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Accelerated hazards modelling approaches for crossing hazards data

Nak Gyeong Ko

Department of Artificial Intelligence Convergence, The Graduate School,
Pukyong National University

Abstract

Proportional hazards model and accelerated failure time model have been
widely used in survival analysis. However, the two models can not
capture time—scaled effects such as crossing hazard or the gradual effect
of treatment over time. For the purpose of this detection, accelerated
hazards (AH) model (Chen and Wang, 2000a) has been studied. In this
thesis, we propose the use of log—logistic distribution for the baseline
hazard function of the AH model. In particular, the log—logistic
distribution gives various forms (e.g. non—monotone) of hazard function
and also an easy implementation for likelihood—based model fitting due to
an explicit form of hazard and survival functions. The likelihood—based
estimation procedures of the AH models are derived. The proposed
method is extended to AH model with time—effect between groups and
also to mixture cure model. Our method is demonstrated with two

practical data sets with model cheking.

keywords : Crossing hazards data, Accelerated hazards model,

Log—logistic distribution, Time effect, Mixture cure rate model
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AE A=Y ZA0] dish AR AREEE T 7HA] FEI RYPor =A9] vl ¢

3l ©3 (Cox’s proportional hazards model; PH model)} 7}&3F AImjA|ZE @8

0]

(accelerated failure time model; AFT model)o] QIc}t. o]2ist R&P 2 sfAdo] & AA
o] QIX|gt & 129o] MEZG H|woA AETS (survival function) F= HJPTS
(hazard function)?} @AIElo] Qb Age & kel Rslths s Utk (Co,
2010). AA| ABE AtsY ATAIRD (clinical trial) AFgoA AAETS E= AT
Jb ulelsta] 9re Hest 5% 9tk ol2lgt AElM A8 2 o= wyoz 7
43t 9 2Y (accelerated hazards model; AH model)0] AFE AR8%| o] $FC} (Chen
7} Wang, 2000a,b).

AH 232 7]x 93Agt4 (baseline hazard function)o]] 7]A] (known)?] EZE X]
Hol BAN WS A8 Ao ofH 5§ Rxe AFsitlol oo 24 A
b gekd 4 otk AEATES 72 RHetd log(7)e] BEIL 2AAE B
(logistic distribution)® ©f 79 Exe= =2 1-ZX|AE EX (log-logistic distribution;
LLG)E Tttt 21-2AAY Fxes 4o 32 7HKe Ateg oFH #1292 e

x

7h FHE FEIR ST (extreme value)?] At E A Aot AETLet e

=
7} W&st HEf (closed form)2 B E 7| o] 2 I-HF (log-normal) LB} &
Aot (censoring)® AtES A ThR 1 (Akhtar®t Khan, 2014) A4t =71 whe AP o]
A E3] 7|E9 eolg #xe} T H-HZX (non-monotonic) FEHO] HAE
(hazard rate)S A5 &LCt.

b 2 =woAe 718 YR 2I-2XAH
effect) S 51-85h= AH 2S5 Atetct. ojm AIRF gypsdk JF IF aatof] ARbe wF
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At& (Klein®F Moeschberger, 1997)2F ¥t At& (Gastrointestinal Tumor Study Group,
19828 ALgalth =5 MokE wdel Bye & Ajmol 273 R HES §
I A5ttt 28 ALZ Al Ry} Pythond ARE5HATH
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A 273 7H4e191d AR % JtsE 58

2.1. ¥ 3 AR

220 v Y 3HLEY (Cox’s proportional hazards (PH) regression model)2 AY
= Atmol ofEt YEE HALdos AEEAON A5 AREE DRt o &

ok

32 AEAIZE 79 S0 FHY (covariate) 710 HAS 2FPssto] ¢Sl

ol et At YUUAS £EstuAl Fr) o 2Ao] FEl: Al 21T} Zo] &
Feict,

At;z) = A (t)exTﬂ (2.1)

o714 N(e)= z=09 o 0]x]9] 7]X &4 (unknown baseline hazard function)
ol g= (8, --8) = SHFE WY z = (z,--z,) 0 Q3= px1 AHY2] 3
HA 4 dEolth PH 22 &% LA (semi-parametric) 20|t Amgo| Q= A
(no intercept term)o] SAJo|t}. 12j1l V|EZAog M2 OF 545 Av /iU
HAIES AlMol #AG0] Mz vigAel #AE 7S 7M. o= A2 HE

[z K¢

= JjQle] BHFY ME o7 0 (FEDEE | (H DY olHAYA AL (binary case)

=

Q]3] (hazard ratio; HR)7} T3} 7to] A]7to]| Q& 5IR| 94 7S ojulstct,

Atz =1)

HR(t;ml,xQ ) - m

=¢’ (2.2)



olejat gJaul e’of ot shHe 5>0U © AelRe o] uls I Yol

22. 7H43t 9F AR

7143} 13 3] Y2 ¥ (accelerated hazards regression model; AH model)2 & Z1THo]
NES7F DA o = At5o]] {838t ©WEo|n] (Chend} Wang, 2000a) (2.3)x} Zo]

g9t
Mt;z) = Ao (teITﬁ)
=, Sltz) =S’ (2.3)
A71H K (+)E 717 A@BRolL § ()= 718 ABEFolth = (3, 8,7

TRI% (covariate) HE] z = (z,--,z,)70 T3 px1 AFEQ] 2PA S HEjo|t.
AH 23S &7 (control group)ol]l BI3 X]2]22] ©]&E (hazard rate)o] A]7tol wh
2t doty 7H5sE (acceleration) = 4SH (deceleration) SH=AlS 29T 4 Utk
Al Lot 8>0Y o AJZtol] st etart S7tdEietd Aelte] &0l wh
271 Z7tstal  (harmful), YATH7F HAFEHZH  YAdEo] wEA AT
(beneficial)= ©]Ulett}. vtz g<0d o AJZto] oieh Y=dd47t S71dEietd
ol HFECl =2A S7ISHAL (beneficial), HF&47F aFEZHE YdE0] =
27 Z+A&F (harmful)S 2]u]stc} (Cheni} Wang, 2000b). &, 3>0 [3<0]o]H A&

2
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r\l
N
=
£
rol
1©

dES /M5 [4e ot PH 29, AFT 29 12]3l AH 2
FollAl 9] Quj= & 2.13F 2t

T 2.1. Al 23 (PH, AFT, AH 28)9] 3]7A|2% 9Ju]9] ¥

Model Effect
3, >0 Treatment proportionally increases risk/hazard
P by a factor of €
PH
3, <0 Treatment proportionally decreases risk/hazard
P by a factor of ™
0 Treatment decelerates failure time of the
Barr> 2 . Barr
survival function by a factor of e
AFT
Treatment accelerates failure time of the
Barr <0 . . Barr
survival function by a factor of e
0 Treatment accelerates the risk/hazard by a
IBAH > Ban
factor of ‘e
AH
<0 Treatment decelerates the risk/hazard by a
ﬂAH AH

factor of e”

All Bpry = Bupr="040=0 Treatment does not have an effect

[e)
=

) & 289 9380l p=22 9ulstil (Co, 2010) ofefje] ®E 2204 &Hol 7tss}
=3

PH 28t AFT 232 Z7A09l (immediate) X|2&ate 7pgsich ol= ¢ =

o



® 22 Al B3 (PH, AFT, AH 2%)°] 9|3i3t50] vl

Model PH AFT AH
Hazards function I, 7
o(t)e” A N (te™® d) —a'B Ao (te” )
At;x)

T
W P or JAIFNA AldS AIATE O & 159 ¥
A5 FYsIH AKto] s 29A Xgaa7t MAS] UEHT. AH 232 o|2{st
M A Rans 7HgstAl ooz PH R¥Ib AFT 20| 7MY g 353
2 Qlth o= AH BollA ¢t =001 A Altz) =091 7o) ol B9 7Hesiet.
r=0 £ 19 o]x1d xtael ZL, A\ 0)=X(0)o] Hct (ChenZt Wang, 2000b).

SHAITE AH 2= wAtYH YAXRTS OFe A2 ofyt o =0, AEA|
bt 17} Qtold B & JAYATS M\ (s)=0,¢s" ' (O171A 6, Amr ¢ P4
Pl Atz) =00t e 70T ol m 27}

w2 nelstal. T2lw AH wH9] 9

0 L 191 o]IFEY of Qe A9t 2ol Hojzlck

o
ok

)\(t;xl =1)

— Blo—1) 2.4
Atz =0) © (24)

HR(t; Ty xQ) =

gul7} to] oEstr] Yooz wlejgld mao] =t Wyt ofye} U} ooz B
U W PH, AFT 123 AH 23] AR&T} A5 251 Ze WAV AU,
=, AH 232 vy 2ao] frt,

=]

Bpy = —OBypr = (¢_1)5AH (2.5)



o714 ¢t 9to]=2e] FAR4 (shape parameter)o]Tt.

221 232 AE Bxo] 7]¥Ht AH 2.3

ng
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i
>
f©
Jo
>
el
ol
el
0
e
]
=3
©

dof A4 S AETh vF AL W gHARE E
El-Taha, 2015). JEEAA FE AFEEHE ol 2o ©e 2I-2X|AEH 1
= 8- &R ¢ g4 (non-monotonic hazard function)O]Ct}. Ol= = B 3xo] Mo

of w2 1= It & FYELY o] ®isto] oE FEA = Jhesitt (23
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2yo] Adaset gyuls 27 @), @8 L.

