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1 Introduction

Since Zadeh [24] introduced fuzzy sets, many scholars introduced various no-
tions of higher-order fuzzy sets. Among them, interval-valued fuzzy sets (IVFSs)
23, 25] provides us with a flexible mathematical framework to deal with imperfect
and/or imprecise information. Deng [14] called IVFSs as grey sets. Atanassov
[3, 5] introduced the notion of intuitionistic fuzzy sets (IFSs), as a generaliza-
tion of fuzzy sets. Atanassov and Gargov [6] showed that IFSs and IVFSs are
equipollent generalizations of fuzzy sets. The equivalence between the structures
of IFSs and IVFSs was proved by Deschrijver and Kerre [15]. In 1993, Gau and
Buehrer [17] proposed the notion of vague sets. Bustince and Burillo [10] proved
that the notion of vague sets identifies with the one of IFSs. The idea of “intu-
itionistic fuzzy set” was first published by Atanassov [2] and many works by the
same author and his colleagues appeared in the literature [3, 4, 7]. Later, this
concept was generalized to “intuitionistic L-fuzzy sets”™ by Atanassov and Stoeva
[8]. Coker [13] introduced the concept of “intuitionistic fuzzy topological spaces”
investigated its basic properties. Mondal and Samanta [19] introduced the notion
of generalized intuitionistic fuzzy sets (GIFSs) as.a generalization of Atanassov’s
IF'Ss and studied their basic properties.

The purpose of this thesis is to construct the basic concepts of the so-called
“general intuitionistic fuzzy topological spaces”. After giving the fundamental
definitions and the necessary examples we introduce the definitions of fuzzy con-
tinuity, fuzzy compactness and fuzzy. connectedness, and obtain several preser-
vation properties and some characterizations concerning fuzzy compactness and

fuzzy connectedness.



2  Preliminaries

First we shall present the fundamental definitions given by Mondal and Samanta
[19]:

Definition 2.1 (Mondal and Samanta [19]) Let X be a nonempty fixed set. A
generalized intuitionistic fuzzy set (GIFS for short) A is an object having the

form

A= {(z, pa(x),va(x)) - v € X}

where the functions p4 : X — I and v4 : X — [ denote the degree of membership
(namely p4(x)) and the degree of nonmembership (namely v4(x)) of each element

z € X to the set A, respectively, and min{pa(z),va(z)} < 1 for each z € X.

Remark 2.2 A generalized intuitionistic fuzzy setA = {(z, pa(z),va(x)) : = €
X} in X can be identified to an ordered pair {j4,74) in IX x-I* or to an element
in (I xI)%.

Remark 2.3 For the sake of simplicity, we shall use the symbol A = (x, j14,74)
for the GIFS A = {(x, pa(x),valz)) : 2 € X}.

Remark 2.4 The concept of triangular norms (#-norms) is known as the ax-
iomatic skeletons that we use for characterizing fuzzy intersection. Several exam-

ples for this concept is follows:

' b bh =1
e drastic product: t,(a,b)= min{a; b}, max{a, b}

0, otherwise
e bounded difference: t;(a,b) = max{0,a + b — 1},
b
e Eistein product: ¢ 5(a,b) = > (a j_ b= ab)’

e algebraic product: ts(a,b) = ab,
ab

e Hamacher product: t55(a,b) = P —
at+b—a



e minimum: ¢3(a,b) = min{a, b}.

Since these operators are ordered as follows:
tw <11 < t15 < to S tos < s,

it is possible to change the operator min(i.e., t3) in above definition by another

t-norm.

Example 2.5 Every intuitionistic fuzzy set A on a nonempty set X is obviously
a GIFS having the form A = {(x, pua(z),1 — pa(z)) : x € X} [4].

