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1 Introduction

A metacyclic group is a group G that has a cyclic normal subgroup K such
that G/K is also cyclic. Given a metacyclic group G, if K is a cyclic normal
subgroup of G, then there exists a cyclic subgroup S such that G = SK .
Therefore each metacyclic group G has a factorization G = SK . Subgroups
and quotient groups of metacyclic groups are also metacyclic. Some special
classes of metacyclic groups can be found in [3] and Chapter 1 of Coxeter and
Moser [5]. As a special subfamily of soluble groups, metacyclic groups have
been received considerable attention by many authors.

Metacyclic groups are usually presented on two generators with three defin-

ing relations. In fact each metacyclic group has presentations of the form
(z,y|a™ =y y" =1, atlyz =y")
with the arithmetic conditions
0<m,n, '™ =1modn, s(r —1) =0 mod n.

Conversely, every group defined by such a presentation is a metacyclic group
of order mn. Even if this characterization is well-known, it is unsatisfactory
in that the parameters involved in this metacyclic presentation may not be
invariants of the isomorphism types.

Most of the literature of metacyclic groups concerns the classification of

metacyclic groups of prime power order, or more simply metacyclic p-groups.



Various classifications for metacyclic p-groups may be found in [9, 10], [3],
[8] and [13]. The classifications are usually given by listing representatives of
the isomorphism types of metacyclic p-groups in terms of various standard
presentations for which the parameters involved consist of some invariants of
the isomorphism types.

The main purpose of this thesis is to give an alternative approach to the
classification of metacyclic p-groups for each odd prime p. Apart from the
previous approaches, our approach relies on a understanding of the relationship
between the subgroup lattices of finite metacyclic p-groups and corresponding
abelian p-groups for each odd prime p.

A lattice isomorphism of the subgroup lattice of a group G onto that of
a group H is called a projectivity from G onto H. Projectivity of groups
were extensively studied by Baer [2, 1]. It is known in [2] that every finite
metacyclic p-group for an odd prime p has a projectivity from some abelian
p-group. We use this result to give a proof of the following classification of

finite metacyclic p-groups for an odd prime p:

(1) Every noncyclic metacyclic p-group P for an odd prime p has a

presentation of the form:
P=(abld =t , 1P " =1, b7 =)

where «, 3,7, are nonnegative integers suchthat a > 3>~y >4, v>1.

(2) Each such a presentation de nes a metacyclic p-group of order p®* **;



di®erent values of the parameters «, 3,~, with the above condition give non-

isomorphic metacyclic p-groups.

2 General conventions and some basic facts

We first set up some general conventions and notation, which will be used
frequently in this thesis.

The cardinality of a set X is denoted by |X].

Throughout this thesis actions of groups and most algebraic maps such
as automorphisms, homomorphisms and isomorphisms are usually written as
right operators. If g and h are elements of a group, the conjugate hilgh is
denoted by ¢".

The identity element of a multiplicative group is denoted by 1 and the
same notation is also used for the trivial subgroup consisting of the identity
element. Let G be a finite group. The center of G is denoted by Z(G). For
a subgroup H of G, the centralizer {x € G |zh = hz for all h € H} of H
in G is denoted by Cg(H), and the normalizer {x € G |xH = Hxz} of H in
G is denoted by Ng(H). The commutator subgroup of G is denoted by G".
The exponent of G is the smallest positive integer n such that z" =1 for
all x € G; the exponent of G is denoted by exp(G). The Frattini subgroup
of G is denoted by ®(G). If G is a finite p-group, then 2;(G) denotes the

subgroup generated by all elements of order p.



The kernel of a homomorphism ¢ of a group is denoted by ker(¢). The
automorphism group of a group G is denoted by Aut(G).

The notation and terminology not defined in this thesis is standard and
can be found in almost all standard books on related areas.

We here have some investigation about the automorphism groups of finite
cyclic group.

Let Z, denote the additive group of integers modulo n for a positive
integer n. The subset Uy of all units in Z, forms an abelian group under
multiplication modulo n. It is well-known that the automorphism group of a

cyclic group of order n can be identified with this multiplicative group U, .
Lemma 2.1. The automorphism group Aut(Z,) is isomorphic to Uy .

Proof. It follows from i = (la)i that any automorphism « of Z, is com-
pletely specified by la. Another easy fact is that lax = k determines an
automorphism o« of Z, if k is non-zero and prime to n; and all the auto-
morphisms of Z, are determined by such values of k£ in 15 k& < n. Consider
the correspondence in which ay is paired with £ in Up. That this is an
isomorphism of Aut(Z,) with Up is evident. O

The structure Uy is well-known, see [11] for example. We here just state
the special case when n is a power of an odd prime number.