0 ¢t©flem%(¢>71>
/\(t;l‘) =2 T
1+90t¢e"’ B¢

Mt;x, =1) (1+90t¢)eﬂ(“5_1)

H, 3T, — =
R(t Xy 532) )\(t§$2 :0) 1+90t¢6ﬁ¢

g@elst o] oEstoE AT vluE (nonPH) FEF B L & ok 3,

= AN



HESS Er 9PPL7H WA ARS OFF 4 U9 S ool mep B w2
oM WA AHRE hR7] 95 V1A HAFLEA RI-ZRAY HEZ ASH

T(i=1,n)g 1A/ T= ol st FEAIZL (survival time)ol2t stil, G 72}
7o tigot= =A™ AIZF (censoring time)ol2til sHH WS JHs3sh SEWHS

(observable random variables)= Th21} ZITh

Y, =min(7,C) and6; =I(T; < C)

of71A I(e)= AA|&Z (indicator function)O]W, 5= ZE=XT X|A|g4 (censoring

indicatonolch. B APAAE 2PEELS s BHF 7t FolFe

£

Gli=1,-mn)ol diet ot Z2 F4Ad F 1A =47 78S 38T

(Lawless, 2003):

M 1 A% (1, ¢)7F 2R E40l1, 19t ¢ B3 2R Solch
_l?_

7V 2: o= 10 st 27AE DA WA (conditionally non-informative)©]Th.

o]7]14 A EAo|2} ZAT A|7H0] B myt AEA|ZF B3O Al miof o]Es}
A] k28-S 9Ju]gtct (Kleinit Moeschberger, 2006).

AH 289 7[Xg4L=2 LLG 225 ALt 23S LLG-AH Z§olztil SHAL

(3/776 I)( avn)oﬂ %7i§_]: E‘_}F‘ 0:(6T7 907 (b)TOﬂ Eﬂé_l— AH E‘% (27)94 =1 7]—%



1(8,0,, )= (2.9)°} #r}.

o] e

a T
1B, 0y d3y,6,2) =D, 5;log(0) + D 5,log(¢) + Z (¢—1)log(y;) + Z —1)
=1 i=1 i=1 i=1
- Eélog 14+0,0" 21Og 149,50 )e (2.9)
i=1 i=1
Q] Al gt o] 23Ut %® S o835t At 7Hs & (maximum likelihood; ML)
34 WAL dew 2o
0.+° /B¢ ¢ 9 t?ex'rﬁ<¢71>x,-¢ r .
o o, (p—1) = 6 i — — ot ——+ Zlog(l—l—&ot?eLf“j(/))e (1/;[3% =0
B 5 O R O R U S
q TTﬂd’
ol o; Loz, EEE
e Slte P
B T O T 146,10
t?exiﬁd)(logtfi_w@ﬁ Z - 39 tb ol (logt ta; ﬁ)
1+,0e"

ol 0
Z s 25 logt, +§] zlB3 =336, =
O i 1+0,t0e"
k7] gt 0=(870,¢)" 39 SNAIH WY (negative
Hessian matrix)& o2} Zon AMAsH Ale B2 Ao 9l

10



0% 0% 9
oBap"T 0P8,  ofo¢

N N Y
a0a0” 20,067 o0; 00,09
8% 8 02

Cagas” 9000, g

g Abgslglen] 21 JMSE @RE OlRE AL olgd HEAlE W
(Newton-Raphson method)= ©]-8-5}%iC}.
223 A7 EE S18ste AH FFRF JF5E £

AIRE &3t (time effecty= AlZHO] T2t 1F I 27t of52 2JU]stt} (Calsavara
S, 2019). & A= AH RYPoN =2I-2AAE  Fuo] JHgRSLE ¢

fol
i)

x=1I(group=1)Q1 1§ a5 Fo5t3ch

= I(group=0) + o Lgroup=1)
Zao(l—x)+a1x (2.10)

a2 AJZF anbe (2.11)i o] ZAEch

- (2.11)

11



e R WAL 1Y g 3 7Hck ol
A BTHE S8ste 212K A" 2xo) A HAYS, 7K BEAS A &

gUcFLL 717} ofgfet Tt (2.12).

©]

0yl (1—2)+ 7] t%(lﬂﬁHa@fl

A (t;:U): — " )
0 1+00tu0(1 T)+ oz
50<t7x): a:(ll—r)+a’1:’
146, o
o(1—2)+ oz —1
Ho[ao(l—x)—I—a ol ;
fiGa)= ey, : (2.12)
(1+6,t™ )

AH 239 7|X 4= A)ZF 33E 5]8st= LLG &

Eg 8% 2dL
(yi’(sivxi) (Z )

ot

LLGT-AH 2&o]2tal 3HAL o] o]&
0=(3",60, ap ;)70 st TS At2)s (2.13)aF ot

90 [a[) (1_37) +a1x](t€xTﬂ)ao(1*I)+alx,1

1+, (te” %)

(2.13)

A(t;[E): T=z)+ oz

AH 28§ (2.13)9] 27 7155 g4 18,0, o )= (2.14)9F ZHo] dojxict,

12



—i—Zélogao(l x)+a1 ]

1(B, 0y, oy g3y, 6 25 log(6)
i=1 i=1
+ Zéi[ao(l—xi)—i-al 1]log( y7 + Zém ﬁao(l—xi)—i-alxi—l]
i=1
_ E 5 +e w[ﬁ log(1+90 Zanl I)+alx] xd[an(l x)+a11]) (214)
i=1

ojgigt 217tk &
tLaU(l w)+a1zl]emlﬁ[au(1711)+azz]w‘[a (1—$)+Od $]
—E oy (1—2) + 1]—25-(” 0 - il
0 o —d L lop(1—z,) + ;] zBloy(1—a;) + ayz,]
¢ 1+64t, e

i

0 t% 1 w-)+a1x1]ewlﬁ[al)(1—x)+a1£ 1]:1:'[040(1_‘%")_'_0611'1‘]

aol z)+a1z]€xﬂ[a0(1 x)Jralx]

' 1oy,
;) +ogz;] xlBlay(1—;) + oyzy] )e_ziTﬂiT» —0

+ Zlog 146,600

[ (1~xl)+a]xi] ziTﬂ[aO(l-xl)-ﬁ-a]zJ
=0

*rﬁ ()
[aol x)+a1z]€x ﬁ[ao 1— x)+ax]

—§3 -2,
1+9t

-I-Z(Slogt 1, +Z6:1:ﬁ1 ;)
ogt; + /)

- Z 1 T )—i—al ;
E ﬂcﬁ t[ao(l z;) + ;] z,ﬂ[aol Tl)+ml]( _sz
110, t[““l =) +agr] o /Bloy(1—x) + g
_ Z )i—i-a . +Z§imilogti —1—2@0&?5
715 0, t%l z;) +oz;] Tﬁ[ao( Jtaz; '(logﬁi‘l'l‘iTﬁ)_
[ap(1—=; )+alzi]€.7;1ﬁ’[alj(l—mz)-i—almi]

-2,
140,

13



aeln #ARR (Bpapa)9  MLES]  BA-FRARE s 9%
= (3" 0y 0 y) 0] 20 FIXQF WP ofefet Zoof 1o st AT Al
B2 Bo| Fojxlct,

L L X
0Bo3T  9Po8,  oPbc,  oPa,
99 0°l 2°l
o2 00,087 o0 0o, B0
N 0% 0% %
0,087 oagl, 8ok oy
~ 8"l 9% 82 o2
da,087 0,00, a0y aa’

2.3. Aot Bt AEARD

NWEAR BN £ 1F 7 AERL0 vaE s 2329 24 (logrank

tes)S AL AFSACH SHAIEE o 2329 AXL ulYP sHHol UEY @ A

83t 2y WHoR uYEe Yusts AROIAL URY BN Ang A
o

5 I gt zlolzh glont xpolrt gl

olr

AT 2 9t Alw e # o=
WEYS TE ABTAIL 2AE ARsh Ak o] ojd fetes Aad W
MEATS AR £ ok AIstY Hd AEA|LE (restricted mean survival time;
RMST)> Algte ARF Wio] B+t AEAINS uistth. gA] Fall Al AIAF Al
e @alo] e AR 77HA] FAGIE O Atdo] WA Wi7tR] PoAlez A A

7He ooty (2.15)eF o] mHCt

14



wlr)=E(T) = f "S(t)dt (2.15)

ESH 2T} (Lee, 2020).
2 W AEAWOIY Fea AEALS FE AV AR} e A

O
°
censoring) %7J0] E7}5sto] BAlo] Fsto] QIth six|gt RMSTE £%& Ath u] g

-

o %otz 20| 7bs3t Adol otk (Tian 5, 2014).
3 vlelgd Jhde Avae tolw olds| gastel uelgdol wEEA 2e At
2o s 2229 PHEC o B PPAS AL (Tian 5, 2018).

