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Controller System Design of Two Wheeled Mobile Inverted

Pendulum

Chetanraj D. Patil

Department of Interdisciplinary program of Mechatronics
Engineering,
The Graduate School, Pukyong National University

Abstract

This thesis proposes a controller system design method using PD
control and backstepping control method to stabilize and to control
motion of the two wheeled maobile inverted pendulum. It also
presents development results of two wheeled mobile inverted
pendulum as-follows: Two wheeled mobile .inverted pendulum is
composed of base platform-and chassis with two coaxial wheels. The
nonlinear dynamic modeling derived using Newton's 2" law are
presented for two wheeled mobile inverted pendulum. The derived
nonlinear dynamic modeling of two wheeled mobile inverted
pendulum is linearized. Based on its linearized dynamic modeling of
wheel and chassis, a controller system is proposed. The proposed
controller system consists of three loops composed of balance control
loop, rotation control loop for chassis and position control loop for
two wheeled mobile inverted pendulum. The balance and rotation

control loops are designed by using Lyapunov function and



backstepping control method. The position loop is designed based on

PD control method.

A control system to implement the proposed controller system is
developed based on PIC 18F452 microcontroller. To obtain the
information of two wheeled mobile inverted pendulum state variables,
the following sensors are used: encoders, inclinometer sensor and
compass sensor. The angle of two wheeled mobile inverted pendulum
is measured using inclinometer. Encoders are used to measure the
speed of the wheels. The compass sensor is used to measure the
rotation angle. The Kalman filter is used to reduce the sensor noise
and to estimate the pitch angle and moving displacement based on

filtered sensor data.

The two wheeled mobile inverted pendulum is manufactured to
experiment the proposed controller system. Finally, the simulation
and experimental results are shown to prove effectiveness and the

applicability of the proposed controller system.

Keywords; Two:. Wheeled Mobile Inverted Pendulum, PD
Control, Backstepping Cantrol, Kalman Filter Etc.
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Chapter 1: Introduction

1.1 Motivation and Background

The inverted pendulum is a classic problem in dynamics and
control theory and is widely used as a benchmark for testing control
algorithms. The most fundamental one is the case that a pendulum is
mounted on a cart which can move back and forth in one linear
direction. The pendulum is then balanced in upright position by
controlling the movement -of the cart. Balancing an upturned
broomstick on the end of one's finger is a simple demonstration, and
the problem-is solved in the technology of the Segway PT, a self-
balancing transportation.device. The inverted pendulum principle can

be varied in many ways to make the system more complex

There are many instances of the inverted pendulum model both
man-made and  found in the natural world. Arguably the most
prevalent example of an inverted pendulum is a human being. A
person with an-upright body needs to make adjustments constantly to
maintain balance whether he/she is standing, walking, or running. Fig.
1.2 shows the Segway RMP. It is a device that transports one person
at relatively low speed. The low-speed (limited to approximately 12
mph) operation combined with its electric propulsion system makes
the Segway a candidate for providing short-distance transportation on
city streets, sidewalks, and inside buildings. A crane as shown in Fig.
1.1 is a lifting machine; generally cranes are commonly employed in
the transport industry for the loading and unloading of freight in the
construction industry for the movement of materials and in the

manufacturing industry for the assembling of heavy equipment.

1
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ig. 1.1 Crane

Fig. 1.2 Segway RMP



1.2 Literature Review

In literature, the structures of two wheeled inverted pendulum
were presented in [1 ~ 4]. Li, J. [1] proposed two wheeled inverted
pendulum mobile robot as a portable transporter due to its high
maneuverability and small footprint. Choi, D. et al. [2] proposed
human friendly motion control of a wheeled inverted pendulum by
reduced order disturbance observer. Kim, Y. et al. [3] proposed that a
portable transporter was suggested as a suitable unit for home and
office environments of a nonholonomic two wheeled inverted
pendulum robot system. Controlling such a system as two wheeled
inverted pendulum is a challenging problem due to its-nonlinearities,

complex dynamics and uncertain environmental conditions:[4].

The ' dynamic modeling of the two wheeled mobile inverted
pendulum were proposed in following researches. Ko, A. et al. [5]
proposed that modeling of the self balancing robot is complex
because of the rolling/slipping constraints of the wheels. In spite of
its dynamic complexity, numerous two-wheeled-inverted pendulums
have been created-by research institutions and companies. In 1988,
Kawamura, T. et al. [6] modeled the coaxial bicycle as an inverted
pendulum pivoted on wheel axis. Ha, Y. S. et al. [7] developed an
autonomous two wheeled inverted pendulum robot. This robot was
modeled by two independent driving wheels on the same axle and its
vertical axis. Huang, J. et al. [8] proposed a mobile wheeled inverted
pendulum. Dynamic modeling of the mobile wheeled inverted
pendulum is based on Lagrange formula. In 2000, Ding, F. et al. [9]
designed a two wheeled inverted pendulum platform to act as a

personal transporter. Dynamic modeling of the system was proposed



by Lagrange formula. In 2002, Grasser, F. et al. [10] developed a two
wheel vehicle named “JOE” as shown in Fig. 1.3. Dynamic modeling
of the two wheeled vehicle is proposed by Lagrange formula. In 2004,
Sasaki, M. et al. [11] designed a similar vehicle without a steering
control stick. A rigid body with only one joint in the ankle part was a
simple model of the rider. Therefore, the system was modeled as
three degree of freedom system with two actuators. Salerno, A. et al.
[12] proposed semi-autonomous two wheeled robot. The dynamic
modeling of robot included the actuator dynamics. Baloh, M. et al.
[14] proposed an intelligent two wheeled road vehicle called as B2.
The dynamic modeling of the robot was proposed based on Lagrange

formula.