Theorem 2.2. If p is an odd prime, then Uge is the cyclic group of order

(p— 1)p®it.



We adopt the following well-known fact without proof.
Lemma 2.3. Let p be an odd prime. If » =1 mod p, then the multiplicative

order of 7 in Upn is equal to p"/ged(p™,r —1).

The following well-known result, which is known as Dedekind Law [14,
Theorem 3.14, p. 26], is useful.
Lemma 2.4. Let A, B and C be any subgroups of a group such that
A<B.Then ABBNC)=BnAC.

3 Subgroup lattices of groups

We begin with a brief introduction of the basic concepts of lattice theory, which
is largely based on [12].

A partially ordered set is a set P together with a binary relation < such
that the following conditions are satisfied for all z,y,z € P:

(1) z <z (Reflexivity).

(2) If 2 <y and y <z, then x =y (Antisymmetry ).

(3) If 2 <y and y < z, then z <z (Transitivity).

An element z of a partially ordered set P is called a lower bound for a
subset S of P if z < s for all s € S. The element x is a greatest lower
bound of S if z is a lower bound of S and y < z for all lower bound ¥y of S'.
Similar definitions apply to a upper bound and a least upper bound. By (2),

a greatest lower bound and a least upper bound of S are unique respectively



if they are exist.
A lattice is a partially ordered set in which every pair of elements has
a least upper bound and a greatest lower bound. The following theorem is

well-known.

Theorem 3.1. Let (L, <) be a lattice and de ne the operations A and Vv on
L by z Ay := the greatest lower bound of z,y and z V y := the least upper

bound of z,y. Then the following properties hold for all x,y,z € L.

(1) zxAy=yAzxz and zVy=y Ve (Commutativity).

(2) (zAy)ANz=xzAN(yAz) and (zVy)Vz=2xV(yVz) (Associativity).
(3) zA(zVy)==z and zV (z Ay) =z (Absorption identities).

(4) zx=zAy ifandonly if x <y ifandonly if y =2 Vv y.

Let G be a group, and let L(G) be the set of all subgroups of G'. Then
L(G) is partially ordered with respect to subgroup inclusion <. Moreover,
for each subgroups X and Y of G, the intersection X NY is the greatest
lower bound of X and Y, and the join (X,Y) is the least upper bound of
X and Y. Therefore, L(G) is a lattice, which is called the subgroup lattice
of G.

Let L and L' be lattices. A bijective map o : L — L' is called an

isomorphism from L onto L' if
(%) (xANy)o =z0 ANyo and (zVy)o=z0Vyo

for all x,y € L. It is of course that the inverse map of an isomorphism from
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a lattice L onto L' is an isomorphism from L' onto L. If there exists an
isomorphism from L onto L!, then L is called isomorphic to L', and denote
by L= L.

If G and H are groups, an isomorphism from L(G) onto L(H) is called
a projectivity from G onto H. We also say that G and H are lattice-
isomorphic if there exists a projectivity from G onto H .

In order to show that a bijective map between two lattices is an isomor-
phism, it suffices to prove that it has one of the two properties in (*) or that

it preserves the order relations of the lattices.

Theorem 3.2. Let o be a bijective map of a lattice L to a lattice L'. Then
the following properties are equivalent.

(1) Forall z,y € L, = <y ifand only if zo < yo.

(2) (zAy)o=x0Ayo forall z,ye L.

(3) (xVyo=zoVyo forall z,ye L.

A subset of a lattice L is called a sublattice of L if it is closed with respect
to the operations A and V. It is obvious that a sublattice is a lattice relative

to the induced operations. If z <y, the interval
ly/a] ={z€Llz <z<y}

is a sublattice of L.

For projectivities, it is often possible to work with maps between elements.



Let G and H be groups. A bijective map ¢ : G — H such that
X <G ifandonlyif Xo<H

for all subset X of G, is called a subgroup-preserving bijective map. A
subgroup-preserving bijective map induces a projectivity from G onto H . Of
course, the projectivity of groups induced by a subgroup-preserving bijective
map between the groups preserves the order of each subgroup.

An isomorphism ¢ from a group G onto a group H is a subgroup-
preserving bijective map, and so induces a projectivity from G onto H . How-
ever, it is not true in general that a projectivity from G onto H is induced
by an isomorphism from G onto H : for example, for prime numbers p and
q, there exists a projectivity from the cyclic group of order p onto the cyclic
group of order q. The following result on projectivity of finite cyclic groups

was given in [1].

