.25)

NA
0.2991 (0.15)
0.2802 (6.45)
0.2802 (6.45)
0.3064 (2.29)
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Table 4. Comparison of ng (L/2,L/2,0) from different plate theories

LTR 2 4 10
FCSR.=7.3x10" and FCSR,=9.624
3D Exact 45.6527 15.4839 7.0362
PA(11EE)  46.5644 (2.00) 15.59 (0.69) 7.0501 (0.20)
PA(22CS)  46.5644 (2.00) 15.59 (0.69) 7.0501 (0.20)
PA(OOEE) 36.4298 (20.20)  14.4284 (6.82)  6.9350 (1.44)
ED3 NA NA NA
EDZ3 NA NA NA
LD2 45.6580 (0.01) 15.4824 (0.01)  7.0357 (0.01)
LD3 NA NA NA
VAPAS  45.6515 (0.00) 152521 (1.50)  6.9878 (0.69)
FCSR; = 7.3x10° and FCSR,=9.624x 10?
3D Exact 1089.98 590.547 149.696
PA(11EE)  1090.06 (0.01)  590.516 (0.01)  149.695 (0.00)
PA(22CS)  1090.06 (0.01)  590.516 (0.01)  149.695 (0.00)
PA(OOEE) 971.351 (10.88)  566.633 (4.05)  148.38 (0.88)
ED3 NA 100.85 (82.92)  22.059 (85.26)
EDZ3 NA 507.40 (14.08)  144.20 (3.67)
LD2 1089.20 (0.07) 590.45 (0.02) 149.70 (0.00)
LD3 NA 590.54 (0.00) 149.70 (0.00)
VAPAS  3962.61 (263.46) 971.591 (64.52)  159.08 (6.27)
FCSR;.=7.3x10° and FCSR,=9.624 %< 10"
3D Exact 1469.77 1370.66 1260.32
PA(11EE)  1466.48 (0.22) 1370.47 (0.01)  1260.3 (0.00)
PA(22CS)  1466.48 (0.22) 1370.47 (0.01)  1260.3 (0.00)
PA(OOEE)  1359.12 (7.53) 1343.6 (1.97) 1255.8 (0.35)
ED3 NA 111.42 (91.87)  24.045 (98.09)
EDZ3 NA 996.59 (27.29)  944.52 (25.06)
LD2 NA 1370.1 (0.04) 1260.2 (0.01)
LD3 NA 1370.6 (0.00) 1260.3 (0.00)
VAPAS 395540 (26811)  96589.7 (6947) 15352.8 (1118)
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Table 5. Comparison of 511 (L/2,L/2,h/2) from different plate theories

LTR 2 4 10
FCSR.=7.3x10" and FCSR,= 9.624
3D Exact 2.6161 7.7334 41.888
PA(11EE) 2.6628 (1.79) 7.7881 (0.71) 41.943 (0.13)
PA(22CS) 2.7199 (3.97) 7.8643 (1.69) 42.026 (0.33)
PA(OOEE)  2.2747 (13.05) 7.2498 (6.25) 41.367 (1.24)
VAPAS 1.5986 (38.89) 7.4419 (3.77) 41.796 (0.22)
FCSR;=7.3x10° and FCSR,= 9.624 < 10°
3D Exact -6.3489 67.955 144.538
PA(11EE)  -10.851 (70.91) 67.9765 (0.03) 144.592 (0.04)
PA(22CS)  -9.0864 (43.12) 67.8398 (0.17) 144.604 (0.05)
PA(OOEE)  29.3525 (562.32) 71.1029 (4.63) 144.253 (0.20)
VAPAS  -67.5344 (963.71)  33.4484 (50.78) 95.367 (34.02)
FCSR;=7.3x10° and FCSR,= 9.624 % 10"
3D Exact 82.5078 408.17 859.639
PA(11EE)  80.5114 (2.42) 402.14 (1.48) 859.557 (0.01)
PA(22CS)  77.8032 (5.70) 398.24 (2.43) 859.208 (0.05)
PA(OOEE)  40.5716 (50.83) 160.74 (60.62) 941.799 (9.56)
VAPAS  -6987.02 (8568.31) 2614.13 (540.45)  5336.1 (520.74)
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Table 6. Comparison of 513 (0,2/2,0) from different plate theories