One can define several relations and operations between GIFSs as follow:

Definition 2.6 (Mondal and Samanta [19]) Let X be a nonempty set, and the
GIFSs A and B be in the forms A = {(x, pa(z),ya(2)) : € X}, B = {{x, up(z),
v(z)) : x € X}. Then

(a) AC Biff pa(z) < pp(x) and v4(z) > vp(x) for all x € X;

(b) A=Biff AC B and B C4;

(¢) A® = {(z,7a(x), pa(z)) 7o € X};

(d) AN B = {(z,pa(x) A pp(r), val@) V qs(@)) @ € X};

(e) AUB = {(z, palx) V pa(x), ya(z) Ays(e)) : ¢ € X};

(£) [ 14 = {{z, (), 1'— pua(m) - @ € X

(g) (VA ={(z,1=7a(),ya(2)) : 7 € XF}.
We can easily generalize the operations of intersection and union in above

definition to arbitrary family of GIFSs as follows:

Definition 2.7 Let {A; : i € J} be an arbitrary family of GIFSs in X. Then
(a) NAi = {(z, Apa; (2),Vya (2)) - o € X}
(b) U s = {2,V pia, (@), Aa,(2)) 0 € X,



Since our main purpose is to construct the tools for developing generalized
intuitionistic fuzzy topological spaces, we must introduce the GIFSs 0. and 1.

in X as follows:

Definition 2.8 0. = {(z,0,1) : 2 € X} and 1. = {(2,1,0) : z € X }.

Here are the basic properties of inclusion and complementation:

Corollary 2.9 Let A, B,C be GIFSs in X. Then
(a) ACBandCC D= AUCCBUD and ANCC BND,
b)) ACBand ACC = AC BNC,
c) ACCand BCC = AUBCC,
d) ACBand BCC = ACC,
e) (AU B)*=A°N B°,
f) (AN B)*=A°U B¢,
g)ACB:>BCCAC
)

h) (A9)° =
i) 1e = ON,(j) 08 =1..

~

(
(
(
(
(
(
(
(

Proof We shall only prove (e).
(e) Let A= (x,pa,74) and B = (x, up,y5). Then we have

AUB = (z,uaN pp,va NVBYy, A= (X, 94,M4); B ={z,v8, iB)
Thus,

(AU B)¢ = (z,ya N8, ua N pp) = ASAB.

Now we shall define the image and preimage of GIFSs. Let X and Y be two

nonempty sets and f : X — Y be a function.



Definition 2.10 (a) If B = {(y, us(y),v78(y)) : y € Y} isa GIFS in Y, then the
preimage of B under f, denoted by f~!(B), is the GIFS in X defined by

FHB) ={( [ pp) (@), [ (vp) (@) s v € X}

(b) If A = {(x,A\a(2),Va(x)) : x € X} is a GIFS in X, then the image of A
under f, denoted by f(A), is the GIFS in Y defined by

f(A) = {y, FAA) (W), (1 = f(1 =) (y) :y €Y}

where

z€f~1(y)
0, otherwise

sup  Aa(z), if fH(y) #0
fQa)(y) =

inf  da(z), if f~L(y) #0
(1= (1~ Da)ey = =i
¥ otherwise
For the sake of simplicity, let ususe the symbel f.(94) for 1= f(1—v4). Now
we list the properties of images and preimages, some of which we shall frequently

use in Sections 4-6.

Corollary 2.11 Let A, A; (i € J) be GIFSs in X, B, B; (j € K) be GIFSs inY
and f : X — Y a function. Then

c) AC f7Yf(A) [If f is-injective, then A ="f7L(f(A)) ],
d) f(f~%(B)) € B [If f is surjective, then f(f~'(B)) = B ],



Proof Let B] - <ya,quafyBj>7 Al = <ZE, >\Ai77~9Ai> (Z S ij € K)a B = <y7/~LBa7B>
and A = (z,24,94).

(a) Let Ay C As. Since Ay, < g, and ¥4, > 94,, we obtain f(A4,) < f(Aa,)
and

1—Q9A1 < 1—19A2 :>f(1—19A1) Sf(l—ﬁAQ)

= 1—f(1—19A1) 1

= [-(a,) = [-(Va,)

from which we easily obtain the result f(A;) C f(Asy).

(b) This is similar to (a):

(c)

FHAA)) = W Aa94)) = F1 (G f(Aa), f=(94))

= (2, [E(f(Aa)), £ (f=(0a)))
b B0

I

(x,

[Notice that f=1(f(Aa)) > Xapand f(f-(0a) = f7H(L— f(1 —da)) =
L—f7H(f(1=94)) <L — (1 =04) =Va]
(d)
FUHB)) = F(F (Wrmsas))) = Sl f~ (us), [ (v8)))
=y, F(f " (uB)), f-(f ' (vB)))
C (y,uB,78) = B.

