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Pukyong National University  

 

Abstract 
 

Recently, the need for electronic and photonic devices is increasing rapidly with 

higher demands such as smaller sizes with high efficiency and reliability while the cost is 

expected at low prices. Several electronic and photonic systems such as light-emitting 

diodes (LEDs), outdoor wireless devices, and defense electronics are located in various 

conditions including remote areas far from power sources and thus need highly energy 

efficiency. Heat sinks have been commonly used as passive cooling devices considering 

their robust design and promising price. However, research on optimum heat sink 

performance is continuously required to achieve effective thermal management in 

accordance with the growth of the electronic and photonic technology. 

In this study, Nusselt number correlations were developed to predict thermal 

behaviors of hollow hybrid fins (HHFs) and fin arrays under natural convection. The HHF 

is a hollow pin fin integrated with radially-placed plate fins and having a perforation near 

the fin base. The HHF array is a staggered array of the HHFs.  

The numerical models of the HHF and the HHF array were generated and 

validated by the measurement, and then wide-ranging thermal data were obtained using the 

CFD models. Nusselt number correlations for the HHF and the HHF array were generated 

utilizing the thermal data, obtained by the CFD models, by considering Rayleigh numbers 



 

x 
 

and the primary geometric parameters such as external diameter, internal diameter, fin 

spacing, and the height of the HHF.   

The results show that the prediction of the correlations agrees well with the CFD 

calculation with reasonable discrepancy. The average discrepancy values of HHF 

correlations were 3.0% for low Ra (Ra<40000) and 2.7% for high Ra (Ra>40000). The 

average discrepancy values of HHF array correlations were 3.5% for Ra <9000, 8% for 

9000<Ra<60000, and 2.8% for 60000<Ra <292000. 
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I. Introduction 

 

1.1 Background and Purpose 

The rapid development of electronic and photonic systems demand high 

efficiency and reliability, while the size and weigh are reduced as well as the cost 

[1-6]. Electronic and photonic systems such as light-emitting diodes (LEDs), 

outdoor device electronics, and remote radio transceivers are installed in various 

conditions including in remote areas and need highly energy efficiency [4-6]. This 

poses a challenge for thermal management technology in keeping electronic and 

photonic devices cool. Heat sinks have been widely used as effective thermal 

managements considering their robustness and cost-effectiveness. Natural 

convection cooling is the most suitable method for these conditions.  

Weight becomes one of critical parameters in heat sink design that requires 

high performance and limited volume with a low cost production. Several 

researches have been meticulously conducted on lightweight heat sinks. Sonn and 

Bar-Cohen optimized cylindrical pin fin to obtain least material for dissipating an 

amount of heat flux [7]. Bar-Cohen et al. determined a methodology of optimization 

on polyphenylene sulphide (PPS) polymer heat sink based on least material [8]. Icoz 

et al. conducted experimental and theoretical investigation of lightweight heat sink 

materials [9]. 
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Many researches reported that heat sinks performance are affected by their 

orientation.  Sparrow et al. explored orientation effects of natural convection and 

radiation heat transfer on cylindrical pin fin heat sink [10]. Lee et al. developed 

cross-cut cylindrical heat sink correlation associated with the effects of orientation 

[11]. Sertkaya et al. performed experimental research of natural convection cooling 

on cylindrical fin heat sinks with various orientations [12]. Huang et al. explored 

the orientation effects on the square pin fin heat sinks under natural convection [13]. 

Shen et al. conducted the numerical and experimental study of orientation effects 

on rectangular fin heat sinks with natural convective heat transfer [14].  

Recently, researches on optimization of heat sinks have been performed 

on various geometries of heat sink to achieve high performance of thermal 

management. Aihara et al. experimentally examined the performance of pin fin 

arrays with sideward orientation on combined of natural convection and radiation 

[15]. Elshafei researched on hollow/perforated circular pin fin heat sink [16]. Lee 

et al. performed multidisciplinary method for optimization of pin fin radial heat sink 

[17]. Kou et al. analyzed several fin cross-sections of heat sinks theoretically [18].  

Our prior studies introduced an innovative structure of lightweight heat 

sink for natural convection cooling [19, 20]. Considering the manufacturability, the 

structures of heat sinks were simplified by promoting a solid hybrid fin (SHF) and 

a hollow hybrid fin (HHF) [21]. The performance of hollow hybrid fins (HHFs) was 

investigated as a lightweight structure for heat sinks. The results demonstrated that 
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a hollow hybrid fin heat sink (HHFHS) has a better performance than pin fin heat 

sink (PFHS) [22, 24, 26]. Orientation effects of the hollow hybrid fin heat sink 

(HHFHS) was numerically-evaluated and compared with pin fin heat sink (PFHS) 

and solid hybrid fin heat sink (SHFHS). It was found that HHFHS less orientation 

dependent than PFHS [23]. Prediction methods were evaluated and developed for 

natural convection around HHFHSs. The correlations were in good agreements with 

the numerical results [25]. However, prediction correlations on single HHF and 

HHF array have not yet been revealed. Therefore, further investigation on HHFs 

and HHF arrays should be rigorously carried out to predict their thermal behavior. 

This study discusses the Nusselt number development for hollow hybrid 

fins (HHFs) and HHF arrays under natural convection. This paper describes the 

HHF and the HHF array structures. CFD models are illustrated based on the 

structures. Then, experimental study is shown to validate the numerical models. 

Lastly, the development of Nusselt number correlations of the HHFs and the HHF 

arrays are discussed utilizing broad range of CFD models. 

 

1.2 Objective and Research Method 

This thesis aims to develop a prediction methodology of the hollow hybrid 

fins (HHFs) and fin arrays to investigate their thermal behavior under natural 

convection. The HHF is a lightweight structure of fin for heat sink used to cool the 

electronic and photonic devices. The predicted Nusselt number correlations are 
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determined utilizing wide-range of numerical thermal data. Several actions were 

taken to achieve this goal as described below. 

Firstly, numerical investigation is conducted on various configurations of 

HHF and HHF array consisting primary geometrical parameters such as external 

diameter, internal diameter, fin height, and fin spacing. ANSYS software is utilized 

to generate CFD models of the HHF and array. The mesh is generated using ANSYS 

ICEM CFD then numerical calculation is performed using ANSYS FLUENT. 

ANSYS CFD POST is employed to access and analyze the computational results. 

The numerical thermal data is obtained with several base temperatures on the HHFs 

and arrays. 

Secondly, an experimental test rig is prepared for validation process of 

CFD models of the HHFs and fin arrays. Equipment and devices such as power 

supply, PC, thermocouples, data logger, and IR camera are used in this experiment. 

The HHFs and the fin arrays bases are uniformly heated at certain temperatures 

using a heater. The insulation layers are installed to avoid heat loss. For validation 

purposes, the experimentally-evaluated thermal resistance is compared with the 

numerically-obtained thermal resistance.  