R W7]X] 2 “survRM2”E o] 8 4 ol

Astel Hot 24 AZE (restricted mean time lost; RMTL) = A4H7Hs
5tCh RMTL> RMSTO] vt ojojz Aghel A|ZF W9 Fut &4 A|RE2 ofujeitt
%, Y Qe ARV gaAoz duiibge] %2 SASAEAS UEUY

(2.16)1} &t

L) =7 — ulr) = / [1—S()ldt (2.16)
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AlZY A3 A= (Klein?t Moeschberger, 1997)= % 119%W (n=119)& tj4toz Al

o Adgel st 2 ARME UEUE AERtRR ASARL 49 g2 oF,
Vi

T

|d
o
rE
=
fu
-+

Aol Itk AEATE AW WA A AL Y (month) T
sttt 4F WA o= A dgo] TAOH 1, YASHA] AUTH 0

Fu HAFEL 58 Al (end of study in date)o]] ZHEE X L HGAUA=
o2 stEcth 119%9] thAARE >

Z 93Wo| AL X] Qkofom g
H &2 782%0lct 18 Wik FUA ¥ (0)02 Tk (catheter) AX]

%
19
5

Hol| o2t & Igo2 Ur9on, XMelat (treatment group;, z=1)2 =S i
£ 55t HuAo=Z (percutaneously) AAR|gE T-Fo]1 TR (control group; x=0)

e TnWe QutAlo @  (surgically) ARt TEojt}. o] X}z9] J}Z2f-nfo]o]
(Kaplan®} Meier, 1958) AJE5A-S I 3.1k Ao
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1.00
T T T T T T T T 1

0.759
I
e
-
O
E 3
=% 0.504 e o
o :
=
= L
3 -
@

0254

Group
— Treatment
- Control
0.004
0 10 20 30
Time (month)
Mumber at risk
3 Treatment| 76 25 7 0
g Contral{ 43 20 8 0
0 10 20 30

Time {month)
T3 3.1, A& 7+ Apg: 7}E2kotolo] AJE A

WA Y 3.1 st Y oA ol thet £5 S8 AAIAIRE 10719 S

2 900 A7 FRAFCE Aol A Aol offe
Aot gge HAF 4 ok JhEThotolo] YEZMAN £ 150 WER
=2
=

A
2
a Atk oF s7iE OlAVMR| = Al2lto] iRt



2 HYol7] 95 AZTLE AR} (Schoenfeld residual)of] ZAsH vlHA AR AAls)
(ot 1 Ak ARgETE 190 FHolAly AR AT 8.62, p-valuex 0.00308 &

JF0] HHsHA] 2daS ¥ & 2T, Cox's PH 2o gt ZFRLE (residual plot)=

23 329 g AP Aol et =A4o] gEgstA] ¥Rl ZIeo Xl FEIE SOl

Beta(t) of group
-2
|

Time (month)

0 32, AR 2 AbR: vle9d 2Pl tiE ARt
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31289 A 49 Atre 248 #sl A2t oA 7HA] AdRg2 o At

1) LLG-AH 2.8

Byo(te” )

)\(t,I‘) = + 18
1+4, (te” ! )?

2) LLGT-AH 2.3
0{a0 = +O¢ .’E} Tﬂ ap(l—z)+az—1

At;) =
16, (te= 2) "% ”W

3) Wei-AH 5.3
Atz) = 0,p(te” 7)o !

4) Cox's PH 2§
o = Ao (t)ezTﬂ

5) AFT 2§
Mtsw) =N (te™" P)e=="
S Zie E 313 2t o7]A AH BP9 By 22489 VbR F

o
cE

EVS|
2 o|&stdch Al 7HX]19] AH 2% (LLG-AH, LLGT-AH, Wei-AH 2.&)of Q=

ﬂ

HE S (9 Atf7Fs = (maximum likelihood) FZFS L517] Yol HE-iS v
HE AMESIRATE olg{eh e dg]E FdE Aol & ==0Als R Z=10
Al repeat()=1} Python T2 T=Hoj|A whilel} ifES AFEsIYCH Rt A 02 Cox's PH

2o A= Breslow g0l 272t RO coxph() &5, AFT BZoA = v|R2aH
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o] A E=H (Bootstrap) WO &3 R9| aftgee() &4 (Chiou 5, 2014)E ©o]-&5}
2.

o 2289] 7tek FEYE ol&st Ras R Ave & 319 At

@ ckE

B 3.1 AE AE At&m: Nl 23 (AH, PH, AFT Z2%)3 0|83t 4
Est (SE)
Model B: Treatment
0y ¢ ) Qy
(z=1)
3.731 0.002 2.147
LLG-AH — —
(0.365) (0.002) — (0.381)
3.670 0.003 1.953 2.294
LLGT-AH =
(0.346) (0.003) (0.389)  (0.404)
) 0.075 0.002 1.850
Wei-AH = —
(0.524) (0.0005) (0.139)
-0.618
Cox's PH = = — —
(0.398)
-0.261
AFT — - — —
(0.394)

(Note) Est = estimate; SE = estimated standard error; [3: regression parameter; 90: scale parameter;

¢: shape parameter; «y,: time effect of control group; «y: time effect of treatment group

T 31904 Wei-AHE= AH 29| 7|ALdTd,s ool RS ARESH o=z 1
R A7t Wald 2 (H,: =0, Z=5/SE@)0ll 2 G427 5%OlA]
Al 942 ZutE Wt Jdji PH Rt 1008 ¥H=o] RAESE viwo]
AFT 2§ FE3t G9otA] ¢ Zuts Bt LLG-AH 231} LLGT-AH 2§ &

=
e
AT ph g oz ety 229 fe BE gpde HAY 4
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Model-based
---- Kemel-based

w0
o
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900

poaQ

el PIEZEH

25

20

15
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Time (manth)

ol
Hr

oy

760
oF

o

oK

il

o3 el

(Note) T:

Bl

Foll

LLG-AH &

A
LS

5t

oflA At
E A1 (smooth hazard function)0]C}.

S
i

o H
L i

S

O
[

33001

A

3]
=1

| R2] muhaz()

de 95

Al

o
L.

A2

oirt. et

Bjoje= AJ7Fo]

71

ch oty AotE AH @

SHES
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=
s}

gol

Ag4% 9
7hgict.
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£ 3§ 7t Aolo] oy PES WyHos wlma| sl o s AAL
AAlstEY. §IX & 25 F AEEY 554 AdARE dAsP] Hdl & 289 A
&7t vldste 4ol Wol AMEE= Log Rank 7%, Log Rank 7ol 7H&A]
= Ao} wlEsIAl e Ao ASEE Gehan AR
Tarone-Ware 73742 AA|stgth Al 71X] AH 28 (LLG-AH, LLGT-AH, Wei-AH &
AFT 22 4% 245 o]8sto Wald 4742 AA|sH

Fot. FAsE 5%l A At Aut & 3104 &eIgh vie} o]  LLG-AH
Bao) 2R LLGT-AH 2ae] ZolA 47h SolsP] BT v, DR
Al 7Rl A7 (Log-rank, Gehan, Tarone-Ware W)yt B#EA 23 (Wei-AH, Cox's

PH and AFT) 5%°A S-2lotA] A HHAHAT.

B 32 A% 2@ Ate: 904 AES 93 AR p3t

Method Statistics (p-value)
Log-rank 2.530 (0.112)
Gehan 1.387 (0.239)
Tarone-Ware 1.912 (0.167)
LLG-AH 10.73  (<0.001)
LLGT-AH 10.79 (<0.001)
Wei-AH 0.142 (0.887)
Cox's PH -1.553 (0.120)
AFT -0.664 (0.507)

22



313. 2§ A&

+ At=ol tiet 7hEt-obolo] AESo]| LLG-AH 2d 3t LLGT-
1

2 o T — Treatment = =l — Treatment
o == Confrol == Confrol
o | © |
a o
LT -
~ fl =
§ 5 S, 5\ 3
&5 5 S | e 3 ;
c N c ~
2 ~ 2 -
= N S A 4 R tre——
[ H [ ~
= ~ { =z ®
E o i i g < ~
® o 7 T 3 © 7 \‘.:,_,,‘
Bog T~ o
g
i
o i o
(=] o
o | L= B
o o
T T T T T T T T T T T T
0 5 10 15 20 25 0 5 10 15 20 25
time (month) time (month)

T2 34, A% 7+ A}R: LLG-AH (&) 2&u} LLGT-AH (&) 2&o] A3t

314. 28 A

iu)

-

A+ 7
(e} a

ggoz sto] B M Awmsjugich 2Y HHE fld) UWHoR AgE:

e
%

g Al

fru

S gioez ANl 7FA] 28 (LLG-AH, LLGT-AH, Wei-AH 2.3)&

Akaike's information criterion (AIC)2} Bayesian information criterion (BIC)S Ar-&5}%

o}
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— 1
1ol Ag4= oe AEY wyoz WUND FANoz £ 9y I ol 27
=o] Afol7h & W) @y 7t MElS Wats] ¥ 4 oIk (Bumham@}  Anderson, 2002).