[Notice that f(f~'(up)) < up. On the other hand, we have f_(f~'(vyg)) = 1—
FA=f"e) =1=f(f7 (1=78)) 2 1=(1—=75) =78, ie, f-(f7(8)) = 78]

6



(e)

fﬁl(UBJ) = fﬁl(<y7\/:u3j?/\73j>) = <x>fil(\/qu)7fil(/\fyBj)>
= (2, \/ [ ) N 1 (vm)) = (e N sy A\ vi-10,)
=By

(f) Tt is similar to (e).

(2)

=, V ), A f-(0a) = Uy F ), f-(04))) = U f(A)-

[Notice that f(VA4) =V f(Aa,) and fo(Ada) =1 = f(1 = AVs) =1
JVA=94)) =1 =V 1 =da) = A0 = f(1 =04,)) = Af-(Va,) ]
(h)

f(ﬂ AZ) = f(<37’ /\>‘Az>\/19141>) = <y, f(/\ >\Az)7 f—(\/ ?9141))
C Y, AF O, V F-(04)) = (y, A\ FO), V2 (04))) = () F(A).

[Notice that f(AXa) < A filda) and £ (Vdad—1— f(1— Vi) =1 -
FINL=94)) 2 1=AF(1 =) = VA = f(1 =d4)) =V [-(V4,) ]

() £1(10) = £y, 1, 00) = (o 1), FERO)) = (21,0 =1

(j),(k),(1) are similar to (i).

(m) Since f(A°) = f({z, A1, 94)%)= f((@:04,24)) = (y, f(Ja); f-(Aa)) and
fA)F = ({2, Aa,94))¢ = ysf(Aa), f-(94))° = (y, f-(Ua), f(Aa)), we obtain
the required result immediately from the faect that f is surjective.

(n) It is similar to (m). O

3  Generalized intuitionistic fuzzy topological spaces

Here we generalize the concept of intuitionistic fuzzy topological space, first ini-

tiated by Coker [13], to the case of generalized intuitionistic fuzzy sets.



Definition 3.1 A generalized intuitionistic fuzzy topology (GIFT for short) on
a nonempty set X is a family 7 of GIFSs in X satisfying the following axioms:

(T1) O, 1o € 73

(Ty) Gy NGy € 7 for any G1,Gsy € T;

(T3) UG; € 7 for any arbitrary family {G; :i € J} C 7.

In this case the pair (X, 7) is called a generalized intuitionistic fuzzy topo-
logical space (GIFTS for short) and any GIFS in 7 is known as a generalized
intuitionistic fuzzy open set (GIFOS for short) in X.

Example 3.2 Any fuzzy topological space (X, 7y) in the sense of Chang is ob-
viously a GIFTS in the form 7 = {A : ps € 79} whenever we identify a
fuzzy set in X whose membership function is g4 with its counterpart A =
{{z,pa(x),1 — pa(x)) : x € X} as in Example 2.5.

Example 3.3 Let X = {a,b,c} and

w? b a0 Kd
A= i\ nerna o sy A s no )
0.5°0.5 0.4 0.6°0.7 0.8
H3 Z, i7i7i ) iaiai )
0.4°0.6" 0.6 0.7°0.5 0.5
s § . = B3
=~ \"\04'05°04/7\07°0.7°08)/’
, W) @ T LY
D‘<$7<Mfm>’(ﬁﬁoﬁ>>'

Then the family 7 = {0 ;1., 4, B,C, D} of GIFSs in X is.a GIFT on X.

Example 3.4 Let X = {1,2} and define the GIFSs G,, as follows (n € N):

1 2 1 2
G = <="5 <n n+1> , (27 2>>
n+1l n+2 n+2 n+3

In this case the family 7 = {0.,1.} U{G,, : n € N} is a GIFT on X.




Example 3.5 Let (X, 79) be a fuzzy topological space in Chang’s sense such that
Tp is not indiscrete. Suppose now that 7o = {0,1} U {v; : ¢ € J}. Then we can
construct two GIFTs on X as follows:

(a) 71 = {0, 1.} U {{z,v;,0) : i € T},

(b) 72 = {0, 1.} U{{x,0,1 — ;) : i € J}.