Fig. 1.3 JOE: A mobile inverted pendulum

The unmodeled dynamics of two wheeled mobile inverted
pendulum have motivated researchers to explore model-free control
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techniques such as neural networks and fuzzy logic implementations.
However, other researchers have tried to understand these dynamics
and design control techniques. For instance, in 2007, Jung, S. et al.
[20] combined a neural network with a PID control to perform
balancing and path following tasks for wheel driven mobile inverted
pendulum, but more uncertainties are presented in the mobile
pendulum system since rolling on the floor causes inconsistent
disturbance to the system due to irregular surface of the floor. In 2009,
Li, Z. et al. [21] implemented an adaptive fuzzy controller to wheeled
inverted pendulum with—parametric. and-functional uncertainties.
Vlassis, N. et-al. [22] applied a Monte Carlo expectation-
maximization algorithm to self balancing robot to achieve balance by
model free reinforcement learning. In 2011, a fuzzy logic controller
was designed by Huang, C. et al. [23] to achieve stabilization and
velocity control for a self balancing transporter system. In 2010, Li, Z.
et al. [25] proposed a wheeled inverted pendulum system considering
the friction between the- wheels and the driving surface as

uncertainties, and-tested an adaptive fuzzy control on this model.

Several control approaches have been -used to stabilize two-
wheeled inverted pendulum. Pathak, K. et al. [17] used partial
feedback linearization to design a two level position stabilization
control and velocity control of wheeled inverted pendulum system.
Nawawi, S. et al. [18] used a pole-placement control strategy to
stabilize a two wheeled inverted pendulum robot. In 2007, Jeong, S.
H. et al. [19] implemented a LQR state feedback control for their
mobile humanoid experimental robot. In 2003, Bui, T. H. et al. [24]
developed a two wheeled welding mobile robot consisting of a

welding torch mounted on a two-wheeled inverted pendulum that was

5



able to follow a specified welding trajectory using simple nonlinear

controller.

In sliding mode control method of two wheeled inverted
pendulum, several research results have been implemented [9, 16, 28].
In the year 2000, Ding, F. et al. [9] used a terminal sliding mode
control method and applied it to control the novel narrow vehicle.
Kang, M. T. et al. [16] used sliding mode technique to control a
mobile inverted pendulum. Choi, N. S. et al. [28] designed sliding
mode controller to stabilize the inverted pendulum at upright position
under straight line_motion against disturbance. of mobile inverted

pendulum.

Backstepping -control-methods have been used to stabilize two
wheeled mobile inverted pendulum. For instance, Thao, N. G. M. et
al. [26] proposed a PID backstepping controller for two wheeled self-
balancing robot to keep the motion of robot to track a reference signal.
Altoniz, O. T. [29] proposed adaptive integral backstepping control
method for motion_control of inverted pendulum with unknown
parameters of total effective inertia and acting torque of wheels by
using the general motion control model. Benaskeur, A. et al. [15]
proposed an adaptive backstepping controller used to stabilize the
inverted pendulum with the unknown parameter of one-half of the
length of the rod. Ruan, X. et al. [30] proposed fuzzy backstepping
controller for two wheeled self balancing robot.

However, the two wheeled mobile inverted pendulum provides
some problems from its structure. For example, it is difficult to derive
modeling of two wheeled mobile inverted pendulum, especially

dynamic modeling. Therefore, obtaining the dynamic modeling and



motion control of two wheeled mobile inverted pendulum are very

deeply needed.

1.3 Objective and Researching Method

The objective of this thesis is to present modeling and innovative
control algorithms to stabilize and control the motion of two wheeled
mobile inverted pendulum system. To do this, the following tasks are
done. Firstly, hardware configuration and dynamic modeling of two
wheeled mobile inverted pendulum based on Newton’s 2™ law is
proposed. Secondly, based on the linearized dynamic modeling, a
controller system is proposed. It consists of three loops composed of
balance control, rotation control and position control “loop. The
balance and position control loops are designed by using Lyapunov
function and backstepping control method. The position control loop
is designed by PD ‘control method. Finally, the Kalman filter is
proposed: to reduce sensor noise and to estimate the pitch angle and
moving displacement based on filtered sensor data. To implement the
proposed controller system, a control system is:developed based on
PIC18F452, encoders,-inclinometer sensor and compass Sensor.
Simulation and experimental results show that the two wheeled
mobile inverted pendulum system are successfully controlled by
proposed controller system. Therefore, the simulation and
experimental results shows the effectiveness and applicability of the
proposed controller system for the two wheeled mobile inverted

pendulum system.



1.4 Outline of thesis and summary of contributions

This thesis consists of six chapters. The content and
summary of contributions in each chapter are summarized as

follows:
» Chapter 1: Introduction

Background and motivation, objective and researching
method and the outline and summary of contributions of

this thesis are presented.
» Chapter2: System Description and System Modeling

In this chapter, System description and dynamic
modeling of two wheeled-mobile inverted pendulum are
proposed. The dynamic modeling of wheels and chassis
of two wheeled mobile inverted pendulum are
introduced based on Newton’s 2™ law. The linearized
dynamic modeling of the system is proposed. This
chapter also describes the structure.of hardware system
of two wheeled mobile inverted pendulum including
inclinometer-sensor, encoder and compass sensor. The
inclinometer sensor is used to measure the pitch angle
of chassis and compass sensor is used to measure the
rotation angle of two wheeled mobile inverted
pendulum. Two encoders are used to measure the motor
speed. A control system is developed based on
microcontroller PIC18F452 to implement the presented

controller system.



» Chapter 3: Controller System Design

In this chapter, a controller system of the two wheeled
mobile inverted pendulum using PD control and
backstepping control methods is proposed based on its
linearized modeling. The controller system consists of
three loops such as balance control loop, rotational
control loop and position control loop. The balance and
rotation control loops are designed by using Lyapunov
function and backstepping method. The position control

loop is designed based on PD control method.
» Chapter 4: Kalman filter

In this chapter, a Kalman filter algorithm is:proposed
for estimating the moving displacement of two wheeled
mobile inverted pendulum and pitch angle with sensor
noise. To verify the effectiveness of Kalman filter,

simulation and experiment are done.
» Chapter5: Simulation and Experimental Results

The simulation and-experimental results are shown to
prove the effectiveness and the applicability of the
proposed modeling and the proposed controller system.

» Chapter 6: Conclusion and Future works

Some conclusions of this thesis and future works are

presented.



Chapter 2: System Description and System
Modeling

2.1  System Description

This describes the hardware structure of the two wheeled mobile
inverted pendulum system including encoders, sensors and hardware
configuration of control system developed to implement the designed
controller system. Fig. 2.1 shows the structure of two wheeled mobile

inverted pendulum system used for-this thesis.