Theorem 3.3. Let pq,...,px be di®erent primes and let G be a cyclic group
of order pi*---p2* and let H be a group. Then L(G) = L(H) if and only if

H is a cyclic group of order ¢ ---qg« where qi,...,qc are di®erent primes.
Then we have the following immediate consequences.

Corollary 3.4. Let P be nite cyclic p-groups for a prime p and let ) be
a p-group . Then L(P) = L(Q) ifand only if P = Q.
Corollary 3.5. Let P and @ be nite p-groups for a prime p. If a map

o : L(P) — L(Q) is a projectivity, then So = S for each cyclic subgroup

8



S of P.

Many abelian groups can admit projectivities onto nonabelian groups.
The following result, which is from a result given by Baer [2], is crucial for
our purpose.
Theorem 3.6. If P isa nite metacyclic p-group for an odd prime p, then
there exists an abelian p-group A and a subgroup-preserving bijective map

from A onto P that induces a projectivity from A onto P.

4 Metacyclic groups and presentations

A metacyclic group is a finite group G which has a cyclic normal subgroup K
such that G/K is also cyclic. A factorization G = SK is called a metacyclic
factorization if S is a cyclic subgroup and K is a cyclic normal subgroup of
G ; every metacyclic group has always a metacyclic factorization. Then S and
K are called the supplement and the kernel of the metacyclic factorization,
respectively. In particular, if SN K = 1, the metacyclic factorization is called
split. A metacyclic group is called split if it has a split metacyclic factorization.
Metacyclic groups are, of course, soluble; in fact, supersoluble.
We here give some basic properties of metacyclic groups; some of them are
well-known and others seem to be folklore.
Lemma 4.1. Let G be a metacyclic group with a metacyclic factoriza-

tion G = SK. Let S = (z), K = (y). Let r be an integer such



that y* = y". De ne s to be the multiplicative order of r in Ujk; and

t:=|K|/ged(|K|,r—1). Then
(i) Q! = <yril>; SO |G0| =t:
(i) Z(G) = Cs(K)Ck(S) = (2% y").

Proof. For (i), see [6, (47.10)]; for (ii), see [4, Lemma IV.2.13]. O

Let G be a metacyclic group with kernel K ; we can assume that

with z,y € G, m,n positive integers. Since K is a normal subgroup of index

m, both zilyz and ™ must belong to K , say

il r m S

TYr =y, x =Y,

where r, s are integers with 1 <r,s <n. Now it follows that for integers a,b

with a > 0,
PP —
so that
y=y"yy® =ty =y,
whence, r™ =1 mod n, since |y| = |K| = n. Similarly, we have

ys :xm :xilxmy:xilysy:yrs,

so that 7s = s mod n. We then have the following fundamental theorem.

10



Theorem 4.2. Consider the group
G=(zyla=9% y" =1, zllyz =y"),

where m,n,r, s are integers and r,s <n, and r™ =1, rs = s mod n. Then
K = (y) is a normal subgroup of G such that K = Z,, G/K = Z,. Thus
G isa nite metacyclic group and moreover, every nite metacyclic group has

a presentation of this form.

For the proof of the above theorem, see [7, p. 21].

5 Classi cation of metacyclic p-groups

We begin with an observation about subgroups of direct product of finite cyclic
groups.

Let G = H x K be the direct product of two finite cyclic groups H and
K let n and k be the projection onto the factors H and K, respectively.
We regard H and K as subgroups of G. Then we have the following lemma.
Lemma 5.1. Let U be a subgroup of G.

(1) The map 6y : un — ux(U N K) de nes a homomorphism from Un
onto Uxk/(U N K) with kernel UN H.

(2) Foreach V < H, W < K and a homomorphism ¢ from V to K/W,

U={hklh eV, ke hb}

11



is a subgroup of G with Un =V, Uk =V, W =UNK, ker(d) =UNH
and 6y =90.

Proof. (1) We denote 6y simply by 6. Let wuj,u; € U. It follows from
((uan)(uzn))d = ((uauz)n)f = (uru2)s(U N K) = (uark)(uzk)(U N K) = (uan)d
(upn)f that 6 is a homomorphism from Un onto Uxk/(U N K). Let
un € ker(9). ux € UNK . So un =u(uk)i* € UNH . Thus ker(d) <UNH.
Conversely, if un € UNH then uk = (un)i'u € UNK and so ux € UNK;
this implies that U N H < ker(#) . Therefore, U N H = ker().