Finally, Nusselt number correlations are developed for HHFs and fin 

arrays. The thermal data from numerical calculation is used to generate the 

correlations by considering Rayleigh number and main parameters of the HHF and 

fin array structures.  
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1.3 Thesis Outline 

This thesis outline consists of six (6) chapters of the study. The chapters 

are introduction, theory, numerical modeling, numerical validation, results and 

discussion, and conclusions. Every chapter is briefly explained as follow. 

Chapter 1: Introduction 

The introduction describes background and purpose of this research. 

Then the objective and research method are explained. Lastly, the 

thesis outline is provided. 

Chapter 2: Theory  

This chapter presents the theory of heat transfer from an extended 

surface and convection heat transfer including the equations and 

important dimensionless parameters related to the natural convection 

case. 

Chapter 3: Numerical Modeling 

This part explains thermal data collection of HHFs and fin arrays using 

numerical method. The HHF and fin array structures are provided. The 

governing equations of numerical solution are given, several 

assumptions are made for calculation, and solution methods are 

chosen. Various configurations of HHFs and fin arrays for CFD 

models are presented. Mesh independency is shown to make sure the 

reliability of the numerical calculation. 
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Chapter 4: Experimental Validation 

The validation process is defined in this chapter. Samples of the HHF 

and fin array are fabricated and a test rig is prepared with several 

equipment and measurement devices such as power supply, PC, data 

logger, thermocouples, and IR camera. The performance of HHFs and 

fin arrays are observed. 

Chapter 5: Results and Discussion 

The numerical and experimental results are presented in this chapter. 

The temperature and velocity fields of numerical solution are shown. 

The performance of the HHFs and fin arrays are revealed and 

compared between the measurement and simulation. The Nusselt 

number correlations of the HHFs and fin arrays are delivered. 

Chapter 6: Conclusions 

This last chapter summarizes and concludes the research, as well as 

provides suggestions for further research.  
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II. Theory 

 

The purpose of this chapter is to provide the description of heat transfer 

from extended surface and natural convection heat transfer including its important 

parameters. This part consist of three sections. First, Section 2.1, describes heat 

transfer equations of extended surface. The second section, 2.2, provides 

description of natural convection heat transfer. The last section, 2.3, presents several 

important dimensionless parameters to examine the natural convection flow.  

 

2.1 Extended Surface 

An extended surface such as a fin arrangement is commonly used to 

enhance heat transfer from hot surfaces to surrounding. The heat rate transferred 

from a fin can be calculated by determining temperature distribution along the fin. 

In doing so, the energy balance of the fin should be evaluated on an appropriate 

differential element as displayed on Figure 1. Several assumptions are made to 

simplify the heat transfer analysis as follow. The calculation based on one-

dimensional conduction in longitudinal (x) direction due to the fin is thin. Therefore, 

the temperature difference in transverse direction (y) within the fin is very small 

and assumed to be uniform across the fin thickness. The conditions applied to the 

equations are steady state, no heat generation, constant thermal conductivity, 

uniform convective heat transfer coefficient over the surface, and negligible 
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radiation from the surface [33]. 

 

Energy Equation 

 

Figure 1. Energy balance of a pin fin 

 

The energy balance of an extended surface is depicted in Figure 1. The 

conservation of energy for the fin is as follow. 

𝑞௫ = 𝑞௫ାௗ௫ + 𝑑𝑞௖௢௡௩                      (1) 

Using Fourier’s law, we get 

𝑞௫ = −𝑘𝐴௖

𝑑𝑇

𝑑𝑥
                        (2) 

𝑞௫ାௗ௫ = 𝑞௫ +
𝑑𝑞௫

𝑑𝑥
𝑑𝑥                     (3) 
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Substituting Equation 2 into Equation 3, we obtain Equation 4 as follow. 

𝑞௫ାௗ௫ = −𝑘𝐴௖

𝑑𝑇

𝑑𝑥
− 𝑘

𝑑

𝑑𝑥
൬𝐴௖

𝑑𝑇

𝑑𝑥
൰ 𝑑𝑥             (4) 

The convection heat transfer rate is expressed as follow. 

𝑑𝑞௖௢௡௩ = ℎ𝑑𝐴௦(𝑇 − 𝑇ஶ)                  (5) 

𝐴௖ is cross-sectional area and 𝑑𝐴௦ is surface area of the differential element. By 

substituting Equations 2, 4, and 5 into Equation 1, we get the following equation. 

𝑑

𝑑𝑥
൬𝐴௖

𝑑𝑇

𝑑𝑥
൰ −

ℎ

𝑘

𝑑𝐴௦

𝑑𝑥
(𝑇 − 𝑇ஶ) = 0             (6) 

The Equation 6 can be written as 

𝑑ଶ𝑇

𝑑𝑥ଶ
+ ൬

1

𝐴௖

𝑑𝐴௖

𝑑𝑥
൰

𝑑𝑇

𝑑𝑥
− ൬

1

𝐴௖

ℎ

𝑘

𝑑𝐴௦

𝑑𝑥
൰ (𝑇 − 𝑇ஶ) = 0        (7) 

 

Hollow Hybrid Fin 

Hollow hybrid fin (HHF) has a uniform cross-sectional area, thus 𝐴௖ is 

constant. 𝐴௦ is total surface area of inner surface area (Ai) and outer surface area 

(Ao) and equals Px where 𝐴௦ is the surface area measured from the base to x and 

P is the fin perimeter.  
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Figure 2. A hollow hybrid fin boundary condition 

 

From Figure 2, outer and inner surface areas of the HHF are described as follow. 

𝐴௜ = 𝑃௜𝑥                          (8) 

𝐴௢ = 𝑃௢𝑥 + 12𝑊𝑥                     (9) 

where W is the width of radial plate fin. The total surface area (As) is written as 

𝐴௦ = (𝑃௜ + 𝑃௢ + 12𝑊)𝑥                 (10) 

Then, 

𝑑𝐴௖

𝑑𝑥
= 0                      (11) 
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𝑑𝐴௦

𝑑𝑥
= 𝑃 = 𝑃௜ + 𝑃௢ + 12𝑊               (12) 

Therefore, the energy equation of the fin becomes  

𝑑ଶ𝑇

𝑑𝑥ଶ
−

ℎ𝑃

𝑘𝐴௖

(𝑇 − 𝑇ஶ) = 0                (13) 

An excess temperature ( θ ) is defined as shown in Equation 14 to simplify the above 

equation. 