Proposition 3.6 Let (X,7) be a GIFTs on X. Then, we can also construct
several GIFTSs on X in the following way:

(a) 701 =4[ |G : G € 1},

(b) 2 ={()G:G e 7}.

Proof (a) (Ty) and (T,) are easy.
(T3) Let {[ |G; i€ J,G; € 7} C 194. Since UG; = (z,V pg;, Nve,) € T, we
have

U([ ]Gl) N <x7\/:U’Gi7/\(1 | MG1)>
= <9€,\/MG“ 1— \/MGZ-> € 7o

(b) This is similar to (a). O

Remark 3.7 Let (X, 7) be a GIFTS.

(a) 1 = {pe : G € 7} is a fuzzy topological space on X in Chang’s sense.

(b) * = {ye : G € 7} is the familly of all fuzzy closed sets of the fuzzy
topological space 75 = {1 — v¢ : G € 7} on X in Chang’s sense.

(c) Since min{sa(x),va(x)} < 1 for each z € X and for each G € 7, we
obtain pa(z) < 5 or va(z) <3.

(d) Using (a) and (b) we may conclude that (X, 71, ) is a bifuzzy topological

space.

Definition 3.8 Let (X, 71), (X, 72) be two GIFTSs on X. Then 7 is said to be
contained in 7, (in symbols, 71 C 1) if G € 7 for each G € 7. In this case, we

also say that 71 is coarser than 7.



Proposition 3.9 Let {r; : i € J} be a family of GIFTs on X. Then N\7; is a
GIFT on X. Furthermore, (\7; is the coarsest GIFT on X containing all 7;’s.

Proof Obvious. O

A GIFTS (X, 7) is, of course, in the sense of Chang. Now we can obtain
the definition of a GIFTS in the sense of Lowen [18] in a natural way with one

exception:

Definition 3.10 A generalized intuitionistic fuzzy topological space in the sense
of Lowen is a pair (X, 7) where (X, 7) is a GIFTS and each GIFS in the form
Cap = {(z,0,8) : © € X}, where o, 8 € I are arbitrary and min{e, 8} < 3,

belongs to 7.

Example 3.11 If (X,7) is a GIFTS in the sense of Lowen, then (X, 7;) and

(X, 72) (see Remark 3.7) are also fuzzy topological spaces in the sense of Lowen.

Definition 3.12 The complement A% of a GIFOS A in a GIFTS (X, 7) is called
a generalized intuitionistic fuzzy closed set (GIFCS for short) in X.

Now we define fuzzy closure and interior operations in a GIFTS:

Definition 3.13 Let (X, 7) be a GIFTS and A = (z, 14,74) be a GIFS in X.

Then the fuzzy interior and fuzzy closure of A are defined by

cd(A) =K Kisa GIFCS inX'and A C K},
int(A) = | J{G : G-is.a GIFOS in X and G C A}.

It can be also shown that cl(A) is a GIFCS and int(A) is a GIFOS in X, and
(a) Ais a GIFCS in X iff cl(A) = A ;
(b) Ais a GIFOS in X iff int(A) = A.



Example 3.14 Consider the GIFTS (X, 7) in Example 3.3. If

a b c a b ¢
F= xz, ) 3 sl Ao’n 47N 9 )
0.55 0.55" 0.45 0.3°04° 0.3

then

Proposition 3.15 For any GIFS A in (X, T) we have
(a) cl(A°) =int(A)S,
(b) int(A°) = cl(A)".

Proof (a) Let A = (z,pa,7v4) and suppose that the family of GIFOS’s con-
tained in A are indexed by the family {(z,uc,,7g,) : ¢ € J}. Then we see
that int(A) = (z,V e, ANg,) and hence int(A) = (z, Avs,,V pg,). Since
A¢ = (z,ya,pa) and pg, < f1a , Yo, > va for each i € J, we obtain that
{{x,v¢,, pa,) : i € J} s the family of GIFCS’s containing A¢, i.e. cl(A%) =
(x, Ava,, V pa,). Hence cl(A¢) = int(A)° follows immediately.