(2) To show that U is a subgroup of G = H x K, let hy,hy, € V such
that hi6 = kyW and hof = kW . Then hihi' = hi0(hy0)it = kikJ W,
and hence (hik1)(hoks)it = hihd'kikd' € U. Therefore U is a subgroup of
G . Clearly, we have Un =V and Uk = V#. An element of UNH is h such
that h# = W. Since 6 is a homomorphism from V' onto Ux/W the element
h must belong to ker(f). Conversely, if h € ker(#), then 1 € W = hf and
so h € U. Thus, we have U N H = ker(#); similarly, U N K = W. Then, the
definitions give us 6y = 6. O

Let U be a subgroup of the direct product two finite cyclic p-groups H
and K. Weregard H and K as subgroups of H x K. Denote

Hy=HNUK, Hy:=HNU, K1 =HUNK, K, =UNK.

It is easy to show that
H,=Un, Ki =Uxk.

12



We also have

K, =HU=UK;

by applying Lemma 2.4.
We then have:

Lemma 5.2. (1) U iscyclicifandonly if H, =1 or K, =1.
(2) (H x K)/U is cyclic if and only if H, = H or K; =K.

Proof. (1) Since both of H, and K, are contained in U , one of them must be
trivial if U is cyclic. On the other hand, we know H3K; = HiU = UK; and
HNU < H,, UnK; < K,. It follows that H, = 1 implies that U = K,
and Ky =1 implies U = H; . Consequently, U is cyclic if and only if H, =1
or Ko, =1.

(2) Suppose that Hy = H. Then HNUK = H, and so H < UK.
Thus UK = HK . It follows that HK/U = UK/U = K/(U N K) is cyclic.
Similarly, K; = K yields that HK/U is cyclic. Conversely, suppose that

HK/U is cyclic. Since
H/H, x K/K, ~ HK/H\K, = HK/H,U

is a homomorphic image of HK/U, H/H; x K/K; is a cyclic p-group. It

follows that either H = H; or K = K. O
We state an immediate consequence of the above lemma.

Corollary 5.3. Suppose that |H| > |K|. Then U and (H x K)/U are cyclic

ifandonly if (i) H,=1,K; =K, K, #1, or (i1) HH=H,K, =1, K; # K,

13



or (ZZZ) K, = K,Kz =1.

Now we have a consequence of Theorem 3.6.
Lemma 5.4. Let P be a nite metacyclic p-group for an odd prime p.
Then P has a projectivity from a direct product of two cyclic p-groups onto

P which is induced by a subgroup-preserving bijective map.

Proof. From Theorem 3.6, there exists an abelian p-group A and a subgroup-
preserving bijective map 7 from A onto P, which induces a projectivity from
A onto P. The inverse 71! of 7 is obviously a subgroup-preserving bijective
map from P onto A. Let P = SK be a metacyclic factorization of P. Then
A = STil1K71l by regarding 71! as the induced projectivity from P onto
A. By Corollary 3.5, we see that S7i! and K7i! is cyclic p-group. This
implies that A is a direct product of two cyclic p-groups. O
We need the following lemma.
Lemma 5.5. Let A be a nite abelian p-group and let X = (x) be a cyclic
subgroup with |X| = exp(A). Let Y be a subgroup of A maximal subject to

XNY =1. Then A is a direct product of X and Y .

Proof. Suppose that XY # A. Then there exists a € A\ XY but a? € XY .
So aP = hk forsome h € X,k € Y. Assume that h = z' for some integer such
that ged(i,p) = 1. Then |aP| = (|(2")[|[(%)])/ged(|(2")],[(k)]) > exp(A).
Therefore |(a)| > p-exp(A), a contradiction. Thus h = A} for some hy € X .

Thus a? = hk. Let @ = ahf'. Then @® € Y. If @ ¢ Y, then there exists

14



hy € (a,Y)NX #1. Then h, = a"k; for some r not divisible by p and for

some k1 in Y. Thus @ € XY and so a € XY . This yields a contradiction.

So A= XY . Since XNY =1, A= XY is direct. OJ
The following lemma is crucial for our purpose.

Lemma 5.6. Let P be a nite metacyclic p-group for an odd prime p. If

K is a cyclic normal subgroup of P such that P/K is cyclic, then there exists

a cyclic subgroup S of P such that P = SK and |S| = exp(P).