LTR 2 4 10
FCSR.=7.3x10" and FCSR,=9.624
3D Exact 0.3449 0.7102 1.7919
PA(11EE)  0.3541 (2.67) 0.7173 (1.00) 1.7950 (0.17)
PA(22CS)  0.3499 (1.45) 0.7120 (0.26) 1.7925 (0.03)
PA(OOEE)  0.3895 (12.94) 0.7358 (3.61) 1.8026 (0.59)
ED3 NA NA NA
EDZ3 NA NA NA
LD2 NA NA NA
LD3 NA NA NA
VAPAS  0.3963 (14.91) 0.7367 (3.74) 1.8026 (0.60)
FCSR; = 7.3x10° and FCSR,= 9.624 % 10?
3D Exact 0.0913 0.4053 1.5740
PA(11EE)  0.0640 (29.90) 0.4006 (1.16) 1.5758 (0.11)
PA(22CS)  0.0911 (0.22) 0.4052 (0.02) 1.5738 (0.01)
PA(OOEE)  0.1140 (24.87) 0.4273 (5.42) 1.5849 (0.70)
ED3 NA 0.6393 (57.74) NA
EDZ3 NA 0.3499 (13.67) NA
LD2 NA 0.4052 (0.02) NA
LD3 NA 0.4053 (0.00) NA
VAPAS  0.3887 (325.79)  0.7228 (78.34)  1.7688 (12.38)
FCSR; = 7.3x10° and FCSR,=9.624 < 10"
3D Exact 0.0012 0.0095 0.1370
PA(11EE) -0.0379 (3176.9) -0.0103 (208.42)  0.1298 (5.26)
PA(22CS)  0.0012 (0.00) 0.0095 (0.00) 0.1370 (0.00)
PA(OOEE)  0.0016 (29.55) 0.010 (7.37) 0.1387 (1.24)
ED3 NA 0.6328 (6561.05) NA
EDZ3 NA 0.0069 (27.37) NA
LD2 NA 0.0094 (1.05) NA
LD3 NA 0.0094 (1.05) NA
VAPAS  0.3887 (31434.7) 0.7227 (7507.37) 1.7684 (1190.8)
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Table 7. Ren shell. Comparison of E},(Ll/ 2,L2/2,O) from different shell

theories
RTR 4 10 100
FCSR; = 7.3x10* and FCSR,= 9.624
3D Exact 6.8695 4.0202 3.4193

PA(11EE)  6.1837 (9.98) 3.8412 (4.45)  3.4025 (0.49)
PA(22CS)  6.2386 (9.18) 3.8482 (4.28)  3.4026 (0.49)
PA(OOEE)  6.2183 (9.48) 3.8515 (4.20)  3.4026 (0.49)

EMC4 NA NA NA
EMZC3 NA NA NA
LM1 NA NA NA
LM2 NA NA NA

VAPAS  6.1458 (10.53)  3.4056 (15.29)  3.4025 (0.49)
FCSR; = 7.3x10° and FCSR,=9.624 %< 10?

3D Exact 234.88 47.587 3.8563

PA(11EE)  210.73 (10.28) 45.367 (4.67) 3.8372 (0.50)

PA(22CS)  213.60 (9.06) 45.388 (4.62) 3.8373 (0.49)

PA(OOEE)  212.01 (9.74) 45.802 (3.75) 3.8448 (0.30)

EMC4 NA 9.2064 (80.65)  3.4718 (9.97)
EMZC3 NA 46.873 (1.50)  3.8577 (0.04)
LM1 233.41 (0.63) NA 3.8562 (0.00)
LM2 234.88 (0.00) NA 3.8562 (0.00)

VAPAS  270.19 (15.03) 45.977 (3.38) 3.8236 (0.86)
FCSR, = 7.3x10° and FCSR,= 9.624 % 10"

3D Exact 447.93 730.81 45.340

PA(11EE)  535.08 (19.46) 698.34 (4.44) 45.117 (0.49)

PA(22CS)  763.31 (70.41) 703.82 (3.69) 45.117 (0.49)

PA(OOEE)  805.44 (79.81) 703.82 (4.17) 45.796 (1.01)

EMC4 NA 9.9477 (98.64)  3.4773 (92.33)
EMZC3 NA 55733 (23.74)  44.644 (1.54)
LM1 530.79 (18.50) NA 45.342 (0.00)
LM2 447.93 (0.00) NA 45.342 (0.00)

VAPAS 26674 (5854.95) 4259.9 (482.90)  45.943 (1.33)
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Table 8. Ren shell. Comparison of 511([/1/ 2,L2/ 2,h/2) from different shell

theories
RTR 4 10 100
FCSR.=7.3x10" and FCSR,= 9.624
3D Exact 1.6197 1.5516 1.5371
PA(11EE) 1.5753 (2.74) 1.5350 (1.07) 1.5352 (0.12)
PA(22CS) 1.2545 (22.55) 1.3987 (9.85) 1.5210 (1.05)
PA(OOEE) 1.5085 (6.87) 1.4952 (3.63) 1.5309 (0.40)