(b) This is analogous to (a). + O

Proposition 3.16 Let (X,7) be a GIFTS and A, B be GIFSs in X. Then the
following properties hold:

(a) int(A) C A, (a) A C cl(A),

(b) A C B = int(A) Cint(B), (b)) AC B = cl(A) Cc(B),

(¢) int(int(A)) = int(A); (¢ clfcl(4)) = cl(4),

(d) int(AN B) = int(A) Nint(B), (d') cl(A U B)= cl(A) Ucl(B),

(e) int(l.) =1, (¢') cl(0.) = 0~
Proof (a),(b) and (e) are obvious.

(c) It follows from (a) and Definition 3.13.

(d) From int(ANB) C int(A) and int(ANB) C int(B) we obtain int(ANB) C
int(A) Nint(B) by Corollary 2.9. On the other hand, from the facts int(A4) C A

11



and int(B) C B = int(A)Nint(B) C AN B and int(A) Nint(B) € T we see that
int(A) Nint(B) Cint(AN B), from which we obtain the required result.

(a)-(¢’) They can be easily deduced from (a)-(e), Proposition 3.15 and Corol-
lary 2.9. O

Proposition 3.17 Let (X, 7) be a GIFTS. If A = (x,pua,7v4) is a GIFS in X,
then we have

(a) int(A) C (z,intr (1a), clry(74)) € A

(b) A C {,eluy(1a), intr, (1)) C cl(A),

where 11 and 15 are the fuzzy topological spaces on X defined in Remark 3.7.

Proof Let A = (x,ua,7v4) and suppose that the family of GIFOSs contained in
A are indexed by the family {(z, ug,,vq,) : i € J}. Thenint(A) = (z,V ua,, Ava,)-
Each member of the family of fuzzy open sets {ug, : @ € J} in 77 is contained in

ta, and hence V{pg, : i € J} < intr (la)-
Similarly we see that A{yg, : i € j} > ¢l (74). Thus we-get

inf(A) € (&, int,, (1), (7)), C A.
The other inclusion is obvious. : O

Corollary 3.18 Let A = (x, pta,va) be a GIFS in (X, 7). Then

(a) If A is a GIFCS, then pg is fuzzy closed in (X, 72) and ~v4 is fuzzy open
in (X, 1),

(b) If A is a GIFOS, them jua is fuzzy open in (X, 71)-and v4 is fuzzy closed
in (X, 72).

Example 3.19 Consider again the GIFTS (X, 7) in Examples 3.3 and 3.14. Now

we obtain

, a b c a b ¢
Zntﬁ(,uF) = ﬁa ﬁa ﬂ ) ClTQ(7F> = ﬁ?ﬁ?ﬁ

which justifies the nonequality of the inclusion in Proposition 3.17.

12



4  Generalized intuitionistic fuzzy continuity

Here come the basic definitions first:

Definition 4.1 Let (X, 7) and (Y, ®) be two GIFTSs and let f : X — Y be a
function. Then f is said to be fuzzy continuous iff the preimage of each GIF'S in
® is a GIFS in 7.

Definition 4.2 Let (X, 7) and (Y, ®) be two GIFTSs and let f : X — Y be a
function. Then f is said to be fuzzy open iff the image of each GIFS in 7 is a
GIFS in ®.

Example 4.3 Let (X, 1), (Y, ®) be two fuzzy topological spaces in the sense
of Chang.

(a) If f — Y is fuzzy continuous in the usual sense, then in this case, f is
fuzzy continuous in the sense of Definition 4.1, too-~Here we consider the GIFTs

on X and Y, respectively, as follows:
T={{z;pc, 1 — pe) 't ke € To}
and
O = {(y,Ag,1 — Ag) : A € Do}
In this case we have, for each (y,Ag, 1 — Apy) € @, Ay € Dy,

f_1(<y7 )‘Ha 15 >‘H>) = <$7f_1(/\H)7f_1(1 - )‘H»
— <x)f_1<)‘H)7 = f_l()‘H» €T,

(b) Let f : X — Y be a fuzzy open function in the usual sense. Then f is

also fuzzy open in the sense of Definition 4.2.

Example 4.4 Let (X, 7) be a GIFTS in the sense of Lowen, (Y, ®) a GIFTS and
co € Y. Then the constant function ¢ : X — Y, ¢(x) = ¢ is obviously fuzzy

continuous.