¥ 332 EY AICE LLG-AH 204, BIC: LLGT-AH 2&o|x 1 Zto] AL&-S
o 5 Atk & AuE U UEHUA] = 22 33 349 7hEdutolo] AES
o] ZaolA B viet o] & 2§ (LLG-AH, LLGT-AH)9| Agto] AJgto] mpet
T} ®}ol7} 929 whydsh 7 zich sHA|RF = mao] AICe} BIC 2% 1 Zfo] 24

A
o} 3K oD nao] 1A (parsimony) SHOA B =BoAL LLG-AH 23

E 33 AR 29 AbR: 7 29 et 5y e

Model Log-likelihood AIC BIC
LLG-AH -114.084 234.167 237.726
LLGT-AH -113.422 234.843 236.402
Wei-AH -136.985 279.970 283.529

A% 29 Atzo] RMSTY & 18 7 RMSTY Afo] e FAstdon 1 37
A= 1 349 Ao A/ £ 2359 AESSVE wAET] QD r=401¥)E 119



sttt 4719 ¢ XA 23k Ae2jFe] RMSTo| 73t o BEAIEE 3.66571
Yol xS 3.9307f€o|ct ojff {olaE 5%0lA & IF b Afolof ofst
p-value= 0.0360.2 % 12 7} QoJ3t xfo]2 BTt 2] AESIAIL @Al o]
l 7=6.5(71E)2 Lokl on] A2l Ha AAEAIZNS 5.84071Do] 1L i RT2
6.17770doltt. ojdf & 1F Ik Atolof] thgt p-valuex 0.1892 [OYLFE 5%OA &

Ol5tA] toog &= OF It AELSSO [t Apolvt gl UEHUITE AT
Pt BEAIO] 29 Fo BEANES o ZdojR= A-Q] r=12501E)Y o
oltt. &, 125714 ¢ A|AESS o A7 FHot AYEAIFS 1091171H0] L o
A0 Hat AEAIZ 109057142 fARNS & 2 o ojg & 15 I Afold
gt p-value= 0.9922 F 17 It xfo]7} EX|oIA] ¢toB g, RMST ZHoA & 2

}
o A FOT Atol= A5 RRtoRk UEpd TR & 4 9l

E 34, A% ZHE AR: RMST .5 I+ &to] 24

RMST group1-group0

Est (SE) Est (p-value)
Treatment  3.665 (0.112)
Control 3.930 (0.058)
Treatment — 5.840 (0.208)

6.5 -0.337 (0.189)
Control 6.177 (0.151)
Treatment 10.911 (0.466)

Control  10.905 (0.481)

T Group

-0.264 (0.036)

0.007 (0.992)

(Note) Est = estimate; SE = estimated standard error
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32. 44 Rtw

=2 o5& Yol T HAZE AFESH Ale= Y At& (Gastrointestinal Tumor Study

Group, 1982)0]C}. o] Af2X- & 90 (n=90)2] YJUTAIS gjatoz AlU7x] A
AFE UEHH+= AEAIRER AEAIL, ARG R, 258842 o|Foj/QTh AIRF ¥
+ A Ao RRE AMITHRIL AIZFZ d (year) THE EIASIATE AMY o7

AL ARYSIICHE 1, ARYSIR] GtTh 002 mASITE AT FR AH

4>

rlr

RS S FEATOR ST 9070 BAS 5 sFo| AlYSHA| A%

S~
o2
rlo

teysial o
oug A
gt & 1802 }egon, Mali (z=1)2 33| & (chemotherapy)Qt SFAAR| 2
(radiation therapy)E W5 AA|gE TF0|1l, HIRAF (x=0)2 A&7 A 7F

olt}. o] xtgo| FhZatujolo} AETAME 12 359 et

M2 89%OlTh TEWAL oFY THY (102 ARYH o

2y
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1.00
Group
— Treatment

0.759 ++ Control
=
5
©
O
2
=3 0.504
w
=
rud
pum
@

0.251

0.004

0 2 4 6 8
Time (year)
Number at risk
2 Treatmenty 45 11 8 6 2
(=]
O Control{ 45 15 5 3 1
0 2 4 6 8
Time (year)
a2 35 9 AtE: F}==t-0lojo] BEZA

WA 38 359 stde] AE AL 4o thet BE Bl ARAIRIRH 29 o
uro o} WO 2 olaf o3 TJAMRIC] 27} 7FAF o] 7HAstT AAER AR
= Yol Mgt g 39 EAfsts AE B 4 Qlon ole FEAW & (5 A

Ex} 9% oujgith JhEehotolo] YETMON £ 18
279 AEo] wAstel ol AR Ad9] £ Al RHwol shgdict Alge) 2714
Aol oo gEstgol o wAY A AlZto] AU AzjRo] hrTuct A
Est80] o &/ UERdth B2 AEANS A2 2doln tAZS 19890
Hejzol o 71 WEAZNS Bl 59 AEATES AA2L 070401 hEZL

137902 Mol o Aok AY ARME slaY BPS A A AR}

ol
1
0%
P
1
1
1
kI
HNi
Rl
rlr
18

(o)
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191 7oAy AR EAFS 13.20]1L p-value= 0.00032

=] o

HTJ

|> -Iﬂ
m{m

1)

1

oot

i

2

o

&

stx] 928 & % 9Ith Coxs PH wao] tfst 12l 3.60]

I
\\
P R R e]
Cocfﬂp 0 o
o B o0 sood
o~ B
o = i
3
o
o
‘S
= o -
o
o
m
oo -]
) ° OCDOOOCboo Ooq;ooooooo b
= & o 2 OOOO 2
e} o,
Q ~
Oty
O on
T T T T T T T T
0.16 0.41 0.61 0.95 1.2 T8 21 39
Time (year)

23 3.6. A At=: vHHE 2P0 ik A

3.21. 2@ AT

AY AtmoA = R Z2 T5H0)|A repeat()=2} Python T2 T=HO|A whilel} ifeO
2 FH-3E U¥e olgsto ed ol UHA 299 2aE AW
2

e # 3.59 4ot
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# 3.5 9 AE: Al 28 (AH, PH, AFT 23)2 o|&

9
M
1%

Est (SE)
Model 0B: Treatment
0y ¢ Qg o
(z=1)
1.092 0.6978 1.861
LLG-AH — —
(0.306) (0.165)  (0.232)
1.554 0.603 1.745 2.652
LLGT-AH —
(0.340) (0.154) (0.229)  (0.597)
. 0.209 0.559 0.854
Wei-AH - _
(1.528) (0.093)  (0.074)
0.106
Cox's PH — = - —
(0.223)
-0.378
AFT — — — —
(0.326)

(Note) Est = estimate; SE = estimated standard error; [3: regression parameter; 90: scale parameter;

¢: shape parameter; (y,: time effect of control group; «: time effect of treatment group

=z
5]

A7 A gt U5 Y AFEoAME Wei-AH 2@, Cox's PH & 712]11
AFT 2ol 1§ 7 83tQl g7} fol4E swold Rolstr ore Autg welrh
J2]1 LLG-AH 283} LLGT-AH 2% 2% 71 993t & 4 9lon] 3> 0olo

2 Aol fge THEsRt i & 2 9l

Jl-lﬂ
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S 7 — Model-based
---- Kemel-based
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04 06
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O34 3.7 Y Af&: He @ AH 2P0 A
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322. 8948 AE

of AR oAl £ AWETMo| ustx % WA FEfo|OE Wei-AH B,
Log-rank 71t Cox's PH ZoAl & It APo|7F 7P [O5HA] &2 EIt
Jn A 49 Ao digh /A8 RS Avet s 25 P 299l pe
LLG-AH 239 AR LLGT-AH 239 ARoIA §o4F s%ld Solstsict. &
74402 Gehan AR E 895t A|Ut p-valueo 4] LLG-AH 231} LLGT-AH &
o] gho] vlsl 2 e UERATh =, LLG-AH 231} LLGT-AH 2304 08 &
ojghe ojujaict.
=36 Y A= 9o AES A7 SA p3t
Method Statistics (p-value)
Log-rank 0.225 (0.635)
Gehan 3.964 (0.046)
Tarone-Ware 1.903 (0.168)
LLG-AH 3.560 (<0.001)
LLGT-AH 4.570 (<0.001)
Wei-AH 0.136  (0.891)
Cox's PH 0.474 (0.635)
AFT -1.159 (0.247)
323. 2 A&
HY #trE ol&3t 7HE-0tolojo] LLG-AH 2&v} LLGT-AH 283 AYS 1
o= O 380 Tt LLG-AH 2@ E0t LLGT-AH Z§o] At 5 Hot & Hgs)
A A BHESH & 4 At 53] wAE o]dY AFAN AtrE SAUSH wrYst
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® 7 LLG-AH R3Yr} wilsl x|&o] o smrdAch debd LLGT-AH 230] 9]

O Aag o T AYS T 4+ Ak

1.0
1.0

= — Treatment = — Treatment
== Control 1 == Control

08
1
08
!