𝜃(𝑥) = 𝑇(௫) − 𝑇ஶ                    (14) 

Since 𝑇ஶ  is constant, then d 𝜃 /dx =dT/dx. Accordingly, the energy equation 

becomes 

𝑑ଶ𝜃

𝑑𝑥ଶ
− 𝑚ଶ𝜃 = 0                    (15) 

where  

𝑚ଶ =
ℎ𝑃

𝑘𝐴௖
                      (16) 

Equation 15 is linear, homogenous, and second order differential equation with 

constant coefficients. The general solution for the equation is 

𝜃(𝑥) = 𝐶ଵ𝑒௠௫ + 𝐶ଶ𝑒ି௠௫               (17) 

To obtain C1 and C2 values, two boundary conditions are determined. The 

first boundary condition is at fin base with constant temperature.  
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x=L 

x=L 

𝜃(଴) = 𝑇(௕) − 𝑇ஶ = 𝜃(௕)                  (18) 

where Tb is base temperature and T∞ is fluid temperature around the fin. 

 

Fin Tip Condition: thick HHF 

The second boundary condition can be evaluated at fin tip. For thick HHF, 

assume that there is convection heat transfer from the fin tip. 

ℎ𝐴௖ൣ𝑇(௅) − 𝑇ஶ൧ = −𝑘𝐴௖

𝑑𝑇

𝑑𝑥
ฬ                (19) 

ℎ𝜃(௅) = −𝑘
ௗఏ

ௗ௫
ቚ                     (20) 

The rate at which energy is transferred to the fluid by convection from the 

tip should be equal the rate at which energy reaches the tip by conduction through 

the fin. Substituting equation 17 into equations 18 and 20 for x=0 and for x=L, then 

we obtain 

𝜃(௕) = 𝐶ଵ + 𝐶ଶ                    (21) 

and 

(𝐶ଵ𝑒௠௅ + 𝐶ଶ𝑒ି௠௅)ℎ = (𝐶ଶ𝑒ି௠௅ − 𝐶ଵ𝑒௠௅)𝑘𝑚        (22) 

using some manipulation, C1 and C2 are defined as follow 

𝐶ଵ =
𝜃௕𝑒ି௠௅(𝑘𝑚 − ℎ)

𝑒௠௅(ℎ + 𝑘𝑚) + 𝑒ି௠௅(𝑘𝑚 − ℎ)
            (23) 
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𝐶ଶ = 𝜃௕ −
𝜃௕𝑒ି௠ (𝑘𝑚 − ℎ)

𝑒௠௅(ℎ + 𝑘𝑚) + 𝑒ି௠௅(𝑘𝑚 − ℎ)
            (24) 

Substitute Equation 23 and 24 into the equation 17, so we obtain Equation 25. 

𝜃(𝑥) =  ቆ
𝜃௕𝑒ି௠௅(𝑘𝑚 − ℎ)

𝑒௠௅(ℎ + 𝑘𝑚) + 𝑒ି௠௅(𝑘𝑚 − ℎ)
ቇ 𝑒௠௫

+ ቆ𝜃௕ −
𝜃௕𝑒ି௠௅(𝑘𝑚 − ℎ)

𝑒௠௅(ℎ + 𝑘𝑚) + 𝑒ି௠௅(𝑘𝑚 − ℎ)
ቇ 𝑒ି௠௫                (25) 

After some manipulation, we get the following equation. 

𝜃(𝑥)

𝜃௕
=

𝑒ି௠(௅ି௫) + 𝑒௠(௅ି௫)

2
+

𝑒௠(௅ି௫) ቀ
ℎ

𝑘𝑚
ቁ − 𝑒ି௠(௅ି௫) ቀ

ℎ
𝑘𝑚

ቁ

2

𝑒௠௅ + 𝑒ି௠௅

2
+

𝑒௠௅ ቀ
ℎ

𝑘𝑚
ቁ − 𝑒ି௠௅ ቀ

ℎ
𝑘𝑚

ቁ

2

      (26) 

Applying further manipulation, the equation becomes 

𝜃(𝑥)

𝜃௕
=

cosh 𝑚(𝐿 − 𝑥) +
ℎ

𝑚𝑘
sinh 𝑚(𝐿 − 𝑥)

cosh 𝑚𝐿 +
ℎ

𝑚𝑘
sinh 𝑚𝐿

          (27) 

Conservation energy dictates that the rate heat transferred by convection from the 

fin must equal the rate at which it is conducted through the base of the fin. The total 

heat transferred from the entire fin is 

𝑞௙ = න ℎ[𝑇(𝑥) − 𝑇ஶ]𝑑𝐴௦
஺೑

                 (28) 

𝑞௙ = න ℎ𝜃(𝑥)𝑑𝐴௦
஺೑

                   (29) 
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x=L 

Applying the temperature distribution, then 

𝑞௙ = න ℎ𝑃𝜃௕ ቌ
cosh 𝑚(𝐿 − 𝑥) +

ℎ
𝑚𝑘

sinh 𝑚(𝐿 − 𝑥)

cosh 𝑚𝐿 +
ℎ

𝑚𝑘
sinh 𝑚𝐿

ቍ      (30)
௅

଴

 

Therefore, the heat dissipated from the fin is as follow. 

𝑞௙ = ඥℎ𝑃𝑘𝐴௖𝜃௕

sinh 𝑚𝐿 +
ℎ

𝑚𝑘
cosh 𝑚𝐿

cosh 𝑚𝐿 +
ℎ

𝑚𝑘
sinh 𝑚𝐿

            (31) 

 

Fin Tip Condition: thin HHF 

For thin HHF, we can assume that the heat transfer from fin tip is negligible. 

Therefore, the fin tip can be treated as adiabatic. 

𝑑𝜃

𝑑𝑥
ฬ    = 0                      (32) 

Substitute equation 17 into equations 18 and 32 for x=0 and for x=L, then 

𝜃(௕) = 𝐶ଵ + 𝐶ଶ                      (33) 

and  

𝐶ଵ𝑒௠௅ − 𝐶ଶ𝑒ି௠௅ = 0                    (34) 

After some manipulation, C1 and C2 are obtained as follow. 

𝐶ଵ =
𝜃௕

ି௘௠௅

(𝑒௠௅ + 𝑒ି௠௅)
                     (35) 
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𝐶ଶ = 𝜃௕ −
𝜃௕

ି௘௠௅

(𝑒௠௅ + 𝑒ି௠௅)
                   (36) 

Substitute the equations 35 and 36 into the equation 17, then we get Equation 37. 

𝜃(𝑥) =
𝜃௕

ି௘௠௅

(𝑒௠௅ + 𝑒ି௠௅)
𝑒௠௫ + ቆ𝜃௕ −

𝜃௕
ି௘௠௅

(𝑒௠௅ + 𝑒ି௠௅)
ቇ 𝑒ି௠௫       (37) 

The temperature distribution is 

𝜃(𝑥)

𝜃௕
=

cosh 𝑚(𝐿 − 𝑥)

cosh 𝑚𝐿
                    (38) 

Substitute equation 38 into the equation 29, the heat transfer from the fin is 

𝑞௙ = න ℎ𝑃𝜃௕ ൬
cosh 𝑚(𝐿 − 𝑥)

cosh 𝑚𝐿
൰

௅

଴

               (39) 

Thus, we obtain the heat dissipation from the fin as follow. 