13



Here we obtain some characterizations of fuzzy continuity:

Proposition 4.5 f: (X, 7) — (Y, ®) is fuzzy continuous iff the preimage of each
GIFCS in ® is a GIFCS in 7.

Proof This is obvious if we make use of Corollary 2.11(n). O

Proposition 4.6 The following are equivalent to each other:
(a) f:(X,7) = (Y, ®) is fuzzy continuous.
(b) f~*(int(B)) C int(f~*(B)) for each GIFS B inY .
(c) c(f~YB)) C f(cl(B)) for each GIFS B inY.

Proof They can be easily proved using Definitions 4.1 and 2.6, Propositions 4.5
and 3.15 and Corollary 2.11(n). O

Example 4.7 Let (Y,®) be a GIFTS, X a nonempty.set and f : X — Y a
function. In this case 7 ={f7'(H) : H € ®} is a GIFT on X. Indeed, 7 is the
coarsest GIFT on X which makes the function f : X — Y fuzzy continuous. One
may call the GIFT 7 on X the initial generalized intuitionistic fuzzy topology
with respect to f.

Proposition 4.8 Let f : (X, 7) — (Y, ®) be a fuzzy continuous function. Then
the functions

(a) f: (X, 1) =(Y,®q), (b) fo(X, 1) = (¥, Dy) are also fuzzy continuous,
where 11, Py, 70, Do are. the fuzzy topological spaces defined in Remark 3.7. [In
other words, 1 = {pg, : Gy €7}, Pr={ g, : H; €@}, m={1 — g, : G; € 7},
Oy ={1—-9g, : Hj € @}, ife ={G; :i € J}, &={H; : j € K}, G; =
(, hei,v6;) and Hy = (y, A, Vn;).]

Proof These follow from definitions, immediately. O

14



95  Generalized intuitionistic fuzzy compactness

First we present the basic concepts:

Definition 5.1 Let (X, 7) be a GIFTS.

(a) If a family {(z, ug,,vq,) : ¢ € J} of GIFOSs in X satisfies the condition
U{(x, e, 76,) 11 € J} = 1, then it is called a fuzzy open cover of X. A finite
subfamily of a fuzzy open cover {(z, ug,,vq,) : ¢ € J} of X, which is also a fuzzy
open cover of X is called a finite subcover of {(z, ug,,vq,) : i € J}.

(b) A family {(z, uk,,vx,) : ¢ € J} of GIFCSs in X satisfies the finite in-
tersection property (FIP for short) iff every finite subfamily {(z, ux,,vk,) : i =
1,2,...,n} of the family satisfies the condition N, {(x, ux,, Vi,)} 7# O~.

Definition 5.2 A GIFTS (X, 1) is called fuzzy compact iff every fuzzy open

cover of X has a finite subcover.

Example 5.3 The GIFTS (X, 7) defined in Example 3.4 is not fuzzy compact.

This is because the fuzzy open cover {G,, : n € N} has no finite subcover.

Now we give a proposition stating that fuzzy compactness in (X, 1) is indeed

identical to fuzzy compactness/in (X, 7p1):

Proposition 5.4 Let (X,7) be'a GIFTS on X. If the GIFTS (X, 701) is fuzzy
compact then (X, ) is fuzzy compact-(see Proposition 3.06).

Proof Suppose that (X7 1)is fuzzy compact and onsider a fuzzy open cover
{Gj 1 j € K} of X in (X,7).~Since UG, = 1., weobtain Ayg,, Vg, = 1
and A(1 — pug,) = 0. Since (X, 79,1) is fuzzy compact, 3G1, G, ..., G, such that

"([]G) =10, ie. Vi pg, = 1and AL (1 — pe,) = 0. Since A(1 — pG;) =
AYa,, we obtain

1-\ e, = Nve, = 1=\ ne, + N\,
= 1> pug, + N\ e,
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= N\e, <1 - pe,

= /\76'.7' < /\(1 — Ha;)

= N < N1 —pe,) =0
i=1 i=1

Hence A, 7g, = 0. Hence U | G; = 1. follows, i.e. (X, 7) is fuzzy compact.

Proposition 5.5 Let (X, 7) be a GIFTS on X. If (X,T) is fuzzy compact and
pa, +9a; < 1 for all G; € 7 then the GIFTS (X,71) is fuzzy compact (see
Proposition 3.6).