Chassis

Left Motor Controllers switch Right Motor

Fig. 2.1 Stucture of two wheeled mobile inverted pendulum system.
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For implementing the designed controller system, a PIC-based
control system was developed. The developed control system is
composed of three parts: two slave microcontrollers and one master
microcontroller. The configuration diagram of overall control system
is shown in Fig. 2.2. In the diagram, two slave PIC18F452
microcontrollers are integrated into one module for controlling two
motors of the left wheel and the right wheel, respectively. The motors
are driven via KDC248H H-bridge motor drivers. One PIC18F452
microcontroller is used as master, and receives the signals from
sensors. The slave controllers are responsible for controlling the
motor speed. The master microcontroller communicates to motors
drivers via 12C and all three microcontrollers are communicates to
the host computer via RS232 interface. The configuration for sensors
is developed to obtain system states and realize the above controllers,
including an inclinometer sensor, compass sensor and two encoders.
The compass sensor is used to measure the angle of rotation of two
wheeled mobile inverted pendulum. An inclinometer sensor is used to
measure the ‘pitch angle of chassis. An incremental encoders are
utilized to measure-the speed of the wheels. The implementation of
PIC-based control system including two slave microcontrollers and

one master controller as shown in Fig. 2.3

11



Host
Computer |

|
|
|
|
\ )
\ /
So b

RS232 Interface
Slave IC Slave
Micro gy -~ Master Micro
Controller = Micro Controller Controller
PIC18F452 PIC18F452 PIC18F452
PWM PWM
ADC ADC
,,,,,, W\
| Mqtor Driver
Driver -
Left Motor Right Motor
Encoder ‘ Encoder
Left Wheel Right Wheel

Fig. 2.2 Configuration of control system
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» Developed PIC-based control system:

Fig. 2.3 shows the developed PIC-based control system. There are
three PIC18F452 microcontrollers that are integrated into one module.
One PIC18F452 is used as master, and receives the signals from
sensors and other two PIC18F452 microcontrollers are used for
controlling two motors of the left and right wheels. The master

communicates to the motor drivers via 12C

Left Slave
PIC18F452

Right Slave
PIC18F452

Master PIC18F452
Fig. 2.3 Developed PIC-based control system.
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>

PIC18F452 Microcontroller:

The PIC18F452 is a 40 pin, high performance microcontroller in

Fig. 2.4. The main specifications are summarized as follows:

V V V V V V V V

>

On chip program memory (FLASH): 32K (bytes)

Data memory (RAM): 1536 (bytes)

EEPROM data memory: 256 (bytes)

Interrupts: 18 sources

Timer: 4

Two Capture/Compare/PWM modules

10 bit-analog to digital module: 8 input channels

Serial Communications: Master Synchronous Serial Port
(MSSP) operates in two modes, Serial Peripheral, Interface
(SP1) and I12C (master/slave).

Power saving SLEEP mode

With the functions on PIC18F452 above, its pin diagram is shown
in Fig..2.4.

MCLRVPe —= [ 1 \ 7 40 [1 === RET/IPGD
RADIAND ==—w 1 2 39-[] =—= RBBIPGC
RAVANT =——=[]3 38 [] == RBS/PGM
RAZIANZIVREF: =[] 4 37 [] =—= RB4
RAANINVREF* =[] 5 35 [] =~— RBIICCP2*
RA4TOCKI =—s= 6 35 [ =—= RB2/INT2
RAS/AN4/SS/LVDIN =—[]7 34 [1 =—— RB1UINT1
REORDIANS =——[]8 S 8  3:3p-—— reonTO
REVWRANE =—=o F F  a20-—Wo
REZICSIANT =—=[]10 © o0 31[]=—\ss
Voo —= 1 G O 30 0 =— RD7PSPT
vss — .12 F F 29[ =—= RD6PSPE
OSC1/CLKI —=] 13 28 [] == RDS/PSPS
OSC2CLKORAS =[] 14 27 [] == RD4/PSP4
RCOIM1OSOMICK =—= [ 15 25 [1 =——= RCT/RXDT
RCUTIOSICCP2* —— ] 16 25 [] =——= RCETXCK
RC2ICCP1 == [ 17 24 [] == RCHSDO
RC3ISCKISCL =—=[] 18 23 [1 =——= RC4/SDUSDA
RDOIPSPO «— [] 10 25 [1 «—= RDIPSP3I
RD1/PSP1 =[] 20 21 [1 == RD2IPSPZ

Fig. 2.4 Pin diagram of PIC18F452
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> Inclinometer Sensor:

Fig. 2.5 shows the inclinometer sensor used in two wheeled
mobile inverted pendulum system. An inclinometer is an instrument
for measuring angles of tilt or elevation of an object with respect to
gravity. Electronic inclinometer can achieve output resolution 0.0001
degrees depending on the technology and angle range that may be

limited to 0.01 degree.

Fig. 2.5 Inclinometer sensor

Table 2.1 Specification of inclinometer sensor

Specification Range

Voltage Supply DC 12v

Output voltage 0~ 10V
Measurement range -60° ~ 60°

15




> DC Motors:

The two wheeled mobile inverted pendulum has two wheels. The

wheels are directly driven by two 300W DC motors.

Each DC motor using 24V DC power supplier is driven by each
motor driver as shown in Fig. 2.6. Maximum current allowed by the
driver is up to 250 A with 24V DC.

Fig. 2.6 DC motor driver

16



» Rotary Encoder:

Fig. 2.7 shows rotary encoder that converts the angular position
or motion of shaft or axle to an analog or digital signal. The encoder
as shown in the Fig. 2.7 is incremental encoder. The output of an
incremental encoder provides information about the motion of shaft
which is typically further processed elsewhere into information such

as speed, distance and position.

Fig.2.7 Rotary encoder

17



» Compass Sensor:

The CMPS03 compass module has been specifically used to
measure the rotation angle of two wheeled mobile inverted pendulum.
Fig.2.8 shows description of compass sensor and Table 2.2 shows
specification of compass sensor.