Survival function
04 06
Survival function

06

04

02
|
02

00
|
00

time (year) time (year)

I 3.8 YU At=: LLG-AH (&) =31 LLGT-AH (&) 2g9 Agt

324. Y O™

He Atz e 2 dES ZAISIATE AICSE BIC 2% LLGT-AH 29| o]
7 Atu O g0 2 LLG-AH 23, Wei-AH 2§ o|t}. £3], LLGT-AH 23
o] AIC®} BICY 5 2T LLG-AH 2B} of 265 =7} Attt whetd LLGT-AH

2go] o APe BYYL BolECL
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537, 9 AFR: 7 9do] gt oy A

Model Log-likelihood AIC BIC
LLG-AH -131.832 269.664 272.664
LLGT-AH -130.547 267.095 270.094
Wei-AH -142.182 290.365 293.364

g AI2E o 8sto] MAY W WEAIZL RMSTYO| Tt 2T olo] 2AR
£ 3§ 7t Aol S8 WY AAGoN E 38w Pk WA 1Y 352
BE £ g BEF4IE BAEY] A AR r=20d G 23t A2
- 0.998' 0] HiEgt> 1.341'dC02 TiEo Pt FEA|O|
o Atk £ 2§ 2] Kolof] Tt pvaliel 001302 {OI5F s%olAH Tl §

wolth W £ 19 YEYAZE BAE S AHA 7270

m}m;;

=
J20] thdt p-value?} 0.0472 S0]5tAX|gF I Rfo|7} tlo] 7FASIES S

of. A2fte] Gt AEAI] tiETo] F AAEATE

ul
in
=
N
)
2
Da}
rlr
>
D)‘(
rlo

r=8(A)Y T2 AelR MEAIZS 1981400 CIRZ] MEAZS 19780|CE,
om} £ 1% 7t Afolo] ofg pvalue: 0.9952 F 27t Aol folshA] Al Hrh
wfebd 9 Alat A7 FUPE AIA £ IF 19 folgt Alolg weldk,
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B 3.8. Y& At=: RMSTLF 1§ 7t Xlo] A

T Group

Est (SE)

Est (p-value)

RMST

group1-group0

Treatment

Control

0.998 (0.105)
1.341 (0.089)

-0.343 (0.013)

Treatment
2.7
Control

1.149 (0.140)
1.520 (0.123)

-0.371 (0.047)

Treatment

Control

1.981 (0.388)
1.978 (0.271)

0.003 (0.995)

(Note) Est = estimate; SE = estimated standard error
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=R717} (follow-up period)o] 2 T AJEAIZF To] st AETS )= 007 5

Fohe 2ol Qurdoltt (5, limS(t) = 0). SIAIT & A9t T APAPAA

t— o
o UL TUN @ 24 %
FoHAl oL 54 42 a"ote 4%
wetstol, oju) 2 S1)9) 00] obd S A%

=
A && (cure rate)o]2} H-ErC} (Amico?} Keilegom, 2018). o]2{st A&7 EA AL

k1
38
0
e
£
r @
o
S
. 2%
r\l
o
oX,
o2
ol
o
Ra)
62
rlo
N
=

5
A=2 YAIE (cured) Zo

22 L= HALE OF7] st 2oz SIUXFE P (mixture cure model)O]
tt. UE HEE X = A 54 E] (unobserved = latent cure status)S LEFU= &
g wiagl oiAl ghF st sjelo] TGl el AIREACHH (cured Fi
non-susceptible) U=00]3L A|FE]A] UU}TIH (uncured T+ susceptible) U=10]|2} 5}
AR 3 §,@)=P(r>tlu=1)c AaHx A2 NIEY YEFS=E

u

lim9,(t) =02 T&Est= EAA0Q AESFS (proper survival function)2}  SHAL

r=P(U=1)x AaHA = dEolt oAl eFAls 232 Alad 15 Al
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A7 P(T>tlU=0)=12 Xad HNEY NETL2EA  EI FETS

(degenerate survival function)g} F2rC} £3] |im S, (t) =00]22 |imS(t) =1—n0]

t— o0 t—0o0
Elv ot 1—7nE R|&E& (cure rate = cured probability)o]zt HE2C} SIX|E &
POl 7ol TS F= THY (covariate) HE] z=(z, -, 2,)"9 S, ()] TS &

L pwef WE = (z, -

- O 1

7$Cp)T% EJsH (4.1)2 (42)% #o] mdT
S(tla,z)=[1-mn(2)] + 7(2)S, (t|x) (4.2)
o71A 7w(z)=P(U=1z)= olXlg oz BH3E ZX|AE (logistic), T ZH! (probit)

F= Y 27-27 (complementary log-log) 2] AZ3%tS (link function)”} AFEE 4
At 2 AN w(z)o] ol 2A|AEH &5 AREsto] @3)a Zo] BiH

o

(4.3)

A71A ye BEE 2T 2AAE I A5 HEoIL. 53] S, () v
3 (PH) 2%, 71438t ATAIZE (AFT) 28 EX 7143} 913 (AH) 28 So] Agd
s Qi) B AoHE S (lx)o] ThelME AH 23S ARgsith mhetA S, (Hla)e}
J0] gt A, (tHz)e (44)eF Zo] AL

8, (tlx) = 8, (te” Py

u

A, (tlz) = A (e P )e 7 (4.4)

u
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A71A fe= FHol gle vl JHALEY HEolH S§,(«)ek A, ()= 27
714 AAEE V1A =4 HEEold. & dFoAe @3 4E (4o tiY

3t 9g 2X|AElAH 2YAE REolet WEC) o] 2AAELAH AR wRL
AH REo] Exo] mel x|2Ex] e §rtsel AZH ofsl S4AQ Amaits

5l &3ttt 7ol Utt (Zhang®t Peng, 2009). 121l §, («)<F A, (+)ol thal o
eh Bad 29 Ago] Jhssitt & dFoME dA B2 dEe dedtl 2 =23

2AAY PEES TYSl@L. 21-2AAY PES 1d AF EUNR DL

“Logistic-LLGAH” 202t ¥2n] oo that 7tk ZAWe 42804 th2

42. 33X 2 AH B39] 7l =R

2 AollMe @HAY 4, («)o] 2a-2X28 g5 N85 Logistic-LLGAH &

do] Ft) 75 e 2L AAE o2 F BIItsE it @5t 2ot

M:

=) [0logf(ylz, 2,) + (1—6,)logSyle;, 2))

1=1

M:

3108 ()7, ()] + zle ) log[1— () +7(2)S, ()]

Q
Il

25108 [ ]_ E(SAuU )e — i + Zéilog Ao (yiezﬁa)}
— i=1
Z 1— 5¢)10g [1 — 7T(Zi) + W(zi )Su(] (yz‘e:r?ﬁ )exp(i o ] (4.5)

7141 G, (te” D)9t Ay, (te”P) = (4.6)02 BmIALCE
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1

Su(temTﬂ) - 7.
’ 146, (te” )

Ay, (teml‘g) =log[1+90(tem1‘3)¢] (4.6)

o

A" 2y 2o ML 32 €71 #I5te] R optim()

ook

4.3. SEER A} =

43.1 At 49

o5& 95t RO “RecurRisk” mf7]X]of|A] A|-Z5}= “data.individual” G]O]E]S O]
g3foict o] Atg clopst oF el xtE= A|Z5l= SEER*Stat software -21|0]X]
(https:/seer.cancer.gov/seerstat/)ol| ] A|59kTt (SEER: Surveillance, Epidemiology, and
End Results). & Atge= 5709 38Tl sl 401,4107H9] tiFe] TE(S 7HAL
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Model Parameters Est (SE)
Y: Intercept -1.835 (0.015)

Logistic v,: Regional group 1.091 (0.015)
v,: Distant group 3.789 (0.063)
B,: Regional group 0.715 (0.017)

Survival B,: Distant group 1.441 (0.015)
0,: Scale 0.005 (0.0001)
¢: Shape 2.140 (0.009)

(Note) Est = estimate; SE = estimated standard error
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W 1) Kidney Ata 521 Q7] U 71SSH-0F0]|0] B0 HHHHHHHHHHHHH
# R #

install.packages("KMsurv")
library(KMsurv)

data(kidney, package = "KMsurv")
head(kidney)

kidneyS$type = kidneyS$type-1

kidney data <- kidney[order(kidneyS$time),]

kidney data$group = ifelse(kidney data$type==1, 0, 1)

install.packages("survminer")

library("survminer")

install.packages("survival")

library(survival)

fit <- survfit(Surv(time,delta) ~ group, data=kidney data)

aa = ggsurvplot(fit, xlab = "Time (month)", font.x = 13, font.y = 13, font.tickslab = 13,
legend = ¢(0.15, 0.15), legend.title = "Group", font.legend = 13,
legend.labs = c("Treatment", "Control"), conf.int = FALSE,
palette = c("red", "blue"), censor.shape = "|", censor.size = 2.8,

linetype = c("solid", "dotted"), size = 1, risk.table = TRUE,
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risk.table.y.text.col = TRUE, risk.table.height = 0.2)
aa$plot = aa$plot + guides(col = FALSE)
aa$table = aa$table + theme(plot.title = element text(size=12),
axis.title.x = element_text(size=12),

axis.title.y = element_text(size=12))

aa

# Python #

import pandas as pd

kidney = pd.read csv("K:/Accelerated Hazard model (AH model)/kidney data KMsurv
package early cross/kidney.csv")

kidney

T = kidney["time"]

E = kidney["delta"]

trt = (kidney["type"]==1)