Proof Let (X,7) be fuzzy compact, and consider a fuzzy open cover {[ |G; :
j € K} of X in (X,79,). Since U([ |G;) = 1., we obtain V ue = 1, and
hence, by 7¢;, < 1 — g, = Avg;, <1 -Vpg, =1-1=0= Avyg, =0,
we deduce UG, = 1.. Since (X, 7) is fuzzy compact, 3G1,Gs, ..., G, such that

* .G = 1., from which we obtain \V}, ug, = 1 and AL, (1 — pg,) = 0, ie.

(X, 70.1) is fuzzy compact.

Now Proposition 5.4 implies (Notice that we have 7o = {uc.: G € 7}.): (X, 70)
is fuzzy compact = (X, 79 1) is fuzzy compact = (X, 7) is fuzzy compact. In view

of this proposition we can obtain the following results easily:

Corollary 5.6 A GIFTS (X, 1) s fuzzy compact iff every family {(z, pr,, v, :
i € J} of GIFCSs in"X having the FIP has @ nonempty intersection.

Corollary 5.7 Let (X, 7),{Y, ®) be?GIFTSs and f : X =Y a fuzzy continuous
surjection. If (X, T) is fuzzy compact, then-so'is (Y, P).

Since fuzzy compactness of a GIFTS (X, 7) is identical to the fuzzy compact-
ness of the fuzzy topological space (X, 79), we must define the fuzzy compactness
of a GIFS in (X, 7) as follows:
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Definition 5.8 Let (X, 7) be a GIFTS and A a GIFS in X.

(a) If a family {(z, ug,,vq,) : ¢ € J} of GIFOSs in X satisfies the condition
A CU{(x, ug,,va,) = i € J}, then it is called a fuzzy open cover of A. A finite
subfamily of the fuzzy open cover {(x,ug,,vq,) : ¢ € J} of A, which is also a
fuzzy open cover of A, is called a finite subcover of {(z, ug,,vc,) 1 i € J}.

(b) A GIFS A = (z,p4,7v4) in a GIFTS (X, 7) is called fuzzy compact iff

every fuzzy open cover of A has a finite subcover.

Corollary 5.9 A GIFS A = (x,p1a,74) in a GIFTS (X, 1) is fuzzy compact iff
for each family G = {G; : i € J}, where G; = (z, pig;,Va,) (i € J),of GIFOSs in
X with properties
pa <\ pe, and 1—v4 < \/(1-1g,),
ieJ icJ
there exists a finite subfamily {G; :i=1,2,...,n} of G such that
pa < N g, and - 1—v1 <\ (1= ).
i1 i=1

Example 5.10 Let (X, 79) be a fuzzy topological space in Chang’s sense and
pwa € I* a fuzzy compact set in X. We can construct a GIFTS 7on X as in

Example 3.2. Now the GIFS A = (x, ua, 1 — p4) is also fuzzy compact in (X, 7).

Example 5.11 Let X = and eonsider the GIESs (G,,),en as follows:
First we define the GIFSs G, = (z, g, va,), » = 1,2,3,4,..., and G =

<xaﬂG77G> by
e itz =0
e, (z) =<z, B0k <~
1, ifl<z<l,

0.5, if x =0,
Ve, () ={ 1—nz, f0<z<l
07 1f%<l’§17
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(2) 0.6, if x =0,
€Tr) =
fa 1,  otherwise,

0.5, ifz =0,
Ya(r) = {

0, otherwise.

Then 7 = {0.,1.,G} U{G,, : n € N} is a GIFT on X, and consider that GIFSs
Cayg(see Definition 310) n (X, T). Then the GIFSS 00.65,0.45700‘65,0.55700.55,0.45

are all fuzzy compact, but the GIFS Cp 5,055 is not fuzzy compact.

Corollary 5.12 Let (X, 1), (Y,®) be GIFTSs and f : X — Y a fuzzy continuous
function. If A is fuzzy compact in (X, 7), then so is f(A) in (Y, D).

