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1 Introduction

A metacyclic group is a group G that has a cyclic normal subgroup K such

that G=K is also cyclic. Given a metacyclic group G , if K is a cyclic normal

subgroup of G , then there exists a cyclic subgroup S such that G = SK .

Therefore each metacyclic group G has a factorization G = SK . Subgroups

and quotient groups of metacyclic groups are also metacyclic. Some special

classes of metacyclic groups can be found in [3] and Chapter 1 of Coxeter and

Moser [5]. As a special subfamily of soluble groups, metacyclic groups have

been received considerable attention by many authors.

Metacyclic groups are usually presented on two generators with three de¯n-

ing relations. In fact each metacyclic group has presentations of the form

h x; y jxm = ys; yn = 1; x¡1yx = yr i

with the arithmetic conditions

0 < m;n; rm ´ 1 mod n; s(r ¡ 1) ´ 0 mod n:

Conversely, every group de¯ned by such a presentation is a metacyclic group

of order mn . Even if this characterization is well-known, it is unsatisfactory

in that the parameters involved in this metacyclic presentation may not be

invariants of the isomorphism types.

Most of the literature of metacyclic groups concerns the classi¯cation of

metacyclic groups of prime power order, or more simply metacyclic p -groups.
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Various classi¯cations for metacyclic p -groups may be found in [9, 10], [3],

[8] and [13]. The classi¯cations are usually given by listing representatives of

the isomorphism types of metacyclic p -groups in terms of various standard

presentations for which the parameters involved consist of some invariants of

the isomorphism types.

The main purpose of this thesis is to give an alternative approach to the

classi¯cation of metacyclic p -groups for each odd prime p . Apart from the

previous approaches, our approach relies on a understanding of the relationship

between the subgroup lattices of ¯nite metacyclic p -groups and corresponding

abelian p -groups for each odd prime p .

A lattice isomorphism of the subgroup lattice of a group G onto that of

a group H is called a projectivity from G onto H . Projectivity of groups

were extensively studied by Baer [2, 1]. It is known in [2] that every ¯nite

metacyclic p -group for an odd prime p has a projectivity from some abelian

p -group. We use this result to give a proof of the following classi¯cation of

¯nite metacyclic p -groups for an odd prime p :

(1) Every noncyclic metacyclic p -group P for an odd prime p has a

presentation of the form:

P = h a; b j ap®

= bp
¯

; bp
¯+±

= 1; ba = b1+p° i

where ®; ¯; °; ± are nonnegative integers such that ® ¸ ¯ ¸ ° ¸ ±; ° ¸ 1 .

(2) Each such a presentation de¯nes a metacyclic p -group of order p®+¯+± ;
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di®erent values of the parameters ®; ¯; °; ± with the above condition give non-

isomorphic metacyclic p -groups.

2 General conventions and some basic facts

We ¯rst set up some general conventions and notation, which will be used

frequently in this thesis.

The cardinality of a set X is denoted by jXj .
Throughout this thesis actions of groups and most algebraic maps such

as automorphisms, homomorphisms and isomorphisms are usually written as

right operators. If g and h are elements of a group, the conjugate h¡1gh is

denoted by gh .

The identity element of a multiplicative group is denoted by 1 and the

same notation is also used for the trivial subgroup consisting of the identity

element. Let G be a ¯nite group. The center of G is denoted by Z(G) . For

a subgroup H of G , the centralizer fx 2 G jxh = hx for all h 2 Hg of H
in G is denoted by CG(H) , and the normalizer fx 2 G jxH = Hxg of H in

G is denoted by NG(H) . The commutator subgroup of G is denoted by G0 .

The exponent of G is the smallest positive integer n such that xn = 1 for

all x 2 G ; the exponent of G is denoted by exp(G) . The Frattini subgroup

of G is denoted by ©(G) . If G is a ¯nite p -group, then 1(G) denotes the

subgroup generated by all elements of order p .

3



The kernel of a homomorphism ' of a group is denoted by ker(') . The

automorphism group of a group G is denoted by Aut(G) .

The notation and terminology not de¯ned in this thesis is standard and

can be found in almost all standard books on related areas.

We here have some investigation about the automorphism groups of ¯nite

cyclic group.

Let Zn denote the additive group of integers modulo n for a positive

integer n . The subset Un of all units in Zn forms an abelian group under

multiplication modulo n . It is well-known that the automorphism group of a

cyclic group of order n can be identi¯ed with this multiplicative group Un .

Lemma 2.1. The automorphism group Aut(Zn) is isomorphic to Un .