𝑞௙ = ඥℎ𝑃𝑘𝐴௖𝜃௕ tanh 𝑚𝐿                 (40) 

 

2.2 Natural Convection 

Convection is heat transport by a moving fluid due to the temperature 

difference. The fluid carries away energy from the heat source. This heat transfer 

mode is defined by Newton’s law of cooling as follow.   

𝑞" = ℎ(𝑇௦ −  𝑇ஶ)                       (41) 
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where h is the convective heat transfer coefficient, Ts is temperature of the surface, 

T∞ is temperature of fluid, and 𝑞" is the heat flux of convection. The temperature 

difference is proportional to the heat flux. The coefficient of convection heat 

transfer is an important constant for calculating the heat flux. This coefficient is 

influenced by the surrounding such as structure of the body, properties and velocity 

of the fluid, and the fluid motion. 

The fluid motion that induced by buoyancy forces without the present of 

forced velocity is called natural convection. In this case, the body force is gravity. 

Buoyancy forces occur when density gradient exist associated with the difference 

of the fluid temperature. As widely known, generally the fluid density decreases 

when the temperature increases. The hot fluid will move upwards while the cold 

fluid goes down. This is causing fluid flow around the hot surface. 

An illustration is shown in Figure 3 to demonstrate heat transfer by natural 

convection. Assume a vertical plate is immersed in a quiescent fluid. The plate 

surface (Ts) has a higher temperature than the fluid (T∞). Therefore, the fluid 

temperature rises and that condition generates heat transfer induced by buoyancy 

forces. Fluid velocity at the surface and at the boundary are zero due to viscous 

forces. Correspondingly, the fluid around the surface affected by the surface 

temperature develop temperature gradient along the y-axis until the temperature 

reaches the fluid temperature. 
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Figure 3. Temperature and velocity profiles of natural convection heat transfer 

 

2.3 Dimensionless Parameters 

The behavior of natural convection depends on boundary conditions and 

geometry. Several dimensionless parameters play a significant contribution in 

describing natural convection phenomena such as the characteristic of the fluid and 

the turbulence of the flow. The dimensionless parameters are described in this 

section. 

 

Grashof Number  

The Grashof number defines fluid flow driven by natural convection. 

Since the natural convection is mainly due to buoyancy and viscous forces, this non-
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dimensional number estimates nature of the fluid using the ratio of the above-

mentioned forces. Equation 42 defines the Grashof number. 

 

Gr =  
𝑔𝛽(𝑇௦ − 𝑇ஶ)𝐿௖

ଷ

𝑣ଶ
                   (42) 

 

where β is the thermal expansion coefficient, g is the acceleration of gravity, Ts is 

temperature of the surface, T∞ is the free stream temperature, v is kinematic 

viscosity, and Lc is the characteristic length of the structure.  

This number determines flow type of the fluid whether it is laminar or 

turbulent. The transition value of Grashof number of natural convection ranges from 

108 to 109. The fluid is laminar if the value less than 108 and it becomes turbulent 

for the value more than 109. 

 

Prandtl Number  

The fluid property that defined by the ratio of kinematic viscosity and  

thermal diffusivity is called Prandtl number. This number is helpful for investigating 

natural convection behavior where heat transfer and fluid movement are primary 

aspect of the condition. The Prandtl number is expressed as follow. 

Pr =  
𝑐௣µ

𝑘
=  

𝑣

𝛼
                       (43) 

 

where ν is the kinematic viscosity of the fluid, α is the thermal diffusivity of the 
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fluid, cp is the heat capacity of the fluid, µ is the dynamic viscosity of the fluid, and 

k is thermal conductivity of the fluid.  

The Prandtl number shows the heat transfer process occurred in the fluid 

by both conduction and convection. Therefore, this number represents the boundary 

layers of velocity and thermal of the fluid. When the Prandtl number is unity, both 

velocity and thermal boundary layers will have the same thickness. The value lower 

than one (1) indicates the heat diffuses quicker compared to the fluid velocity, which 

means the thermal boundary layer is greater than velocity boundary layer, and vice 

versa.  

 

Rayleigh Number  

In natural convection, the combination of the two important dimensionless 

parameters above produces a dimensionless parameter that determines the flow 

turbulence. This dimensionless parameter is called Rayleigh number. The following 

equation defines the Rayleigh number. 

Ra = Gr . Pr =  
𝑔𝛽(𝑇௦ − 𝑇ஶ)𝐿௖

ଷ  𝑃𝑟

𝑣ଶ
             (44) 

This Rayleigh number indicates the flow regime whether it is laminar or 

turbulent. The fluid flow starts to become turbulent when the Rayleigh number 

reach 109. Figure 4 shows the boundary conditions based on the Rayleigh number 

value.  
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Figure 4.  Boundary layer of natural convection around the vertical plate 

 

Nusselt Number  

Nusselt number is a dimensionless parameter that defines a ratio between 

convective and conductive heat transfer that occurs in a fluid. The following 

equation formulates the Nusselt number. 

Nu =  
𝑞௖௢௡௩

"

𝑞௖௢௡ௗ
"

=  
ℎ௖∆𝑇

𝑘∆𝑇/𝐿௖
=  

ℎ௖𝐿௖

𝑘
                (45) 

 

where: 𝑞௖௢௡௩
"  is the convection heat flux, 𝑞௖௢௡ௗ

"  is the conduction heat flux, hc is 

the coefficient of convection heat transfer, ∆𝑇  is the temperature difference 

between the hot and cold of fluid, k is the coefficient of conduction heat transfer, 

and Lc is length characteristic of the geometry. 
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This number is employed to calculate the heat transfer coefficient in 

natural convection case. The Nusselt number is related with the Rayleigh number 

as expressed below. 

 

Nu = f(Gr, Pr)                        (46) 
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III. Numerical Modelling 

 

The aim of the numerical modelling is to understand the thermal behavior 

and obtain the predictive data of the HHFs and fin arrays. The first and second 

sections describe structure of the hollow hybrid fin and fin array, respectively. The 

next section is an explanation of numeric modelling which includes governing 

equations, assumptions, solution methods, and mesh independency. The fourth and 

fifth sections are about the numerical models of the HHF and the fin array with their 

configurations. 