B — Pin 8 - Ov Ground
L -~
= e Pin & - No Connect
Bkl =
=RORtg - Pin 7 - 50/60Hz
-
] Pin 6 - Calibrate
-
- Pin 5 - No Connect
-
N Pin 4 - PV
-
- Pin 3- SDA
Pin2 - SCL
Pin1 - +5¢

Fig. 2.8 Compass sensor

Table 2.2 Specification of compass.sensor

Specification Range
Voltage Supply 5V
Current 25mA
Resolution 0.1°
Accuracy 3° ~ 4° approx. after calibration
Output I2_C Interface, SMBUS
compatible, 0 ~ 255 and 0 ~ 3599
SCL speed up to IMHz
Small Size 32mm x 35mm

18




2.2  System Modeling

This presents dynamic modeling of two wheeled mobile inverted
pendulum system. To form a two-wheeled mobile inverted pendulum,
the chassis (6) is anchored to a base platform (1) that has a wheel (5)
mounted on each side as shown in Fig. 2.9. In this case, motor (4)
drives each wheel independently. Two encoders (4) are used to
measure the motor speed. The torque from the motors makes the base
platform move to balance pitch angle of the pendulum as shown in
Fig. 2.10. System consists of inclinometer sensor (3) used to detect
the pitch angle ~of two wheeled mobile inverted pendulum.
PIC18F452 microcontrollers (2) are used to control the two wheeled
mobile inverted pendulum:” Compass.sensor (7) is used. to detect
rotation jangle of the two wheeled mobile inverted pendulum. The
nomenclature of the two wheeled mobile inverted pendulum is shown
in Table 2.3

19



(1) Base Platform (2) Microcontroller

(3) Inclinometer sensor | (4)Motor & Encoder
(5) Wheel (6) Chassis

(7) Compass sensor

Fig. 2.9 Configuration of two wheeled mobile inverted pendulum

20



Table 2.3 Nomenclature of two wheeled mobile inverted pendulum

Parameters Description Units
0, Pitch angle [ degree ]
1) Yaw angle [ degree]
X Moving displacement of two wheeled [m]
' mobile inverted pendulum
Ja =3 =13, Moment of inertia of the wheel [kgm®]
My =M, =M, Mass of the wheel [kg]
] Moment of inertia of the inverted pendulum [kgm']
P with respect to the z axis g
3 Moment of inertia of the inverted pendulum kam?
5 with respect to the-y_axis [kom’]
M b Mass of the inverted pendulum [kg]
R Radius of wheel [m]
L Distanee between the:wheel’s center and the [m]
pendulum’s center of gravity
D Distance between the wheels [m]
X Position of the pendulum with respect to the
p Yo X axisand y axis, respectively. [m]
g Gravitational acceleration [m7/s?]
T, 7Ty Input torque for left and right wheels [Nm]
XpLs Xrr Position of the left and right'wheels with [m]
Yer» Vg respectto X axisand y axis, respectively
H H Reaction forces between left/right wheels IN]
V,,V, and pendulum
He , Hig Reaction forces between left/right wheels IN]
Vi Vig and ground
O On Rotational angle of left and right wheels [ degree]
foof Disturbance forces to the center of the IN]
dRL? TdRR left/right wheels
fE Horizontal and vertical disturbance forces IN]
P Co to the center gravity of the pendulum
(x,y,2) Main coordinates of the system

(Xab31 y’ Zabs )

Absolute coordinates of the system
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Fig. 2.10 shows the free body diagram about the motion of two

wheeled mobile inverted pendulum

Fig. 2.10 Free body diagram of two wheeled mobile inverted

pendulum
2.2.1 Characterization-of Wheels

This section describes for wheel dynamics. The equations

for the left wheel are presented.
To develop this system, it is assumed that
e Both wheels have same radius.
e Both wheels have same mass.

e The wheels are not deformable.
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e The wheels are rotated with no slipping and pure

rolling.

Fig. 2. 11 Free body diagram of left wheel

MrXRL = HTL_HL (2.1)
MryRL =VT|_ _VL [ d Mrg (2.2)
‘]réRL =7 —HgR (2.3)

where My =M, ; Jo =J

r

Since linear motion is acting on center of wheel, a transformation
from angular rotation into linear motion can be made as follows:

Xa = ROz > X =RO; — O, = % (2.4)

From Egs. (2.3) and (2.4), horizontal reaction force is expressed as:
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T, J,
TL :EL_?XRL (2.5)

By substituting Eq. (2.5) into Eq. (2.1), the following is obtained.

(MrR+J—F\:jXRL=rL—HLR (2.6)

Now the equations for the right wheel are presented as follows:

Fig. 2. 12 Freee body diagram of right wheel

MrXRR = HTR - HR (2.7)
MryRR :VTR —VR — Mrg (2.8)
J,0 =7, —HR (2.9)

where Mgz, =M, ; Iz =J

r

Assuming the above conditions, the following is obtained.
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Xeg = ROpg —> X = ROz — O = % (2.10)

From Egs. (2.9) and (2.10), horizontal reaction force is obtained as:

Hip =& — =0 Xop (2.11)

By substituting Eq. (2.11) into Eq. (2.7), the following is obtained.
J ).
(MrRJrErijR:rR—HRR (2.12)

2.2.2 Body Dynamics

The coordinates of two wheeled. mobile inverted pendulum is

given as follows:

Xp =Lsing, + X (2.13)
Yp = LCOS G, (2.14)

where x, is moving displacement of two wheeled mobile inverted

pendulum.

_ Xeu t Xe

XI’
2

(2.15)

Applying the Newton’s 2" law to the chassis, the following

equations are obtained.

Mo%, =H, +H, (2.16)

Moy =V, +V; —M.g (2.17)
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Taking moment about the center of gravity yields the torque

equation as follows:

3,0, =(V_+Vy)Lsing, —(H_+Hg)Lcos, (2.18)

p

From Egs. (2.6) ~ (2.18), the dynamic equation of two wheeled

mobile inverted pendulum is given as follows:

(2MrR+ zéf +|\/|F,Rj>'<r +M,RL (8, cos@, -6 sind, )=z, +1, (2.19)
(3, +M,L2) G, =M, gLsin g, +M,L cosd,%, =0 (2.20)

The moment of the two wheeled mobile inverted pendulum with
respect to y axis is given by:
I D
355=(HL—HR)E (2.21)
When'two wheeled maobile inverted pendulum turns right as an

angle o, linear velocities of left and right wheels with respect to x

axis are as follows:

Xer = X% J{@j (2.22)
2
Xer = X, —[%J (2.23)

From Egs. (2.22) ~ (2.23), the following is obtained.

OD = X — ¥er (2.24)
The time derivative of Eq. (2.24) is obtained as follow:
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OD = Ko — Keg (2.25)

From Eq. (2.6), Eq. (2.12), Eq. (2.21) and Eg. (2.25) the

following is obtained.