# Kaplan-Meier function
from lifelines import KaplanMeierFitter

kmf = KaplanMeierFitter()

import matplotlib.pyplot as plt
plt.rcParams["figure.figsize"] = (10, 8)
ax = plt.subplot(111)

kmf.fit(T[trt], event observed=E[trt], label="percutaneously")
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kmf.plot(ax=ax, ci_show = False, ¢ = 'r', style = '-', fontsize=14)

kmf.fit(T[~trt], event observed=E[~trt], label="surgically")

kmf.plot(ax=ax, ci_show = False, ¢ = 'k, style = '--)

plt.ylim(0, 1);

ax.set_xlabel('Time (month)', fontsize=14)

ax.set_ylabel('Survival', fontsize=14)

ax.legend(loc="upper right', fontsize=14)

HHHRHRHHHR I 2) AT A R
# R #

install.packages("muhaz")

library(muhaz)

# Model-based
kidneyS$type = kidneyS$type-1
head(kidney)

attach(kidney)

df <- data.frame(time, delta,type)
kidney <- dfforder(df$time),]
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y = kidney$time
delta = kidney$delta

group = kidneyS$type

theta0 = 0.002663746
beta = 3.672099812
phi = 2.067170793

lam0 = thetaO*phi*y”(phi-1)/(1+theta0*(y"phi))

lam1l = thetaO*phi*(y"(phi-1))*exp(beta*(phi-1))/(1+theta0*(y"phi)*exp(beta*phi))

plot(lam0 ~ y, Iwd = 2, type = "I", xlab = "Time (month)", ylim = c(0, 0.08), ylab =
"Hazard rate", main = "hazard rate")

lines(laml ~ y, Iwd = 2, Ity = "solid", col = "red")

# Kernel — based
data(kidney, package = "KMsurv")
head(kidney)

treatds = kidney[kidney$type==2,]
controlds = kidney[kidney$type==1,]

haztreat = with(treatds, muhaz(time, delta, bw.grid=30, bw.method = "local", max.time =
max(time)))
hazcontrol = with(controlds, muhaz(time, delta, bw.grid=30, bw.method = "local",
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max.time = max(time)))

lines(hazcontrol, Ity=2, lwd=1, col = "black")

lines(haztreat, lty=2, lwd=1, col = "red")

text(15, 0.061,"C")
text(15, 0.04,"C")

text(15, 0.013,"T", col = "red")
text(15, 0.006,"T", col = "red")

legend("topleft", legend=c("Model-based", "Kernel-based"), Ity=1:2, Iwd=2:1)

# Python #

from lifelines import NelsonAalenFitter

naf = NelsonAalenFitter()
# Cumulative hazard function
naf.fit(T[trt], event observed=E[trt])

ax = naf.plot hazard(ci show = False, ¢ = 'r', style = '--', fontsize=14, bandwidth=20)

naf.fit(T[~trt], event observed=E[~trt])

naf.plot_hazard(ax=ax, ci_show = False, ¢ = 'k, style = '--', bandwidth=20)

ax.set_xlabel('Time (month)', fontsize=14)
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ax.set_ylabel('"Hazard rate', fontsize=14)

import numpy as np
theta0 = 0.002663746
beta = 3.672099812
phi = 2.067170793

lam0 = thetaO*phi*T**(phi-1)/(1+theta0*(T**phi))
laml = thetaO*phi*(T**(phi-1))*np.exp(beta*(phi-1))/(1+theta0*(T**phi)*np.exp(beta*phi))

ax.plot(T, lam0, 'k-', linewidth = 2)

ax.plot(T, laml, 'r-', linewidth = 2)

plt.text(15, 0.06, "C", fontsize=15)
plt.text(15, 0.045, "C", fontsize=15)
plt.text(15, 0.001, "T", ¢ = "1", fontsize=15)
plt.text(15, 0.008, "T", c¢ = "r",fontsize=15)

HHEHHHHHHHHHH R 3) LLG-AH % BIST R
# R #

x <- model.matrix(~group + 0)
n <- nrow(x)
p <- ncol(x)

X <- matrix(x, n, p)
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time = matrix(time, n, 1)

delta = matrix(delta, n, 1)

# initial value
iter = 1

beta = 3.731337
theta0 = 0.002132
phi = 2.147429

repeat {
thetaQ = ifelse(theta0 < 0, 0.000001, theta0)
phi = ifelse(phi < 0, 0.000001, phi)

A = (time"(phi))*exp(X*beta*phi)
B = theta0*A

C=1+8B

D

(time”(phi))*exp(X*beta*(phi-1))

# first derivative

d.beta = sum(delta*X*(phi-1)) - sum(delta*B*X*phi/C) - sum(theta0*D*X*phi/C) +
sum((log(C))*exp(-X*beta)*X)

d.theta0 = sum(delta/theta0) - sum((delta*A)/C) - sum((exp(-X*beta))*A/C)

d.phi = sum(delta/phi) + sum(delta*(log(time))) + sum(delta*X*beta) -
sum(delta*B*(log(time)+X*beta)/C) - sum(exp(-X*beta)*B*((log(time))+X*beta)/C)
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# second derivative

dd.beta = -sum(delta*B*(X"2)*(phi*2)/(C"2)) -
sum(theta0*D*(X"2)*phi*((phi-1)*C-phi*B)/(C*2)) + sum(D*(X"2)*theta0*phi/C) -
sum((X"2)*(log(C))*exp(-X*beta))

dd.theta0 = -sum(delta/(theta0)"2) + sum(delta*(A"2)/(C"2)) +
sum(exp(-X*beta)*(A"2)/(C"2))

dd.phi = -sum(delta/(phi*2)) -
sum(delta*theta0*((((log(time))+X*beta))"2)*A*((1/C)-(B/(C"2)))) -
sum(theta0*(((log(time))+X*beta)*2)*D*((1/C)-(B/(C*2))))
dd.betatheta0 = -sum(delta*A*X*phi*((1/C)-(B/(C*2)))) -
sum(D*X*(((phi-1)/C)-(phi*B/(C"2))))

dd.betaphi = sum(delta*X) -
sum(delta*X*B*(((1+phi*log(time)+phi*X *beta)/C)-((phi*B*(log(time)+X*beta))/(C"2)))) -
sum(X*theta0*D*(((1+phi*log(time)+phi*X *beta)/C)-((phi*B*(log(time)+X*beta))/(C"2)))) +
sum(exp(-X*beta)*X*B*(log(time)+X*beta)/C)

dd.thetaOphi = -sum(delta*((log(time))+X*beta)* A*((1/C)-(B/(C*2)))) -
sum((exp(-X*beta))*((log(time))+X*beta)* A*((1/C)-(B/(C"2))))

# negative Hessian matrix

d.I = c(d.beta, d.thetaO, d.phi)

onerow = cbind(dd.betathetal, dd.beta, dd.betaphi)
tworow = cbind(dd.betathetaO, dd.thetaO, dd.thetaOphi)
threerow = cbind(dd.betaphi, dd.thetaOphi, dd.phi)

dd.l = rbind(-onerow, -tworow, -threerow)
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theta <- c(beta, theta0, phi)

theta new = theta + solve(dd.l)%*%(d.l)

betanew = theta new[length(beta), 1]

theta0.new = theta new[l:length(beta)+length(theta0), 1]

phinew = theta new[length(beta)+length(thetaO)+length(phi), 1]

iter_estl = c(iter, beta.new, theta0.new, phi.new)
names(iter_estl) = c("iter", "beta", "theta0", "phi")

print(iter_estl)

if((max(abs(theta new-theta)))<0.000001 |iter>100)(break)
theta <- theta new

iter <- iter + 1

beta = theta new[length(beta), 1]

thetaO = theta new[1:length(beta)+length(theta0)), 1]

phi = theta new[length(beta)+length(thetaO)+length(phi), 1]
H

print(iter)

# est

est <- matrix(round(theta new, 6), ncol = 1)

rownames(est) <- c("beta", "theta0", "phi")
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# se
SE <- matrix(round(sqrt(diag(solve(dd.l))),6),ncol = 1)

rownames(SE) <- c¢("beta", "thetaO", "phi")

# fitting

beta = 3.7313
theta0 = 0.0021
phi = 2.1474

st0 = 1/(1+(theta0*(time”(phi))))
stl = (1/(1+(theta0*(time*exp(beta))”phi)))"(exp(-beta))

lines(st0 ~ time, lwd = 2, Ity = "dashed", col = "black")

lines(stl ~ time, lwd = 2, Ity = "solid", col = "red")

# Python #

import pandas as pd
kidney = pd.read csv("K:/Accelerated Hazard model (AH model)/kidney data KMsurv

package early cross/kidney.csv'")

time = kidney["time"]

delta = kidney["delta"]

X = kidney["type"]

n = len(X)
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# initial value
theta0 = 0.0021
beta = 3.7313
phi = 2.1474

result = pd.DataFrame()

iters = 1

while iters <= 100 :

if thetaQ < 0 :
0.000001

Il

thetaQ
else :

theta0 = theta

if phi < 0 :
phi = 0.000001
else :
phi = phi
A = (time**(phi))*np.exp(X*beta*phi)
B = theta0*A
C=1+B
D = (time**(phi))*np.exp(X*beta*(phi-1))
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# first derivative

d theta0 = sum(delta/theta0) - sum((delta*A)/C) - sum((np.exp(-X*beta))*A/C)

d_beta =sum(delta*X*(phi-1)) - sum(delta*B*X*phi/C) - sum(theta0*D*X*phi/C) +
sum((np.log(C))*np.exp(-X*beta)*X)

d phi = sum(delta/phi) + sum(delta*(np.log(time))) + sum(delta*X*beta) -
sum(delta*B*(np.log(time)+X*beta)/C) -
sum(np.exp(-X*beta)*B*((np.log(time))+X*beta)/C)