 

3.1 Hollow Hybrid Fin 

A hollow hybrid fin (HHF) is a hollow pin fin integrated with radially-

placed plate fins and having a perforation near the fin base. Figure 5 depicts the 

structure of a HHF that consist of outer diameter (Do), inner diameter (Di), 

perforation diameter (Dp), width of plate fin (W), and height of fin (H). The presence 

of an inner diameter provides an advantage in reducing fin weight and allows 

internal airflow through the perforation due to the chimney effect. Therefore, 

internal flow and external flow exist on this HHF. The plate fins enhance surface 

area of the fin, which improve the fin performance.  
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Figure 5.  A HHF structure 

 

3.2 Hollow Hybrid Fin Array 

Hollow hybrid fin array is a staggered arrangement of HHFs with a certain 

fin spacing (S). Number of fins is associated with the fin spacing. HHF array 

configurations utilize broad range variation of outer diameter (Do), inner diameter 

(Di), fin height (H), and fin spacing (S) with the same base dimension, which is 75 

mm x 75 mm of length and width with 5 mm of thickness. Figure 6 shows the HHF 

array structure.  
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Figure 6. A HHF array structure 

 

3.3 Numerical Modelling 

The computational fluid dynamics (CFD) models of the HHFs and the 

HHF arrays were carefully generated to obtain wide-ranging thermal data and then 

evaluated the numerical results to understand their thermal behavior. ANSYS 

ICEM-CFD was used for meshing and Fluent was employed to solve the numerical 

calculation. The numerical results were obtained and evaluated utilizing CFD post. 

The radiation effect is excluded in the numerical computations as this study only 

focuses on analyzing natural convective heat transfer. The airflow was assumed as 
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incompressible fluid and steady state condition. Boussinesq approximation was 

applied for natural convection where the density variations only affect the buoyancy 

force and are neglected them in the inertial term (mass and acceleration). The HHFs 

and HHF arrays materials were aluminum 6063.  

 

Governing Equations 

Computations of HHFs and HHF arrays used the following governing 

equations (47-52) [27, 28]. 

The continuity equation is of the form 

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0                        (47) 

The momentum equations are given by 

𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
= −

1

𝜌

𝜕𝑃

𝜕𝑥
+ 𝜈 ቆ

𝜕ଶ𝑢

𝜕𝑥ଶ
+

𝜕ଶ𝑢

𝜕𝑦ଶ
+

𝜕ଶ𝑢

𝜕𝑧ଶ
ቇ        (48) 

𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
= −

1

𝜌

𝜕𝑃

𝜕𝑦
+ 𝜈 ቆ

𝜕ଶ𝑣

𝜕𝑥ଶ
+

𝜕ଶ𝑣

𝜕𝑦ଶ
+

𝜕ଶ𝑣

𝜕𝑧ଶ
ቇ        (49) 

𝑢
𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑦
+ 𝑤

𝜕𝑤

𝜕𝑧
= −

1

𝜌

𝜕𝑃

𝜕𝑧
+ 𝜈 ቆ

𝜕ଶ𝑤

𝜕𝑥ଶ
+

𝜕ଶ𝑤

𝜕𝑦ଶ
+

𝜕ଶ𝑤

𝜕𝑧ଶ
ቇ + 𝑔𝛽 (𝑇 − 𝑇ஶ)      (50) 

The energy equation of fluid region is written as 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝛼 ቆ

𝜕ଶ𝑇

𝜕𝑥ଶ
+

𝜕ଶ𝑇

𝜕𝑦ଶ
+

𝜕ଶ𝑇

𝜕𝑧ଶ
ቇ          (51) 
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The energy equation of solid region is expressed as 

𝜕ଶ𝑇

𝜕𝑥ଶ
+

𝜕ଶ𝑇

𝜕𝑦ଶ
+

𝜕ଶ𝑇

𝜕𝑧ଶ
= 0                   (52) 

where u, v, and w are velocities in x, y, and z directions, α is thermal diffusivity, β 

is volumetric thermal expansion constant, ρ is density, 𝜈 is kinematic viscosity, P 

is pressure, g is gravity, T is temperature, and T∞ is the free stream temperature. 

 

Summary of Assumptions 

Numerical calculation of the HHFs and fin arrays used several assumptions 

as described below. 

1. Material of the HHFs and fin arrays is aluminum 6063; 

2. The working fluid is air; 

3. Incompressible flow, i.e., Mach number Ma<0.3 [33]; 

4. Incompressible ideal gas; 

5. Laminar flow, steady state condition, i.e., Rayleigh number Ra<109 

[33]; 

6. Three dimensional flow and heat transfer; 

 

Solution Methods 

The solution methods as shown in Table 1 were selected according to the 

predetermined boundary conditions for all of the CFD models of HHFs and HHF 
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arrays. Viscous model was laminar due to the Rayleigh number lower than 1x109. 

Solver type was pressure based for incompressible flow. SIMPLE method applied 

to the pressure-velocity coupling for steady-state calculations. Pressure 

discretization was based on body force weighted. The second-order upwind was 

chosen for both energy and momentum discretization.  

 

Table 1. Solution methods of numerical calculations 

Solution methods  

Density model  Incompressible ideal gas 

Viscous model Laminar 

Pressure-velocity coupling SIMPLE 

Solver type Pressure based 

Spatial discretization 
Pressure Body force weighted 

Momentum Second-order upwind 

Energy Second-order upwind 

Gradient Least squares cell based 

 

Mesh Independence 

Before performing the numerical calculations, it is important to analyze 

the mesh independency to ensure the reliability of the results. The mesh 

independence of CFD models of HHFs and HHF arrays was carefully investigated 

by increasing the number of elements so that the thermal resistance discrepancies 

were less than 1%. Thus, the numerical solutions were converge and vigorous.  

Evaluation of mesh independency of a fin array is shown in Figure 7 as a 
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study case. The number of mesh elements were examined to their thermal resistance. 

The result indicates that increasing the element number more than 2.9 million did 

not give a different value in the numerically-obtained thermal resistance. Therefore, 

the numerical study was carried out using the number of elements 2.9 million. 

 

 

Figure 7. Evaluation of mesh independence of fin array  

 

3.4 CFD Model of HHF 

Fin height of the HHF CFD models are 5, 20, 75, and 100 mm with 14 

combinations of outer diameter and inner diameter as displayed in Table 2. The total 

configurations are 56 variations of HHF structures. In this study, we focused on 

diameters and height effects. Thus, the plate fin width is fixed with the value of 2 

mm. Bases of the HHFs were uniformly heated at temperature 50, 70, and 90°C. 

The ambient temperature was 25°C for all of numerical calculations. Total of CFD 

models for the HHFs is 168 models. Figure 8 shows the numerical model and 

boundary conditions of the HHFs. Numerical calculations used CFD models with 
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mesh elements of 60 – 500 thousands. Table 3 summarizes the computational 

settings of HHFs. 

 

Table 2. Variations of outer diameter and inner diameter of HHF configurations. 