2
{ZJSR{MfRR”f]D}S:rL—rR (2.26)

From Egs. (2.19) ~ (2.20) and Eg. (2.26), the dynamic equations

of two wheeled mobile inverted pendulum are described as follows:

(M,RLcos6; — i, sec 6y )6, +4gtan 6, 02
—M_RL&2sING, =7, +17, '
cos B,% = gsin 6, —¢,05 (2.28)
do=7, 7. (2.29)
where
¢1=2MrR+2|ir+MPR
J, ML
2:—( ML) (2.30)
M, L
2
5~ 2R (MR) )
D R

Assuming the small change of pitch angle 6, gives sing, =6,

cosd, =1 and 6,7 =0 for linearizing Egs. (2.27) ~ (2.29).

This leads the dynamics Egs. (2.27) ~ (2.29) to the following

linearized equation of motion.
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(M.RL-¢¢,)0, + 496, =7, +1, (2.31)
% =06, — 0, (2.32)
G0 =1, —14 (2.33)
Egs. (2.31) ~ (2.33) represents the system in state space form.
X = Ax+Bu (2.34)
y =Cx (2.35)

where x is a system state variable vector, Yy is an output variable

vector, u is an.input variable vector and A, B, and C.are matrices as

follows:
I gf,&, © ';m
0 0 A, 00O
A_|0 0 0 100 (2.36)
0 0 A, OO0 O
0 Wi SO NN
L0 0O 0 0 0 O]
S5 I
B, -0
B = © 0 (2.37)
B, 0]
o 0
| 0 B, |
1 0 0 0 0O
C=/0 01000 (2.38)
0 00O0T1P0O0
x=[x % 6,6,565] (2:39)
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u= [ul UZ]T = [TL +7, T —Tx ]T (2.40)

y=[% ¥, ¥s] (2.42)
with
_ ¢¢,9
Asz=9 M RL g, (2.42)
_¢1g
A43 - MPRL_¢1¢2 (2.43)
) F%
. M P RL— ¢1¢2 (2'44)
- 1
i MPRL_¢1¢2 (2'45)
1
B62 = ZS (246)
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Chapter 3: Controller System Design

This chapter designs a controller system that integrates three
control loops, composed of balance control loop, rotation control
loop for chassis and position control loop for two wheeled mobile
inverted pendulum. The balance and rotation control loops are
designed by using Lyapunov function and backstepping control
method. The position control loop is designed based on PD control

method. Fig. 3.1 shows the structure of controller system.

ref X PD Hpref

+ Controller

7/

Position Controller . Saturation

|_> BackStepping

—— | (Balance Controller) U, 8
I
Dynamic o, :
Equations
5ref > 2 )
BackStepping U, Tuio Wheeled Mobile
(Rotation Controller) i rted aLidn

2!

Fig. 3.1 Structure of controller system

3.1  Backstepping Controller Design

The backstepping controller design method for two wheeled

mobile inverted pendulum’s balance is proposed as follows:
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3.1.1 Balance Controller Design

Defining x, =6, and x, = ép , EQs. (2.31) ~ (2.33) are rewritten as

follows:
g(XS)XA +h(X3) =U; (3.1)
h(Xa) = ¢19X3 (3.2)
9(%;) =MRL—d¢d, (3.3)

where u, =7, +7, is first.control input;

Using EQgs.(2.30) and (3.3), the following condition is obtained;

0<M RL<4¢g, (3.4)

Because g(x,) =0 from Egs. (3.3) and (3.4), Eq. (3.1) yields:

v _ul_h(xs)
RNy 49

A tracking pitch angle-error of the chassis is defined as follows:
€ =X = Xyt (36)

where X, =0, Is the reference value for 6,

A virtual control X,. is defined as:

Xpr = _klel + XSref (37)

And angular velocity error between the virtual control x,. andx,

as follows:
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€ =X, = Xg (3.8)

The derivation of e, and e, can be given as follows:

él = X3 - XSref =X, = X4ref =€~ klel (39)
6, = %, — X, = X, + k6 — %, (3.10)

Substituting Eq. (3.9) into Eg. (3.10), the following can be

obtained:

¢, =Tl HCENE A (3.11)

For designing balance control input, Lyapunov. function is

defined as follows:

1
w=§q+§% (3.12)

The derivative of V, is as follows:

V, =¢¢€ +e,.,
=€ (ez - klel) +6, (Xz =+ kle2 N klzel T 5('3ref )
= ke k€2 (3.13)

u, —h(x,) N }
+e,| ——=+(k +Kk,)e, +(1-K)e, — %,
2{ g(X3) (1 2)2 ( 1)1 3ref

To make V, negative, the first control input is chosen as follows:

u = h(X3) + g(XS)[X3ref _(k1 + kz )ez _(1_ klz)el:| (3-14)

Substituting Eq. (3.14) to (3.13), the derivative of Lyapunov

function is given by:
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V, =—ke? —k,e? <0 (3.15)

3.1.2 Rotation Controller Design

Similarly, the procedure of backstepping controller design for two

wheeled mobile inverted pendulum’s rotation is as follows:

Defining X, =¢ and X, = 5, Eq. (2.33) is rewritten as follows:

hiXs = U, (3.16)
where U, =7, — 74
Trackingyaw angle error and tracking yaw angular velocity error
are defined, respectively,as follows:
€3 = X5 = Xy (3.17)
€, = Xs — Xg» (3.18)
where X, =0, IS the reference angle of yaw angle x; and the

virtual control Xg..is chosen-as follows:

Xge = —Kq€5 + X ot (3.19)

When the two wheeled mobile inverted pendulum doesn’t move,
or moves forward, or moves backward (doesn’t turn left-right), the
reference yaw angle equals zero (5, =0).

ef

For designing rotation control input, Lyapunov function is

defined as follows:
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V,=2el+=¢ (3.20)
The derivative of V, is as follows:

V, =6, +6,6,
2 2
=—k.e; —k,&;

+e{%+(k3+k )e, +(l k? ) Ser}

(3.21)

3

To make \/'2 negative, the second-control input is as follows:
Uy = [ s = (ks + k)& —(1-K3 ), | (3.22)
Substituting Eqg. (3.22) into Eq. (3.21), \/'2 is given by:
V, = ke’ —k,e2 <0 (3.23)
PD Controller Design

3.2.1 Position Controller Design

Control system development is an imperative process to

guarantee the success of stabilizing the two wheeled mobile inverted

pendulum, while there is a variety of control techniques that can be

applied to stabilize the two wheeled mobile inverted pendulum, the

main objective of the proposed controller system is to control the

system effectively.