VAPAS 1.0146 (37.36) 1.3701 (11.70) 1.5195 (1.15)
FCSR.=7.3x10° and FCSR,= 9.624 < 10?
3D Exact 9.3821 3.2816 1.5560
PA(11EE)  8.2054 (12.54) 3.1742 (3.27) 1.5539 (0.13)
PA(22CS)  7.0058 (25.33) 2.9673 (9.58) 1.5397 (1.05)
PA(OOEE)  10.468 (11.57) 32119 (2.12) 1.5501 (0.38)
VAPAS ~ -14.810 (257.85)  0.98742 (69.91)  1.5279 (1.81)
FCSR.= 7.3<10® and FCSR,= 9.624 < 10"
3D Exact -23.147 29.986 3.3463
PA(11EE)  -22.665 (2.08) 28.519 (4.89) 3.3357 (0.32)
PA(22CS) 221.31 (1056.11)  26.959 (10.09) 3.3146 (0.95)
PA(OOEE)  36.310 (256.87) 31.829 (6.15) 3.3772 (0.92)
VAPAS  -1597.3 (6800.68) -37.274 (224.30) 2.3612 (29.44)
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Table 9. Ren shell. Comparison of 513 (O,LQ/Q,O) from different shell

theories
RTR 4 10 100
FCSR,. = 7.3<10* and FCSR,=9.624
3D Exact 0.4593 0.4346 0.4170
PA(11EE)  0.4011 (12.67) 0.4129 (4.99) 0.4149 (0.50)
PA(22CS)  0.4136 (9.95) 0.4147 (4.58) 0.4150 (0.48)
PA(OOEE)  0.3981 (13.32) 0.4122 (5.15) 0.4149 (0.50)
EMC4 NA NA NA
EMZC3 NA NA NA
LM1 NA NA NA
LM2 NA NA NA
VAPAS 0.4193 (8.71) 0.4157 (4.35) 0.4150 (0.48)
FCSR; = 7.3x10° and FCSR,= 9.624 % 10?
3D Exact 0.3380 0.4125 0.4168
PA(11EE)  0.2892 (14.44) 0.3917 (5.04) 0.4147 (0.50)
PA(22CS)  0.3102 (8.22) 0.3939 (4.51) 0.4147 (0.50)
PA(OOEE)  0.2986 (11.66) 0.3913 (5.14) 0.4147 (0.50)
EMC4 NA 0.0679 (83.54)  0.0654 (84.31)
EMZC3 NA 0.4069 (1.36) 0.4169 (0.02)
LM1 NA 0.4131 (0.15) 0.4168 (0.00)
LM2 NA 0.4130 (0.12) 0.4168 (0.00)
VAPAS  0.4193 (24.05) 0.4157 (0.78) 0.4150 (0.43)
FCSR; ="7.3x10° and FCSR,=9.624 <10
3D Exact -0.0104 0.0655 0.3959
PA(11EE) -0.1202 (1055.77)  0.0584 (10.84) 0.3940 (0.48)
PA(22CS)  0.0437 (520.19) 0.0634 (3.21) 0.3940 (0.48)
PA(OOEE)  0.0115 (210.58) 0.0643 (1.83) 0.3936 (0.58)
EMC4 NA 7.7E-4 (98.82)  7.5E-4 (99.81)
EMZC3 NA 0.0464 (29.19)  0.2236 (43.52)
LM1 NA 0.0655 (0.00) 0.3960 (0.03)
LM2 NA 0.0655 (0.00) 0.3960 (0.03)
VAPAS  0.4193 (4131.73)  0.4157 (534.66)  0.4150 (4.82)
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Table 10. Varadan-Baskar shell. Comparison of 7/'3 (L1/2,L2/ 2,0) from