Type Do (mm) Di (mm) W (mm) 

1 3 1 2 

2 6 1 2 

3 6 2 2 

4 6 4 2 

5 10 1 2 

6 10 2 2 

7 10 4 2 

8 10 6 2 

9 10 8 2 

10 20 1 2 

11 20 6 2 

12 20 10 2 

13 20 16 2 

14 20 18 2 
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Figure 8. The numerical model and boundary conditions of a HHF 

 

 

Table 3. Summary of computational settings of HHFs 

Computational settings  

Material of HHF Aluminum 6063 

Fluid Incompressible and steady flow 

Number of elements 60k – 500k elements 

Element type Tetra 

Air Pressure 1 atm 

Air temperature 25o C 

Fin base temperature 50, 70, 90oC 
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3.5 CFD Model of HHF Array 

CFD models of the HHF arrays contained 12 configurations with three 

variations of fin height (20, 75, and 200 mm). Outside diameter of the HHF arrays 

are 4 and 20 mm, while inside diameters are 1, 3 and 19 mm. Width of the pin fin 

is 2 mm and the fin spacing are 10, 15, 25, and 40 mm. The detail of fin arrays 

configurations are shown in Table 4. Figure 9 illustrates the numerical model and 

boundary conditions of the HHF array. The HHF arrays bases were uniformly 

heated at temperatures 50, 70, 90, and 120°C. The numerical study of HHF arrays 

was calculated with 25°C of ambient temperature. Total of 48 3D-models of HHF 

arrays were evaluated. CFD models with total mesh elements of 2-25 millions were 

utilized to generate numerical results. The computational settings of HHF arrays are 

summarized in Table 5. 
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Table 4. Summary of fin arrays configurations 

Type N S 
(mm) 

H 
(mm) 

W 
(mm) 

Do 
(mm) 

Di 
(mm) 

Dp  
(mm) 

1 23 15 20 2 4 3 1.5 
2 8 25 20 2 4 1 1.5 
3 46 10 20 2 4 1 1.5 
4 5 40 20 2 20 1 6 
5 23 15 75 2 4 3 1.5 
6 8 25 75 2 4 1 1.5 
7 5 40 75 2 20 19 6 
8 5 40 75 2 20 1 6 
9 23 15 200 2 4 3 1.5 
10 8 25 200 2 4 1 1.5 
11 46 10 200 2 4 3 1.5 
12 5 40 200 2 20 1 6 

 

 
Figure 9. The numerical model and boundary conditions of a HHF array 
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Table 5. Summary of computational settings and solution methods of HHF arrays 

Computational settings  

Material of HHF arrays Aluminum 6063 

Fluid Incompressible and steady flow 

Number of elements 2 – 25M elements 

Element type Tetra 

Air Pressure 1 atm 

Air temperature 25o C 

Base temperature of HHF arrays 50, 70, 90, 120oC 
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IV. Experimental Validation 
 

The purpose of this chapter is to validate the numerical models through 

the experimental study. This chapter is divided into three sections. First, test rig of 

experiment are described including the required equipment and components. 

Second, sample preparations of the HHF and the fin array are explained. The last 

section describes the measurement procedure for validation process.  

 

4.1 Test Rig Setup 
 

The test rig for the HHFs and fin arrays experiment was assembled and 

placed in a closed laboratory. The equipment and components used for the 

experiments are shown in Table 6. A DC power supply was utilized to provide 

electric current to the heaters. T-type thermocouples sensed the temperatures of the 

HHFs and HHF arrays. Data logger was utilized to record data from the 

thermocouples. The measured temperatures were displayed on the DAQ PC. IR 

thermography was applied to verify the temperature measurement of the 

thermocouples. A sample stand made from polyethylene terephthalate (PET) 

utilized to hold the samples. 
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Table 6. Equipment and components of experimental setup 

Equipment of HHF and HHF array experiments 

DC power supply Agilent 6655A 

T-type thermocouple Omega Thermocouple 

Data logger Agilent 34970A 

Data acquisition PC DAQ PC 

IR Camera FLIR T440 

Sample stand Polyethylene Terephthalate (PET) 

Components of HHF experiment 

Ceramic heater 10 x 10 mm 

Insulation layers 

Glass wool 40 x 40 x 10 mm 

Polytetrafluoroethylene (PTFE) 40 x 40 x 10 mm 

Polyethylene Terephthalate (PET) 100 x 100 x 100 mm 

Components of HHF array experiment 

Polyimide heater  75 x 75 mm 

Insulation layers 

Glass wool 100 x 100 x 10 mm 

Polytetrafluoroethylene (PTFE) 100 x 100 x 10 mm 

Polyethylene Terephthalate (PET) 100 x 100 x 100 mm 
 

Then, the equipment and measurement devices used for the experiment 

were arranged as depicted in Figure 10.  
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Figure 10. Experimental setup for the HHF and the fin array 

 

Figure 11 and Figure 12 display the schematic of the test rig setup for the 

HHF and the fin array, respectively. As can be seen from the figures, the only 

difference in the setup was the sample settings. For further details, the sample 

preparation is discussed in the next section. 
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Figure 11. The schematic of the HHF test rig 
 

  

Figure 12. The schematic of the HHF array test rig 
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4.2 Sample Preparation 
 

The HHFs were carefully fabricated with the dimensions as detailed in 

Table 7. The material used for the samples was aluminum 6063 in consideration of 

its properties such as easy manufacturability and high thermal conductivity. The 

representative dimensions were chosen due to the manufacturing limitations. For 

the fin array sample, total of 23 fins were tightly assembled into the baseplate to 

minimize the contact resistance. The surface of the HHF and HHF array were black 

painted, thus radiation effects from surrounding is minimized.  

 

Table 7. Dimensions of samples for experiment 

Parameter Dimension (mm) 

Fin height 50 

Outer diameter 6 

Inner diameter 4 

Perforation diameter 1 

Fin width 2 

Fin spacing (for fin array) 15 

 

A ceramic heater with 10 mm long and 10 mm wide was utilized to 

uniformly heat the base of the HHFs. The inevitable heat loss was minimized by 

applying the insulation layers to the samples. The composition of the insulators was 

a polytetrafluoroethylene (PTFE) plate with dimensions of 40 x 40 x10 mm, a glass 

wool layer with a thickness of 10 mm, and a polyethylene terephthalate (PET) block 

with dimensions of 100 x 100 x 100 mm. Two T-type thermocouples were attached 
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on the HHF at the middle and bottom heights. The other two T-type thermocouples 

were attached on the base. The HHF sample is shown in Figure 13. 

  

Figure 13. A hollow hybrid fin sample for experiment 

 

    

(a)                          (b) 

Figure 14. (a) Perspective view and (b) top view of a hollow hybrid fin array sample for 

experiment 

 

The HHF array experiment utilized a polyimide film heater with 

dimensions of 75 x 75 mm to heat the base. In this experiment, the insulation layers 
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consist of a polytetrafluoroethylene (PTFE) plate with dimensions of 100×100×10 

mm, a glass wool layer with thickness of 10 mm, and a polyethylene terephthalate 

(PET) block with dimensions of 100 × 100 × 100 mm. Three T-type thermocouples 

were attached on the baseplate. Figure 14 depict the sample of the fin array. 

 

4.3 Measurement Procedure 
 

The experimental investigations were carried out to validate the CFD 

models of HHFs and HHF arrays by comparing the measurement of thermal 

resistance (Rth) with the numerical calculation.  