The method for controlling the two wheeled mobile inverted

pendulum will be a linear controller. A Proportional and Derivative
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control method has proven to be popular among the control

engineering community.

When the inverted pendulum is in upright position and the two
wheeled mobile inverted pendulum doesn’t move, the reference angle

is set to zero (6, =0) . If the two wheeled mobile inverted

pendulum moves forward, the reference angle is positive (6, >0) .

ref

If the two wheeled mobile inverted pendulum moves backward, the

reference angle is negative (6, <0).

A PD controller-is designed to control the-position of the two
wheeled mobile inverted pendulum. Control law for-PD controller

can be as follows:

ex b Xref Xr (3 24)
Hpref D prex + deéx .

where e, is the displacement error of two wheeled mobile

inverted pendulum, X is the reference value.for X

r?!

and K, and

K, are the proportional‘and derivative gains, respectively.

35



Chapter 4: Kalman Filter

4.1 Introduction

R.E Kalman published a paper in the early 1960s titled, “A New
Approach to Linear Filtering and Prediction Problems.” R.E Kalman
published his famous paper describing a solution to the discrete data
linear filtering problem. Since the paper was published in the early
1960’s, the Kalman filter has become widely used in areas of
embedded control systems and assisted navigation systems. As stated
by both Greg Welch and Gary Bishop, “The Kalman filter is a set of
mathematical equations that provides recursive solution to estimate
the state of a process in away that minimizes the mean of the squared
error. The filter is very powerful in several aspects: it supports
estimations of past, present, and even future states, and it can do so
even when the precise nature of the modeled system is unknown.”

The Kalman filter has.also gained popularity in others areas of
engineering. The. Kalman filter is often used"in digital control
engineering. The filter :is_-used in 'control engineering to remove
measurement noise that can affect the-performance of system under
control. It also provides an estimate of the current state of the process
or system. As stated in the article, “Kalman Filtering” was written by
Dan Simon, “The Kalman filter is a tool that can estimate the
variables of a wide range of processes. In mathematical terms, we
would say that a Kalman filter estimates the states of a linear system.
Kalman filters are often implemented in embedded control systems
because an accurate estimate of the process variables is needed in

order to control a process.
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After reviewing the articles on the Kalman filter, one can point
out a major advantage of applying the filter to the two wheeled
mobile inverted pendulum. The Kalman filter can be used to provide
a good estimate of vertical angle to control and maintain the robot
balance. It can also be used to remove any measurement noise from
the inclinometer sensor. A disadvantage of the Kalman filter is that
there is not a standard methodology or notation for the equations used
for the filter and it makes the use of the filter more complex.

4.2 Kalman Filter Design

Most systems are described with continuous-time dynamics.
However, state estimation and contrel algorithms are implemented in
digital electronics field [27]. So, to design Kalman filter, firstly, the

discrete stochastic system must be considered.

Eq. (2.34) and Eq. (2.35) must transform into linear dynamical
discrete-time system as follows:

x(k+1) = Fx(k) + Gu(k) 4.1)

y(K) =Hx(k) (4.2)
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1T 0 0 0 0]

01 Mﬂ)) 00 0
M.RL -4,

Foe~1+AT=|" © ! Too (4.3)

00 (_J@L_J 1 0 0
M.RL-4¢9,

00 0 01T

00 0 0 1]

G=e"[e"dtB=A"(e" ~1)B~BT

0

0

0
P rgg) O
0 0 @.4)
| (Vi re-ga)
0 0

N\ A

(@)

1
H=C=|0
0

o o O
o = O
o o o
R O O

0
0 (4.5)
0

where T is sampling time
Proof of Egs. (4.3) ~ (4.5) refers to Appendix A.

From Egs. (4.1) and (4.2), the linear dynamical discrete-time

system with the process noise and measurement noise becomes:

X(k +1) = Fx(k) + Gu(k) +v(k) (4.6)
y(k) = Hx(k) + w(k) 4.7
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The system state variable vector x(k)eR" denotes the full

system state. The input variable vector u(k) e R™ represents the two
wheeled mobile inverted pendulum system input such as torque. The
output variable vector y(k)eRP represents the system output
measured by sensors such as pitch angle, rotation angle and moving
displacement of system. The system matrix F(k) e R™ is a system
matrix of the two wheeled mobile inverted pendulum system.
G(k) e R™™ is input matrix. The v(k)eR" is called the process
noise vector and is assumed to be white Gaussian noise with zero

mean and covariance matrix V (k) . The matrix H(k) e R”™™ is output

matrix. The measurement _noise vector, w(k) € R® is assumed to be
white Gaussian noise with zero mean and covariance matrix, W (k).
It is assumed that H(k) is full rank for all k although it may not be

square.

The equations of Kalman filter can be decomposed into two

groups: Time update and measurement update equations.

The time update —equations-use the -current state and error

covariance estimates to obtain estimates for the next time step.

Time Update (prediction)

X, = FX_, +Gu, (4.8)
P =FP_F"+Q (4.9)

where X, is predicted state and P, is predicted covariance matrix.
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Measurement Update

The measurement update equations use the current measurement
to improve the estimates which are obtained from time update

equations.

X =% +K (z, —HX,)
B=(-KH)R (4.10)
K,=P H'(HR,HT +R)™
where X, is estimated state, K, is Kalman gain, (z, —HX,) is
error between prediction and measurement and P, -is update equation
for covariance matrix.
In Kalman filter, the process noises are assumed to be white

Gaussian noise with zero mean. The process noise vector is denoted

as:

vik) = (4.11)

The covariance matrix of the process noise vector from Eq. (4.11)
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V (k) = cov(v(k)) = v(k)v(k)"
o

¥,

Vs

=\ vs v, v v Ws W

Vs

Vs

Vs

(4.12)

where, v, vw,, ¥, W, V., ¥, are process noises related to

X, %, 05,6, 5,0, respectively.