# second derivative

dd theta0 = -sum(delta/(theta0)**2) + sum(delta*(A**2)/(C**2)) +
sum(np.exp(-X*beta)*(A**2)/(C**2))

dd beta = -sum(delta*B*(X**2)*(phi**2)/(C**2)) -
sum(theta0*D*(X**2)*phi*((phi-1)*C-phi*B)/(C**2)) +
sum(D*(X**2)*theta0*phi/C) - sum((X**2)*(np.log(C))*np.exp(-X*beta))

dd phi = -sum(delta/(phi**2)) -
sum(delta*theta0*((((np-log(time))+X*beta))**2)* A*((1/C)-(B/(C**2)))) -
sum(theta0*(((np.log(time))+X*beta)**2)*D*((1/C)-(B/(C**2))))

dd_thetaObeta = -sum(delta* A*X*phi*((1/C)-(B/(C**2)))) -
sum(D*X*(((phi-1)/C)-(phi*B/(C**2))))

dd_thetaOphi = -sum(delta*((np.log(time))+X*beta)* A*((1/C)-(B/(C**2)))) -
sum((np.exp(-X*beta))*((np.log(time))+X*beta)* A*((1/C)-(B/(C**2))))

dd_betaphi = sum(delta*X) -
sum(delta*X*B*(((1+phi*np.log(time)+phi*X*beta)/C)-
((phi*B*(np.log(time)+X*beta))/(C**2)))) -
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sum(X*theta0*D*(((1+phi*np.log(time)+phi*X*beta)/C)-
((phi*B*(np.log(time)+X*beta))/(C**2)))) +
sum(np.exp(-X*beta)*X*B*(np.log(time)+X*beta)/C)

# negative Hessian matrix
d 1 = np.array([d_thetaO, d beta, d phi])
dd 1 = np.matrix([[- dd_thetaO, - dd_thetaObeta, - dd_thetaOphi],
[- dd_thetaObeta, - dd beta, - dd betaphi],
[- dd_thetaOphi, - dd betaphi, - dd phi]])
theta = np.array([theta0, beta, phi])

theta new = theta + np.matmul(np.linalg.inv(dd 1) , d I)

theta new = np.array(theta new)

theta0 new = theta new[0][0]
beta new = theta new[0][1]
phi_new = theta new[0][2]

diff = max(abs(theta0 - theta0 new), abs(beta - beta new), abs(phi - phi new))

iterest = pd.DataFrame([iters, thetaO, theta0 new, beta, beta new, phi, phi_new,

diff])
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if diff < 0.00001 :
break

else :
iters = iters + 1
theta0 = theta0 new
beta = beta new

phi = phi_new ;

result.rename(columns= {0 : "iters", 1 : "thetaQ", 2 : "thetaO_new", 3 : "beta",

4 : "beta new", 5 : "phi", 6 : "phi_new", 7 : "diff*},

inplace = True)

print("\n\n", np.round(result,6))

est = np.array([theta_new, beta new, phi new])

stderr = np.sqrt(np.diag(np.linalg.inv(dd_1)))

# fitting
trt = (kidney["type"]==1)

# Kaplan-Meier function

from lifelines import KaplanMeierFitter

kmf = KaplanMeierFitter()
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import matplotlib.pyplot as plt
plt.rcParams["figure.figsize"] = (10, 8)
ax = plt.subplot(111)

kmf.fit(T[trt], event observed=E[trt], label="percutaneously")

kmf.plot(ax=ax, ci_show = False, ¢ = 'r', style = '-', fontsize=14)

kmf.fit(T[~trt], event observed=E[~trt], label="surgically")

kmf.plot(ax=ax, ci_show = False, ¢ = 'k, style = '--)

plt.ylim(0, 1);

ax.set_xlabel('Time (month)', fontsize=14)
ax.set_ylabel('Survival', fontsize=14)

ax.legend(loc="upper right', fontsize=14)

import numpy as np

# initial value
beta = 3.7313
theta0 = 0.0021
phi = 2.1474

cumhaz0 = np.log(1 + thetaO*(T**phi))
cumhazl = np.log(1 + thetaO*(T**phi)*np.exp(beta*phi)) * np.exp(-beta)
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st0 = np.exp(-cumhaz0)

stl = np.exp(-cumhazl)

ax.plot(T, st0, 'k--', linewidth = 2)

ax.plot(T, stl, 'r-', linewidth = 2)

HHBHHHHHHHH R 4) LLGT-AH % K R
# R #

x <- model.matrix(~group + 0)
n <- nrow(x)
p <- ncol(x)

X <- matrix(x, n, p)

time = matrix(time, n, 1)

delta = matrix(delta, n, 1)

# initial value
iter = 1

beta = 3.6699
theta0 = 0.0031

alpha0 = 1.9528

alphal = 2.2943
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repeat {
thetaQ = ifelse(theta0 < 0, 0.000001, theta0)
alpha0 = ifelse(alpha0 < 0, 0.000001, alphaO)

alphal = ifelse(alphal < 0, 0.000001, alphal)

phi = alpha0*(1-X) + alphal*X
A = (time”(phi))*exp(X*beta*phi)

thetaO*A

B
C 1+ B
D

(time™(phi))*exp(X*beta*(phi-1))

# first derivative

d.beta = sum(delta*X*(phi-1)) - sum(delta*B*X*phi/C) - sum(theta0*D*X*phi/C) +
sum((log(C))*exp(-X*beta)*X)

d.theta0 = sum(delta/theta0) - sum((delta*A)/C) - sum((exp(-X*beta))*A/C)

d.alpha0 = sum(delta*(1-X)/phi) + sum(delta*log(time)*(1-X)) +
sum(delta*X*beta*(1-X)) - sum((deltat+exp(-X*beta))*B*(1-X)*(log(time)+X*beta)/C)

d.alphal = sum(delta*X/phi) + sum(delta*log(time)*X) + sum(delta*X"2*beta) -

sum((deltat+exp(-X*beta))*B*X*(log(time)+X*beta)/C)

# second derivative

dd.beta = -sum(delta*B*(X"2)*(phi*2)/(C"2)) -
sum(theta0*D*(X"2)*phi*((phi-1)*C-phi*B)/(C*2)) + sum(D*(X"2)*theta0*phi/C) -
sum((X"2)*(log(C))*exp(-X*beta))

dd.theta0 = -sum(delta/(theta0)"2) + sum(delta*(A"2)/(C"2)) +
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sum(exp(-X*beta)*(A"2)/(C"2))
dd.alpha0 = -sum(delta*((1-X)"2)/(phi*2)) -
sum((deltat+(exp(-X*beta)))*B*((1-X)"2)*(((log(time))+X*beta)"2)*((1/C)-(B/(C"2))))
dd.alphal = -sum(delta*(X"2)/(phi"2)) -
sum((delta+(exp(-X*beta)))*B*(X"2)*(((log(time))+X*beta)"2)*((1/C)-(B/(C"2))))
dd.betatheta0 = -sum(delta*A*X*phi*((1/C)-(B/(C"2)))) -
sum(D*X*(((phi-1)/C)-(phi*B/(C"2))))
dd.betaalpha0 = sum(delta*X*(1-X)) -
sum((deltatexp(-X*beta))*X*(1-X)*B*(((1+phi*((log(time))+X*beta))/C)-
((phi*B*((log(time))+X*beta))/(C"2)))) +
sum((exp(-X*beta))*X*(1-X)*B*((log(time))+X *beta)/C)
dd.betaalphal = sum(delta*(X"2)) -
sum((deltatexp(-X*beta))*(X*2)*B*((( 1+phi*((log(time))+X*beta))/C)-
((phi*B*((log(time))+X*beta))/(C"2)))) +
sum((exp(-X*beta))*(X"2)*B*((log(time))+X*beta)/C)
dd.thetaOalpha0 =
-sum((delta+(exp(-X*beta)))* A*(1-X)*((log(time))+X*beta)*((1/C)-(B/(C"2))))
dd.thetaOalphal =
-sum((delta+(exp(-X*beta)))* A*X*((log(time))+X*beta)*((1/C)-(B/(C"2))))
dd.alphaOalphal = -sum(delta*(1-X)*X/(phi"2)) -
sum((delta+(exp(-X*beta)))*B*(1-X)*X*(((log(time))+X*beta)"2)*((1/C)-(B/(C"2))))