R௧௛ =  
𝑇௕ −  𝑇௔

𝑞
                       (53) 

     

where q is the heat rate, Tb is the base temperature of HHF or HHF array, and Ta is 

the ambient temperature. 

The laboratory is a closed room and no forced airflow during the 

experiment. The experiment was conducted at room temperature. A sample stand 

was used to hold the samples by connecting it to the insulation part of the samples, 

namely polyethylene terephthalate (PET). The base of the HHFs and the fin arrays 

was uniformly heated by the heaters. The current and voltage of the power supply 

were set to provide the heat rate at certain value to the heaters. The T-type 

thermocouples attached to the samples sensed the temperatures. The thermocouples 
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were connected to data logger that read the measured temperatures. The 

measurement results were collected from DAQ PC after the steady state condition 

was reached. The experimentally-measured thermal resistance of the HHFs and the 

fin arrays was obtained using the equation 53. 
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V. Results and Discussions 
 

This chapter presents the numerical and experimental results of the HHFs 

and fin arrays. The numerical results provide the thermal and velocity fields. The 

measurement results of experiment with various heat dissipation are compared to 

the numerical data for the HHFs and arrays as a validation of the CFD models. 

Finally, the development of predicted Nusselt number correlations of the HHFs and 

arrays are described in detail. 

 

5.1 Simulation Results 
 

Thermal and Velocity Fields 

Temperature distributions and velocity fields of the representative HHFs 

and HHF arrays obtained by numerical calculations are shown from Figure 15 to 

18. All of the thermal and velocity fields displayed are observed at base temperature 

90°C. From Figure 15, one can see that the temperature distribution of HHFs is 

reasonable with a decrease in temperature as it gets further from the base. The 

velocity fields in Figure 16 reveal external and internal air flows with well-

developed symmetric flow. Similarly, Figure 17 shows that the HHF array 

temperature is cooler at fin tip. The temperature decreases from center of the heat 

sink to the edge. Both temperature and velocity fields in Figure 17 and 18 show 

symmetrical results that induced by natural convection. Overall, these numerical 
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solutions seem reasonable to denote the reliability of CFD models. 

 

Figure 15. Temperature distribution of the HHFs 
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Figure 16. Velocity fields of the HHFs 
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Figure 17. Temperature distribution of the HHF arrays 
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Figure 18. Velocity fields of the HHF arrays 

 

5.2 Experimental Results 
 

Uncertainty Calculation 

During the measurement process, error propagation may happen from 

several factors. In this experiment, the error is mainly caused by temperature 

measurement and power input [29]. The T-type thermocouples are estimated to have 

an uncertainty of ± 0.5 °C. The measurement error of IR thermography is about ± 

1 °C. The DC power supply used in this experiment has an uncertainty of 0.2 %. 

Uncertainty analysis was conducted by using error propagation method in physical 

measurements [30, 31].  
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Table 8. Uncertainty of the HHF and the HHFHS experiments 

Type 
Heat 

Dissipation 
(W) 

Tb  
(°C) 

Deviation  
(±°C) 

Bias 
error  
(±°C) 

Total 
uncertainty  

(±°C) 

Uncertainty 
(%) 

HHF 0.94 66.48 0.46 1.13 1.60 2.40 

1.46 87.55 0.22 1.18 1.39 1.59 

1.86 103.09 0.80 1.21 2.01 1.95 

2.30 120.43 0.17 1.24 1.41 1.17 

2.69 137.37 0.40 1.27 1.67 1.22 

HHF 
array 

10.0 53.69 0.50 0.61 1.11 2.07 

14.4 64.24 0.22 0.63 0.85 1.32 

20.7 76.90 0.19 0.65 0.85 1.10 

25.5 85.86 0.20 0.67 0.87 1.01 

30.0 93.45 0.33 0.69 1.02 1.09 

 

Table 8 summarizes the uncertainty analysis of HHFs and HHF arrays 

experiments on several heat dissipations. The maximum uncertainties in the 

validation process of HHFs and HHFHSs were at the lowest heat dissipations, 

namely 0.94 W and 10.0 W with uncertainties of 2.40 % and 2.07 %, respectively. 

 

Temperature Measurement 

The temperature measurement utilizing T-type thermocouple validated by 

IR thermography. In this regard, the temperature measurement on the HHFs is used 

as a sample case. Figure 19 illustrates the thermography measurement on the HHF. 

Two T-type thermocouples were attached on the HHF at the middle and bottom 

heights. The measured temperatures are compared between IR camera and the T-

type thermocouple. 
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Figure 19. IR thermography of a HHF 

 

Table 9. Temperature measurement of the HHFs 

Heat Dissipation 
(W) 

IR Camera (°C) Thermocouple (°C) 
Middle Bottom Middle Bottom 

0.94 59.0 61.9 60.5 63.6 
1.46 75.6 81.1 77.2 82.1 
1.86 86.1 93.2 87.7 95.0 
2.30 98.6 108.0 101.3 110.3 
2.69 111.7 122.6 113.8 125.0 

 

The discrepancies of thermal measurements between the T-type thermocouple and 

IR thermography were lower than 3%. Thus, the T-type thermocouple measurement 

was reliable for the experiment. 
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Measurement of Thermal Resistance 

The thermal resistance of the HHFs was evaluated at various heat 

dissipations, which are 0.94, 1.46, 1.86, 2.30, and 2.69 W. Figure 20 compares the 

numerically-obtained and experimentally-evaluated of thermal resistance of the 

HHFs. The thermal resistance between the measurement and the simulation was 

found to have reasonable agreement, within 10% discrepancy. 

 

Figure 20. Numerical thermal resistance of HHFs as a function of measured thermal 

resistance 

 

Figure 21 shows the comparison between numerically-obtained and 

experimentally-evaluated of thermal resistance of HHF arrays with heat dissipations 



 

50 
 

10.0, 14.5, 20.8, 25.5 and 30.0 W. The thermal resistance of numerical results shows 

a good agreement with the measurement data. The average thermal resistance 

discrepancy was 7%.  

The inevitable heat loss still occurred despite of the installation of 

insulation layers and became the main reason for the difference in thermal resistance. 

However, the overall of the experimental results of HHFs and HHF arrays 

demonstrated the vigorous of CFD models for predicting the thermal behavior. 

  

Figure 21. Numerical thermal resistance of HHF arrays as a function of measured thermal 

resistance 

 

 



 

51 
 

5.3 Nusselt Number Correlations  
 

Two dimensionless parameters i.e. Nusselt number (Nu) and Rayleigh 

number (Ra), were employed to predict the thermal behavior of HHFs and HHF 

arrays with natural convection cooling. The development of Nusselt number 

correlations utilizes the equations 4 and 5 in Chapter II. 