The measurement noise vector, w(k) , represents the noise that

disturb the measurement process. The measurement noise vector is

denoted as:

4
w(k) = v, @13)

W

The covariance matrix of the measurement noise vector from Eq.
(4.13) is:

W (k) = cov(w(k)) = w(k)w(k)"
4
=| Vs [‘//7 Vs l//g]
4

(4.14)

where, v, w,, ¥, are measurement noises related to x., 6,9 ,

respectively.
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4.3 Simulation Results

The purpose of this simulation is to verify the effectiveness of the

Kalman filter reducing the effect of noise.

All parameters values and initial conditions for simulation are

shown in Table 4.1.

Table 4.1 Parameter values and initial conditions

Parameters Values Units
M, 26 [ka]
M, 10.7 [ka]

D 0.566 [m]
L 0.14 [m]
g 9.81 [m/s?]
s, 0.8 [ kgm?]
o 3.2 [ kgm?]
J, 2.4 [kgm?]
/2% 11.46 [degree]
Xco 0 [m]
% 0 [degree]
Opret 0 [degree]
et 2 [m]
. 57 [degree]
R 0.22 [m]
T 0.01 [s]

The Kalman filter algorithm can be applied in the discrete time
process of two wheeled mobile inverted pendulum system. For this

simulation, process noise is omitted v(k) =0 and measurement noise

vector is considered as:
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0.09
w(k) =| 0.22 (4.15)
0.06

Therefore, the covariance matrix of the measurement noise vector

0.0081 0.0198 0.0054
W (k)=|0.0198 0.0484 0.0132 (4.16)
0.0054 0.0132 0.0036
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Fig. 4.1 shows the moving displacement of two wheeled mobile
inverted pendulum in simulation with/without applying Kalman filter.
There is noise in the moving displacement of system without
applying Kalman filter. The noise is reduced significantly by using
Kalman filter. Fig. 4.1 shows that the moving displacement of the
system goes to reference displacement (2m) of the two wheeled

mobile inverted pendulum after 7 seconds.
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Fig. 4.1 Moving displacement X, of system in simulation

with/without applying Kalman filter
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Fig. 4.2 shows the pitch angle of the two wheeled mobile inverted
pendulum system in simulation with/without applying Kalman filter.
There is measurement noise in the pitch angle of system without
applying Kalman filter. The noise is reduced significantly by using

Kalman filter. The pitch angle goes to zero after 6 seconds.
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Fig. 4.2 Pitch angle &, in simulation with/without applying Kalman

filter
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Fig 4.3 shows the yaw angle of the two wheeled mobile inverted
pendulum system in simulation with/without applying Kalman filter.
There is measurement noise in the yaw angle of system without
applying Kalman filter. The noise is reduced significantly by using
Kalman filter. The yaw angle goes to reference yaw angle of two

wheeled mobile inverted pendulum (57°) after 2 seconds.
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Fig. 4.3 Yaw angle ¢ in simulation with/without applying Kalman

filter
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To reduce the measurement noise of two wheeled mobile inverted
pendulum system, Kalman filter is proposed. Based on the linear
discrete-time system of two wheeled mobile inverted pendulum
system, Kalman filter is designed. To verify the effectiveness of
Kalman filter, the simulation is done. The simulation results show

that the Kalman filter reduced the noise effectively.
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Chapter 5:

51 Simulation Results

Simulations and Experimental

To verify the effectiveness of the proposed control system,

simulations and experiments have been done for the two wheeled

mobile inverted pendulum. The parameters and initial values of the

two wheeled mobile inverted pendulum for the simulation and

experimental are given in Table 5.1

Table 5.1 Numerical parameters and initial values.for simulation

Parameters Values Units
M, 26 [kg]
M, 10.7 [Ka]
D 0.566 [m]
L 0.14 [m]
g 9.81 [m/s?]
v . 0.8 [ kom? ]
J 5 3.2 [ kom? ]
J, 2.4 [kgm?]
O 11.46 [degree]
Xro 0 [m]
4 0 [degree]
0 er 0 [degree]
ref 2 [m]
ref 57 [degree]
R 0.22 [m]
T 0.01 [s]
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The gains of backstepping controllers are determined with

k, =k, =5; k; =k, =5 and the gains of PID controller is determined
with k  =0.14 and k;, =0.1.

Fig. 5.1 shows the pitch angle &, of the two wheeled mobile

inverted pendulum system in simulation result. The pitch angle &,

goes to zero after 6 seconds.
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Time 5)

Fig. 5.1 Pitch angle 6, in simulation result.
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Fig. 5.2 shows the moving displacement x, of the two wheeled

mobile inverted pendulum at reference value assumed as zero. In
simulation result, the moving displacement of the two wheeled
mobile inverted pendulum reaches to reference moving displacement

(2m) after 7 seconds.

25 ' '
: : 1 — Moving Displacement

Moving displacement (im)

2 | | | | |

0 2 1 L 8 10
Time (5)

Fig. 5.2 Moving displacement X, in simulation result
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Fig. 5.3 shows the yaw angle 6 of the two wheeled mobile
inverted pendulum in simulation result. The yaw angle & goes to the

reference yaw angle (57°) after 2 seconds.
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Fig. 5.3 Yaw angle ¢ in simulation result
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5.2  Experimental Results
Fig. 5.4 shows the pitch angle 6, of two wheeled inverted
pendulum in experimental result with/without Kalman filter.
Experimental result of the pitch angle with Kalman filter
converges to 0.8°. Experimental result of the pitch angle
without Kalman filter is bounded within +0.8° around that
with Kalman filter after 1.8 seconds.
10 I I T
— Experimental data without filter
i LY AL A 3 Experimental datawith e |
R | Z S N |
0
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H
i VSRR & 0B N e ) T 1
0
g
Uil [T - S T R S 4
)
z
a : : : ;
'Q L RN A | Y .......
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'E I y ;I“[."JL'”J‘I‘ h‘Hrhl\ [l ’L.yl‘lvd ‘J ""r‘l "“JI‘]‘“'I[H'H’ |\-‘I‘J\J'l\ “1’ .‘lwl“x ull 1”
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Fig. 5.4 Pitch angle 6, with Kalman filter in experimental result
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Fig. 5.5 shows the moving displacement of two wheeled mobile
inverted pendulum in experiment. This shows that the two wheeled

mobile inverted pendulum moves up to 2m and is then stabilized.