Proof. Since P/K is cyclic, it follows that K contains P'. Let 7 : A — P
be a subgroup-preserving bijective map from a direct product A of two cyclic
p-groups onto P, which is given in Lemma 5.4. By Lemma 5.5, A = X xY for
some cyclic subgroup X and Y with |X| = exp(P). Let U = K7i!. Then U
is cyclic by Corollary 3.5. Suppose that Y; := XUNY is Y. Then XU = XY .
We define S := X7. Then S is cyclic by Corollary 3.5, and P = SK be-
cause SK = X7UT = (XU)r = (XY)r = P. Since |S| = |X| = exp(P),
we have done for this case. Now we suppose that Y; # Y. Since 7 in-
duces a projectivity from the sublattice [A/U] = L(A/U) onto the sublattice
[P/K] = L(P/K), A/U is cyclic. Thus X; := X NUY is equal to X and
Y, :=UNY is trivial from Lemma 5.2. Choose a homomorphism 6 from X
onto Y. We denote the kernel of 6 by Xo. We now define V' to be the set

{zy |20 =y, v € X}. It follows from Lemma 5.1 that V' is a subgroup of A

15



and
XNVY =X, XVnY =Y, XNnV=X,VNnY =1, |S| =|X| =exp(P).

We observe that V is cyclic from Lemma 5.2 since VNY = 1. On the
other hand, X, := X N U contains Xy properly since Y1 # Y. Thus

Xo=VnNnXo=VNUnNX=UNV.Let S:=V7r Then
|ISK| = [VU| = [V[|U|/|[VnU| = | X|[X]/|Xo| = | X|[Y] = |P],

and so we have P = SK . O

We are now in a position to give our classification theorem.

Theorem 5.7. (1) Every noncyclic metacyclic p-group P for an odd prime

p has a presentation of the form:
P={(ab|d =P, P =1, p®=p"P")

where «, 3,~,0 are nonnegative integers suchthat « >3 >~>4, v> 1.
(2) Each such a presentation de nes a metacyclic p-group of order
p®* **: di®erent values of the parameters «, 3,v,d with the above condition

give non-isomorphic metacyclic p-groups.

Proof. Choose a metacyclic factorization P = SK so that |S| = exp(P)
and K is of the least order among possible choices; this is always possi-
ble by Lemma 5.6. Let x,y be generators of S, K, respectively. Then
[(z)] = p™, (y)l =p ™ SN K| = p |P’| = p ™", for some non-

negative integers a, 3,7, 4. It follows that 27" = ySpi, ypiﬂ =1, y*=1y" for

16



some nonnegative integer r and nonnegative integer s relatively prime to p.
By Lemma 4.1(i), 7 = 1+#p” for some nonnegative integer t relatively prime
to p since |P'| = p **i°. By Lemma 2.3, there exists a positive integer #'
such that (1+tp° ) = 1+p°. Let a := 2¥ and b := 3. Tt follows that
aP® =P WP T =1, BB = bl

We want to show that SN K < P'. If P is abelian, SN K = 1 from
Lemma 5.5 and the choice of K ; so the result is obvious. We assume that P
is nonabelian. Suppose that P' < SN K. Let 7 : A — P be a subgroup-
preserving bijective map from a direct product A of two cyclic p-groups onto
P, which is given in Lemma 5.4. Let X := S7i!, Q := P'ril; note that these
subgroups are all cyclic. Then, by Lemma 5.5, there exists a cyclic subgroup
Y such that A = XY and X NY =1. Let T be the subgroup of X such
that T7/Q =Y andlet 6 : T'— Y be the natural subjective homomorphism
with ker(d) = Q. Define U :={ab|ab =b, a €T, b€ Y}. Then U < A and
XNUY =T, XUnY =Y, XNU=Q, UNY =1. Thus U and A/U are
cyclic by Corollary 5.3. It follows that Ur contains Q7 = P', and Ur and
P/UTt are cyclic by Corollary 3.5. Since |Ur| > |K|, we have a contradiction
to the choice of K. So we have proved SN K < P'. This yields that 5> .
Since B = b @*P) we have p *° = 0 mod p **, that is vy>6.1f =0,
the P must be cyclic; this is not the case. So § > 0; thus P is not cyclic.
We note that P/®(P) = Z, x Z,. So ®(P) > P’ but ®(P) does not contain

K since P/K is cyclic, and so P’ is a proper subgroup of K. Therefore,

17



y> 1

Consequentely, we have the presentation
(a,b|a”” =t | P ™" =1, p? =p1*P")

where «,3,7v,0 are nonnegative integers such that « > >~y >4, v > 1.

®+ ++

By Theorem 4.2, the presentation defines a metacyclic group of order p ,

and so P is isomorphic with the group defined by the presentation. Further,
we observe P/P'~ Zyo x Zy and exp(P) = p®**. It follows that «, 3,7 and

0 are invariants of P. O
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