The fluid properties used for calculating the Rayleigh number depend on 

the temperature, so the film temperature was applied to quantify the fluid properties. 

Equation 54 defines the film temperature. 

𝑇௙௜௟௠ =  
𝑇௦ +  𝑇௔

2
                      (54) 

where Ts is temperature of the surface and Ta is the ambient temperature. 

Nusselt number correlations for the HHFs and the HHF arrays were 

generated utilizing the thermal data, obtained by the CFD models, by considering 

Rayleigh numbers and the primary geometric parameters. 

 

5.3.1 Nusselt Number of The HHF 

The fin height was used as a characteristic length for Nusselt number and 

Rayleigh number of the HHFs. The predicted Nusselt number of HHFs were 

expressed as follow. 

𝑁𝑢ி
௖௢௥ = 𝐶ଵ. 𝑅𝑎஼మ ቀ

஽೚ି஽೔

ௐ
ቁ

஼య
ቀ

ு

஽೚
ቁ

஼ర
ቀ

஽೔

ௐ
ቁ

஼ఱ
             (55)                
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where Do is outer diameter, Di is inner diameter, W is width of pin fin, and H is 

height of the fin.  

The HHF correlations were defined for two regions of Reynolds number, 

which are low range Ra (Ra <40,000) and high range Ra (Ra 40,000-4,000,000). 

Table 10 details the values of empirical constants of the HHFs correlations. 

 

Table 10. Empirical constants of Nusselt number correlations of the HHFs 

Region Ra number C1 C2 C3 C4 C5 

1 <40,000 0.282 0.272 0.026 0.022 -0.082 

2 40,000 – 4,000,000 0.337 0.252 0.076 0.025 -0.069 

 

The form of correlations consist of several dimensionless parameter that 

affects the thermal behavior of HHF. The first part is ቀ
஽೚ି஽೔

ௐ
ቁ  that related to 

thickness effects. The second and the last parts are ቀ
ு

஽೚
ቁ and ቀ

஽೔

ௐ
ቁ that represent 

external and internal flows effects. 

The comparison between the predicted Nusselt number correlations of 

HHFs and numerically-evaluated Nusselt number of HHF arrays is shown in Figure 

22. It is found that the correlations have reasonable agreements with the numerical 

results with the average discrepancies of 3.0% for low Ra (Ra <40,000) and 2.7% 

for high Ra (40,000< Ra <4,000,000). 



 

53 
 

 

 

Figure 22. The predicted Nusselt number correlations of HHFs at (a) low Ra (b) high Ra 
as a function of numerically-evaluated Nusselt number of HHFs. 
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5.3.2 Nusselt Number of The HHF Array 

Nusselt number and Rayleigh number of the HHF arrays is a function of 

fin spacing as a characteristic length and determined by considering the primary 

geometric parameters. 

The correlation of Nusselt number of the HHF arrays was formulated as 

follows. 

𝑁𝑢ி஺
௖௢௥ = 𝐶ଵ. ቀ

஽೚ି஽೔

ு
ቁ

ቀ
ಹ

భబబబ
 ି ஼మቁ

(𝑅𝑎ி஺)஼య ቀ
ௌ

஽೔
ቁ

஼ర
ቀ

஽೚

஽೚ି஽೔
ቁ

஼ఱ
      (56)              

where Do is outer diameter, Di is inner diameter, S is fin spacing, and H is height of 

the fin.  

Several dimensionless parameters in the correlation represent important 

characteristic of the structure. The first is ቀ
஽೚ି஽೔

ு
ቁ that related to fin efficiency. The 

second is ቀ
ௌ

஽೔
ቁ that represents external and internal flows. The last dimensionless 

parameter is diameter effects, ቀ
஽೚

஽೚ି஽೔
ቁ, as a main parameter of the fin structure. 

Nusselt number correlations of HHF arrays were defined for three regions 

of Rayleigh number, which are low range Ra (Ra <9000), midrange Ra 

(9000<Ra<60000), and high range Ra (60000<Ra <292000). The empirical 

constants of the fin arrays correlations are given in Table 11. 
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Table 11. Empirical constants of Nusselt number correlations of the HHF arrays 

Region Ra number C1 C2 C3 C4 C5 

1 <9,000 0.000658 0.258 0.430 1.490 0.855 

2 9,000-60,000 0.00169 0.231 0.156 1.601 1.877 

3 60,000-292,000 0.00180 0.105 0.223 1.491 1.332 

 

Figure 23 shows the predicted Nusselt number correlations of HHF arrays 

as a function of numerically-evaluated Nusselt number of HHF arrays. It is seen 

that the predicted Nusselt number correlations agrees well with numerically-

evaluated Nusselt number. The average discrepancy values were 3.5% for Ra <9000, 

8% for 9000<Ra<60000, and 2.8% for 60000<Ra <292000. 

 

As has been noted, both of the predicted Nusselt number correlations of 

the HHFs and the HHF arrays have good agreements with the numerical data. 

Therefore, this could be considered that the correlations are vigorous to predict the 

thermal behaviors for natural convection around the HHFs and HHF array with 

upward face. 
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Figure 23. The predicted Nusselt number correlations of HHF arrays at (a) low Ra (b) 
medium Ra (c) high Ra as a function of numerically-evaluated Nusselt number of HHF 

arrays. 
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VI. Conclusions 
 
 

The methodology to predict thermal behavior of the hollow hybrid fins 

(HHFs) and the HHF arrays under natural convection have been evaluated. HHF is 

a hollow pin fin integrated with radially-placed plate fins and having a perforation 

near the fin base. The HHF array is a staggered array of the HHFs. Wide-range CFD 

models were generated for both the HHFs and the HHF arrays. The 168 3D-models 

of HHFs and 48 3D-models of HHF arrays were numerically-calculated. The CFD 

models were validated with measurement results. The discrepancies between the 

numerical models and the measurements are lower than 10%. 

The correlations of the HHFs and the HHF arrays have been developed. 

The HHF correlations were defined for two regions of Rayleigh number, which are 

low range Ra (Ra<40000) and high range Ra (40,000< Ra <4,000,000). The HHF 

arrays were defined for three regions of Rayleigh number, which are low range Ra 

(Ra <9000), midrange Ra (9000<Ra<60000), and high range Ra (60000<Ra 

<292000).  

The results show that the prediction of both of the HHF correlations and 

the HHF array correlations agrees well with the CFD calculation with reasonable 

discrepancy. The average discrepancy values of HHF correlations were 3.0% for 

low range Ra (Ra<40000) and 2.7% for high range Ra (40,000< Ra <4,000,000). 

The average discrepancy values of HHF array correlations were 3.5% for Ra <9000, 
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8% for 9000<Ra<60000, and 2.8% for 60000<Ra <292000. 

This research on the Nusselt number correlations developed for the HHFs 

and the fin arrays should be utilized to optimize structures of the HHFs and the 

arrays for developing high-performance lightweight heat sinks. 
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