(d) Move forward (e) Move forward (f) Stable position

Fig. 5.5 Moving displacement of two wheel mobile inverted

pendulum in experiment
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Chapter 6: Conclusions and Future Works

6.1 Conclusions

This thesis presented controllers design method to stabilize and
control the motion of the two wheeled mobile inverted pendulum.
The two wheeled mobile inverted pendulum composed of chassis and
base platform with two coaxial wheels. Conclusions of this thesis are

given as follows:

e Linearized dynamic modeling of the-two wheeled mobile
inverted pendulum based on Newton’s 2" law is

presented.

e Controller:system via PD control and backstepping control
is applied to stabilize_and control the motion of two
wheeled mobile inverted pendulum.

e To implement the proposed controller system for the two
wheeled mobile inverted pendulum, .the control system
based on._ PIC18F452 microcontroller is developed.
Encoders, inclinometer sensor and compass sensor are

utilized to obtain the information of the system state.

e Kalman filter was proposed for estimating the moving
displacement of two wheeled mobile inverted pendulum
and pitch angle with sensor noise. The simulation results
are shown to prove the effectiveness of proposed Kalman
filter algorithm.
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The simulations and experimental results are shown to
prove the effectiveness of the proposed model and
controller system. In simulation results, the pitch angle of
two wheeled mobile inverted pendulum is goes to stable
after 6 seconds. Moving displacement in simulation goes
to 2m after 7 seconds. Yaw angle of the two wheeled
mobile inverted pendulum in simulation goes to reference
yaw angle (57°) after 2 seconds. For the pitch angle &, to
stabilize two wheeled inverted pendulum in experimental
result with/without Kalman filter, experimental result of
the pitch angle with Kalman filter converges to 0.8°.
Experimental result of the pitch angle without Kalman
filter is bounded within £0.8° around that with Kalman
filter after 1.8 seconds. Motion control for the moving
displacement of two wheeled mobile inverted pendulum in
experiment was shown. The two wheeled mobile inverted
pendulum moves up to 2m and is then stabilized. So the
proposed. -controller system can- be applicable and
implemented .in practical to-stabilize of the two wheeled

mobile inverted-pendulum.

6.2 Future Works

Some future works in the scope of this thesis are given as:

The controller system developed in this thesis proved to
be able to control the two wheeled mobile inverted
pendulum. But the robustness of the system is not fully
tested and is in question. More experiment needs to be
performed to evaluate the robustness of the system and
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fine tuning of the control algorithm is required for better
performance. Future research on implementing non-linear
controllers is strongly recommended to control the two
wheeled mobile inverted pendulum system as it will
improve the robustness of the system.

Uneven field conditions can be considered for two
wheeled mobile inverted pendulum.

Experimental results of rotation control and position

control will be shown.
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APPENDIXA

Discretization

Exponential function has the following relationship:

e’“=|+At+%A2t2+--.+%A“t”+-~=§Alzt!n (A1)
ieAt =A+At+ AT et At T
2! (n=1)!
= A[I + At + i ot o, +} = Ae™ -
2 (n=1)!
A continuous time state equation and output equation are:
X(t) = Ax(t) + Bu(t) (A.3)
y(t) = Cx(t) (A.4)
From Eqg. (A.3), the fallowing is obtained:
X(t) — AX(t) = Bu(t) (A.5)
Multiplying e both sides of Eq. (A.5) yields:
e ™ [X(t) - Ax(t)] = %[e‘“x(t)] =eBu(t) (A.6)
Integrating Eq. (A.5) between 0 and t gives:
e x(t) = x(0) + j; e " Bu(r)dr (A7)

Therefore, solution of continuous time state equation of Eq. (A.3)
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x(t) = e*x(0) + [ e* " Bu(r)dr
(t) =e"x(0)+ |, (7) A8)
t
= e"'x(0) + e jo e Bu(r)dr
Discrete time state equation of Eg. (A.8) putting t=KkT

u(t) =u(kT)for KT <t <KT +T is obtained as,

x(KT) =e™Tx(0) +e™" I:T e “Bu(r)dr (A.9)

For t =(k+1)T, the following is obtained from Eq. (A.8).

X((k +1)T) — AT X(O) - eA(k-*—l)‘r J‘O(k+l)T e_ATBu(T) dr (AlO)

Multiplying €*" " in the both side of Eq. (A.9) and subtracting it
from Eq. (A.10) gives:

X((k+0T) =efTx(KT) +e24" [Fe~Bu(r)dr | (A1)

From discrete-time state equation of Eq. (A.11) that u(z) =u(kT),

x(0) is the.value of the state at time t =t, = 0, and x(k) is the value of
the state at time-tp+Tk, and t=7z—KT and T.isS defined to be the

sampling time, the following is obtained:

X((K+DT) =" x(KT) +e*" [ e Bu(kT)dt
((k+2)T) ()Tjo (KT) A1)
=" x(KT) + jo e*T VB dtu(KkT)

Egs. (A.3) and (A.4) can be expressed ad a discrete time system

as follows:
x(k +1) = Fx(k) +Gu(k) (A.13)

y(k) = Hx(k) (A.14)
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If Eq. (A.13) and (A.14) compared to Egs. (A.4) and (A.12),

respectively, the following is obtained:

E—eh (A.15)

G =(jTeA<“>)Bdt - A’l(e” — ) B (A.16)
0

H=C (A.17)

Using Taylor series, Egs. (A.15) and (A.16) are reduced as:

2T 2 3 nTn
Foe o | AT AT AT AT (A.18)
AURN n!
G=[e" dtB=—| e*drB =] e“drB
0 T 0
A.19)
A272 P33 o T (
—|:AT+ Y 44 o IR . = ...OB
2T 2 313 nTn
:A{AT+AT Laki ..}B (A.20)
2! 3! n!
=A'[e"-1]B (A.21)

where 7=T -t and —-dt =dr
Egs. (A.18) and (A.20) taking n'="1 becomes

F=e" =1 +AT (A.22)
G=A'[AT]B=TB (A.23)

Using Egs. (A.22) and (A.23), the discrete time equations of two

wheeled mobile inverted pendulum are obtained as follows:

x(k +1) = (1 + AT)x(K) + BTu(k) (A.24)
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From Egs. (A.26) ~ (A.28), the following are obtained.
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