Proof Let B = {G, :i € J}, where G; = (y, ua;, V¢,), i€ J, be a fuzzy open
cover of f(A). Then, by Definition 4.1 and Corollary 2.11, A ={f " '(G;) : i € J}
is a fuzzy open cover of A, too. Since A is fuzzy compact, there exists a finite
subcover of A, i.e, there is G;(i =1,2,---,n) such that A C U, f~%(G;). Hence

Fa)c (U fl(G») - Uui@d) < Ve

follows. Therefore, f(A) is also fuzzy compact. O

6  Generalized intuitionistic fuzzy Cs-connectedness

Here we define fuzzy Cs-disconnectedness and fuzzy-C5-connectedness whose ori-

gin is a paper of Chaudhuri and Das [12] :

Definition 6.1 Let (X, 7) be a GIFTS.

(a) X is said to be fuzzy Cs-disconnected if there exists a generalized intu-
itionistic fuzzy open and fuzzy closed set G such that G # 1. and G # 0O..

(b) X is said to be fuzzy Cs-connected if it is not fuzzy Cs-disconnected.
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Example 6.2 Let (X, 7y) be a fuzzy topological space in Chang’s sense. If X is
fuzzy Cs-connected in this sense, then X is also fuzzy Cs-connected with respect
to the GIFT as is constructed in Example 3.2 [Suppose, on the contrary, that 3 a
GIFOS G = (z, ug, 1 — pug) in X which is also a GIFCS such that 0. # G # 1.;

in this case X is fuzzy Cs-disconnected in (X, 7), an obvious contradiction.|

Example 6.3 Let X = {a,b} and

1= (o (i) (o))
5= (= (i505) - (a105))
o= (v (550%) (s5°05) )
D= ({55 5) o557,

Then the family 7 = {0.,1.,4,B,C, D} is a GIFT on X, and (X, 1) is fuzzy
(s-disconnected, since A is a proper nonzero GIFOS and GIFCS in X.

Example 6.4 Let/ X = 1,2 and define the GIFSs G, ; and H; as follows (i, j €
2N):

and

= ()R

In this case the family 7 = {0, 1.} U{G,;, H; : i,j € 2N} is a GIFT on X, and

it is fuzzy Cs-disconnected, too.

Now we shall obtain a characterization of fuzzy Cs-connectedness inspired by
a paper of Ali and Srivastava [1]. For this purpose we shall construct a GIFTS
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on I as follows. Let Ip denote the unit interval I with the GIFT 7p generated
by the GIFSs B = (i,id,1 — id) and B® = (i, 1 —id, id), in other words, let

m» =1{0~,1.,B,B°, BN B, BU B},
where ¢d denotes the identity map on I.

Proposition 6.5 A GIFTS (X, 1) is fuzzy Cs-disconnected iff there exists a fuzzy
continuous function f:(X,7) — (Ip,7p) with f #0 and f # 1.

Proof This is obvious if we notice that f is fuzzy continuous iff the GIFSs

fUB) = (z, f7H(id), f7H (1 —id)) = (z, f, 1= ),
fHBY) = (a, fTH (1 —id), f7H(id)) = (2.1 = [, f),

are GIFOSs in 7 (notice that f~1(B¢)y = f~H(B)")-iff f~}(B) is both a GIFOS
and GIFCSin X. O

Corollary 6.6 A GIFTS (X,7) is fuzzy Cs-connected iff there ezists no fuzzy
continuous function'f : (X, 7) — (Ip,7p) with f #0 and f # 1.

Here we state that fuzzy Cs-connectedness is preserved under a fuzzy contin-

uous surjection:

Proposition 6.7 Let (X,7),(Y,P)be GIFTSs and f : X — Y a fuzzy continu-
ous surjection. If (X, 7) is fuzzy Cs-connected, then so is (Y, ®).

Proof On the contrary, suppose that (Y, ®) is fuzzy Cs-disconnected. Then
there exists a generalized intuitionistic fuzzy open and fuzzy closed set GG such
that G # 1. and G # 0.. Since f is fuzzy continuous, f~1(G) is both a GIFOS
and GIFCS by Proposition 4.5. The equalities f~'(G) = 1. or f7}(G) = 0~
cannot hold. (Because, otherwise we have G = f(f~}(G)) = f(1.) = 1. and
G = f(f71(Q@)) = f(0.) = 0~ by Corollary 2.10 (d), (k) and (1)). Hence (Y, ®)

is fuzzy Cs-connected,too. O
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