different shell theories

RTR 4 10 100
FCSR.=7.3x10" and FCSR,= 9.624
3D Exact 2.5060 1.1557 0.7167
PA(11EE)  2.2515 (10.16) 1.1045 (4.43) 0.7132 (0.49)
PA(22CS)  2.2756 (9.19) 1.1081 (4.12) 0.7140 (0.38)
PA(OOEE)  2.2321 (10.93) 1.1060 (4.30) 0.7140 (0.38)
VAPAS  2.2230 (11.29) 1.1005 (4.78) 0.7135 (0.45)
FCSR.=7.3x10° and FCSR,= 9.624 < 10?
3D Exact 90.171 20.465 0.8539
PA(11EE)  81.178 (9.97) 19.513 (4.65) 0.8497 (0.49)
PA(22CS)  83.159 (7.78) 19.549 (4.48) 0.8506 (0.39)
PA(OOEE)  81.184 (9.97) 19.539 (4.52) 0.8516 (0.27)
VAPAS 123.95 (37.46) 20.397 (0.33) 0.8451 (1.03)
FCSR.= 7.3<10® and FCSR,= 9.624 < 10"
3D Exact 378.97 134.26 3.0995
PA(11EE)  299.87 (20.87) 128.36 (4.39) 3.0842 (0.49)
PA(22CS)  197.51 (47.88) 129.59 (3.48) 3.0848 (0.47)
PA(OOEE)  197.51 (48.17) 128.33 (4.42) 3.0865 (0.42)
VAPAS 19958 (426.64)  310.45 (131.23)  3.1064 (0.22)
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Table 11. Varadan-Baskar shell. Comparison of 511([/1/ 2,L2/ 2,h/2) from
different shell theories

RTR 4 10 100
FCSR, = 7.3 10" and FCSR,= 9.624
3D Exact 0.8476 0.7787 0.6218
PA(11EE)  0.8158 (3.75) 0.7702 (1.09) 0.6211 (0.11)
PA(22CS)  0.6620 (21.9) 0.7042 (9.57) 0.6161 (0.92)
PA(OOEE)  0.7946 (6.25) 0.7504 (3.63) 0.6196 (0.35)

VAPAS 04542 (46.41)  0.6848 (12.06)  0.6152 (1.06)

FCSR;.=7.3x10° and FCSR,= 9.624 < 10°

3D Exact 6.3199 2.2280 0.6141
PA(11EE)  5.4643 (13.54) 2.1430 (3.82) 0.6133 (0.13)
PA(22CS)  4.6327 (26.70) 2.0226 (9.22) 0.6085 (0.91)
PA(00EE)  7.3512 (16.32) 2.2705 (1.91) 0.6118 (0.37)
VAPAS ~ -10.890 (272.31)  0.5653 (76.63)  0.6022 (1.94)

FCSR; = 7.3<10° and FCSR,= 9.624 < 10"

3D Exact 61.990 9.8685 0.4016
PA(11EE)  58.931 (4.93) 9.3234 (5.52) 0.4001 (0.37)
PA(22CS) 35971 (41.97) 83698 (15.19)  0.3990 (0.65)
PA(OOEE) 16919 (72.71)  11.230 (13.80)  0.4014 (0.05)
VAPAS  5013.5 (7987.59) 340.13 (3346.62) 0.6186 (54.03)
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Table 12. Varadan-Baskar shell. Comparison of 513 (O,LQ/Q,O) from
different shell theories

RTR 4 10 100
FCSR.=7.3x10" and FCSR,= 9.624
3D Exact 0.3130 0.2961 0.2277
PA(11EE)  0.2735 (12.62) 0.2815 (4.93) 0.2266 (0.48)
PA(22CS)  0.2821 (9.87) 0.2828 (4.49) 0.2267 (0.44)
PA(OOEE)  0.2712 (13.35) 0.2810 (5.10) 0.2267 (0.44)
VAPAS 0.2896 (7.48) 0.2838 (4.15) 0.2265 (0.53)
FCSR.=7.3x10° and FCSR,= 9.624 < 10?
3D Exact 0.1803 0.2556 0.2182
PA(11EE)  0.1524 (15.47) 0.2435 (4.73) 0.2171 (0.50)
PA(22CS)  0.1676 (7.04) 0.2443 (4.42) 0.2172 (0.46)
PA(OOEE)  0.1626 (9.82) 0.2428 (5.01) 0.2171 (0.50)
VAPAS ~ 0.2743 (52.14) 0.2688 (5.16) 0.2177 (0.23)
FCSR.= 7.3<10® and FCSR,= 9.624 < 10"
3D Exact 0.0134 0.0153 0.0389
PA(11EE)  0.1228 (816.42) 0.0167 (9.15) 0.0388 (0.26)
PA(22CS)  0.0062 (53.73) 0.0148 (3.27) 0.0387 (0.51)
PA(OOEE)  0.0039 (70.90) 0.0148 (8.50) 0.0386 (0.77)
VAPAS  0.0481 (258.96)  0.0432 (182.35)  0.0408 (4.88)
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