# negative Hessian matrix
d.l = c(d.beta, d.thetaO, d.alpha0, d.alphal)

onerow = cbind(dd.beta, dd.betathetaO, dd.betaalphal, dd.betaalphal)
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tworow = cbind(dd.betatheta0, dd.thetaO, dd.thetaOalpha0, dd.thetaOalphal)
threerow = cbind(dd.thetaOalpha0O, dd.thetaOalphaO, dd.alpha0, dd.alphaOalphal)
fourrow = cbind(dd.betaalphal, dd.thetaOalphal, dd.alphaOalphal, dd.alphal)

dd.l = rbind(-onerow, -tworow, -threerow, -fourrow)

theta <- c(beta, theta0, alpha0, alphal)

theta new = theta + solve(dd.l)%*%(d.l)

beta.new = theta new[length(beta), 1]

theta0.new = theta new[l:length(beta)+length(theta0), 1]

alpha0.new = theta new[length(beta)+length(thetal)+length(alpha0), 1]

alphal.new = theta new[length(beta)+length(theta0)+length(alphaO)+length(alphal), 1]

iter_estl = c(iter, beta.new, theta0.new, alphaQ.new, alphal.new)
names(iter_estl) = c("iter", "beta", "theta0", "alpha(0", "alphal")

print(iter_estl)

if((max(abs(theta_new-theta)))<0.00001 [iter>200)(break)
theta <- theta new

iter <- iter + 1

beta = theta new[length(beta),1]
theta0 = theta new[1:length(beta)+length(theta0),1]
alpha0

theta new[length(beta)+length(theta0)+length(alpha0),1]
alphal = theta new[length(beta)+length(thetaO)+length(alpha0)+length(alphal),1]
}

69



# est
est <- matrix(round(theta new, 6), ncol = 1)

rownames(est) <- c("beta", "thetaQ", "alpha0", "alphal™)

# se
SE <- matrix(round(sqrt(diag(solve(dd.l))),6),ncol = 1)

rownames(SE) <- c("beta", "theta0", "alphaQ", "alphal")

# fitting

beta = 3.6699
theta0 = 0.0031
alpha0 = 1.9528

alphal = 2.2943

st0

1/(1+(theta0*(time”(alpha0))))

stl = (1/(1+(theta0*(time*exp(beta))”(alphal))))*(exp(-beta))
lines(st0 ~ time, lwd = 2, Ity = "dashed", col = "black")

lines(stl ~ time, lwd = 2, Ity = "solid", col = "red")

# Python #
import pandas as pd
kidney = pd.read csv("K:/Accelerated Hazard model (AH model)/kidney data KMsurv

package early cross/kidney.csv'")

70



time = kidney["time"]
delta = kidney["delta"]
X = kidney["type"]

n = len(X)

# initial value
theta0 = 0.0031
beta = 3.6699
alpha0 = 1.9528

alphal = 2.2943

result = pd.DataFrame()

iters = 1

while iters <= 100 :
if theta0 < 0 :
theta0 = 0.000001
else :

thetaQ) = theta0

if alpha0 < 0 :

alpha0 = 0.000001

else :

alpha0 = alpha0
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if alphal < 0 :
alphal = 0.000001

else :

alphal = alphal

phi = alpha0*(1-X) + alphal*X
A = (time**(phi))*np.exp(X*beta*phi)

B = theta0*A
C=1+B
D = (time**(phi))*np.exp(X*beta*(phi-1))

# first derivative

d theta0 = sum(delta/theta0) - sum((delta*A)/C) - sum((np.exp(-X*beta))*A/C)

d beta = sum(delta*X*(phi-1)) - sum(delta*B*X*phi/C) - sum(theta0*D*X*phi/C) +
sum((np.log(C))*np.exp(-X*beta)*X)

d alpha0 = sum(delta*(1-X)/phi) + sum(delta*np.log(time)*(1-X)) +
sum(delta*X*beta*(1-X)) -
sum((delta+np.exp(-X*beta))*B*(1-X)*(np.log(time)+X*beta)/C)

d alphal = sum(delta*X/phi) + sum(delta*np.log(time)*X) + sum(delta*X**2*beta) -
sum((delta+np.exp(-X*beta))*B*X*(np.log(time)+X*beta)/C)

# second derivative
dd theta0 = -sum(delta/(theta0)**2) + sum(delta*(A**2)/(C**2)) +

sum(np.exp(-X*beta)*(A**2)/(C**2))
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dd_beta = -sum(delta*B*(X**2)*(phi**2)/(C**2)) -
sum(theta0*D*(X**2)*phi*((phi-1)*C-phi*B)/(C**2)) +
sum(D*(X**2)*theta0*phi/C) - sum((X**2)*(np.log(C))*np.exp(-X*beta))

dd_alpha0 = -sum(delta*((1-X)**2)/(phi**2)) -
sum((delta+(np.exp(-X*beta)))*B*((1-X)**2)*(((np.log(time))+X*beta) **2)*((1/C)-
(BA(C**2))))

dd alphal = -sum(delta*(X**2)/(phi**2)) -
sum((delta+(np.exp(-X*beta)))*B*(X**2)*(((np.log(time))+X*beta)**2)*((1/C)-
(B(C**2))))

dd_thetaObeta = -sum(delta*A*X*phi*((1/C)-(B/(C**2)))) -
sum(D*X*(((phi-1)/C)-(phi*B/(C**2))))

dd_thetaOalpha0 =
-sum((delta+(np.exp(-X*beta)))* A*(1-X)*((np.log(time))+X*beta)*((1/C)-(B/(C**2))))

dd_theta0Oalphal =
-sum((delta+(np.exp(-X*beta)))* A*X*((np.log(time) )+ X *beta)*((1/C)-(B/(C**2))))

dd_betaalpha0 = sum(delta*X*(1-X)) -
sum((deltatnp.exp(-X*beta))*X*(1-X)*B*
(((1+phi*((np.log(time))+X*beta))/C)-((phi*B*((np.log(time))+X*beta))/(C**2)))) +
sum((np.exp(-X*beta))*X*(1-X)*B*((np.log(time))+X*beta)/C)

dd_betaalphal = sum(delta*(X**2)) - sum((delta+np.exp(-X*beta))*(X**2)*B*
(((1+phi*((np.log(time))+X*beta))/C)-((phi*B*((np.log(time))+X*beta))/(C**2)))) +
sum((np.exp(-X*beta))*(X**2)*B*((np.log(time))+X*beta)/C)

dd_alphaOalphal = -sum(delta*(1-X)*X/(phi**2)) -
sum((delta+(np.exp(-X*beta)))*B*(1-X)*X*(((np.log(time))+X*beta)**2)*
(/O)-(B/(C**2))))
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# negative Hessian matrix

d 1 = np.array([d_thetaO, d beta, d alphaO, d alphal])

dd 1 = np.matrix([[- dd_thetaO, - dd_thetaObeta, - dd_thetaOalphaO, - dd_thetaOalphal],
dd_thetaObeta, - dd_beta, - dd_betaalpha0, - dd_betaalphal],

—
1

dd thetaOalphaO, - dd betaalpha0, - dd alpha0, - dd alphaOalphal],

—
1

dd thetaOalphal, - dd betaalphal, - dd alphaOalphal, - dd alphal]])

—
1

theta = np.array([theta0, beta, alpha0, alphal])

theta new = theta + np.matmul(np.linalg.inv(dd 1) , d )

theta new = np.array(theta new)

theta0 new = theta new[0][0]

beta new = theta new[0][1]

alpha0_new = theta new[0][2]
alphal new = theta new[0][3]

diff = max(abs(theta0 - theta0 new), abs(beta - beta new),

abs(alpha0 - alpha0 new), abs(alphal - alphal new))

iterest = pd.DataFrame([iters, thetaO, theta0 new, beta, beta new, alpha0,

alpha0 new, alphal, alphal new, diff])

result = pd.concat([result,iterest. T], axis=0)
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if diff < 0.00001 :
break

else :
iters = iters + 1
theta0 = theta0 new
beta = beta new

phi = phi_new ;

result.rename(columns= {0 : "iters", 1 : "thetaQ", 2 : "thetaO_new", 3 : "beta",

4 : "beta new", 5 : "alphaO", 6 : "alpha0 new",

7 : "alphal", 8 : "alphal new", 9 : "diff"}, inplace = True)

print("\n\n", np.round(result,6))

est = np.array([theta_new, beta new, alpha0 new, alphal new])

stderr = np.sqrt(np.diag(np.linalg.inv(dd_1)))

# fitting
trt = (kidney["type"]==1)

# Kaplan-Meier function

from lifelines import KaplanMeierFitter

kmf = KaplanMeierFitter()
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import matplotlib.pyplot as plt
plt.rcParams["figure.figsize"] = (10, 8)
ax = plt.subplot(111)

kmf.fit(T[trt], event observed=E[trt], label="percutaneously")

kmf.plot(ax=ax, ci_show = False, ¢ = 'r', style = '-', fontsize=14)

kmf.fit(T[~trt], event observed=E[~trt], label="surgically")

kmf.plot(ax=ax, ci_show = False, ¢ = 'k, style = '--)

plt.ylim(0, 1);

ax.set_xlabel('Time (month)', fontsize=14)

ax.set_ylabel('Survival', fontsize=14)

ax.legend(loc="upper right', fontsize=14)

import numpy as np

# initial value

beta = 3.6699
theta0 = 0.0031

alpha0 = 1.9528

alphal = 2.2943
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cumhaz0 = np.log(1 + theta0*(T**alpha0))
cumhazl

np.log(1l + theta0*(T**alphal)*np.exp(beta*alphal)) * np.exp(-beta)

st0

np.exp(-cumhaz0)

stl = np.exp(-cumhazl)

ax.plot(T, st0, 'k--', linewidth = 2)

ax.plot(T, stl, 'r-', linewidth = 2)
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