Proof. It follows from i® = (1®)i that any automorphism ® of Zn is com-

pletely speci¯ed by 1®: Another easy fact is that 1®k = k determines an

automorphism ®k of Zn if k is non-zero and prime to n; and all the auto-

morphisms of Zn are determined by such values of k in 1 5 k < n: Consider

the correspondence in which ®k is paired with k in Un . That this is an

isomorphism of Aut(Zn) with Un is evident.

The structure Un is well-known, see [11] for example. We here just state

the special case when n is a power of an odd prime number.

Theorem 2.2. If p is an odd prime, then Up® is the cyclic group of order

(p¡ 1)p®¡1 .
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We adopt the following well-known fact without proof.

Lemma 2.3. Let p be an odd prime. If r ´ 1 mod p; then the multiplicative

order of r in Upn is equal to pn=gcd(pn; r ¡ 1) .

The following well-known result, which is known as Dedekind Law [14,

Theorem 3.14, p. 26], is useful.

Lemma 2.4. Let A; B and C be any subgroups of a group such that

A ∙ B . Then A(B \ C) = B \ AC .

3 Subgroup lattices of groups

We begin with a brief introduction of the basic concepts of lattice theory, which

is largely based on [12].

A partially ordered set is a set P together with a binary relation ∙ such

that the following conditions are satis¯ed for all x; y; z 2 P :
(1) x ∙ x (Re°exivity ) .

(2) If x ∙ y and y ∙ x; then x = y (Antisymmetry ) .

(3) If x ∙ y and y ∙ z; then x ∙ z ( Transitivity ) .

An element x of a partially ordered set P is called a lower bound for a

subset S of P if x ∙ s for all s 2 S . The element x is a greatest lower

bound of S if x is a lower bound of S and y ∙ x for all lower bound y of S .
Similar de¯nitions apply to a upper bound and a least upper bound. By (2),

a greatest lower bound and a least upper bound of S are unique respectively
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if they are exist.

A lattice is a partially ordered set in which every pair of elements has

a least upper bound and a greatest lower bound. The following theorem is

well-known.

Theorem 3.1. Let (L;∙) be a lattice and de¯ne the operations ^ and _ on

L by x ^ y := the greatest lower bound of x; y and x _ y := the least upper

bound of x; y: Then the following properties hold for all x; y; z 2 L .

(1) x ^ y = y ^ x and x _ y = y _ x (Commutativity ) .

(2) (x^ y)^z = x^ (y^ z) and (x_y)_ z = x_ (y_z) (Associativity ) .

(3) x ^ (x _ y) = x and x _ (x ^ y) = x (Absorption identities ) .

(4) x = x ^ y if and only if x ∙ y if and only if y = x _ y .

Let G be a group, and let L(G) be the set of all subgroups of G . Then

L(G) is partially ordered with respect to subgroup inclusion ∙ . Moreover,
for each subgroups X and Y of G , the intersection X \ Y is the greatest

lower bound of X and Y , and the join hX; Y i is the least upper bound of
X and Y . Therefore, L(G) is a lattice, which is called the subgroup lattice

of G .

Let L and L0 be lattices. A bijective map ¾ : L ¡! L0 is called an

isomorphism from L onto L0 if

(¤) (x ^ y)¾ = x¾ ^ y¾ and (x _ y)¾ = x¾ _ y¾

for all x; y 2 L . It is of course that the inverse map of an isomorphism from
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a lattice L onto L0 is an isomorphism from L0 onto L . If there exists an

isomorphism from L onto L0 , then L is called isomorphic to L0 , and denote

by L »= L0 .

If G and H are groups, an isomorphism from L(G) onto L(H) is called

a projectivity from G onto H . We also say that G and H are lattice-

isomorphic if there exists a projectivity from G onto H .

In order to show that a bijective map between two lattices is an isomor-

phism, it su±ces to prove that it has one of the two properties in (¤) or that
it preserves the order relations of the lattices.

Theorem 3.2. Let ¾ be a bijective map of a lattice L to a lattice L0 . Then

the following properties are equivalent.

(1) For all x; y 2 L; x ∙ y if and only if x¾ ∙ y¾ .

(2) (x ^ y)¾ = x¾ ^ y¾ for all x; y 2 L .

(3) (x _ y)¾ = x¾ _ y¾ for all x; y 2 L .

A subset of a lattice L is called a sublattice of L if it is closed with respect

to the operations ^ and _ . It is obvious that a sublattice is a lattice relative
to the induced operations. If x ∙ y , the interval

[y=x] = fz 2 L jx ∙ z ∙ yg

is a sublattice of L .

For projectivities, it is often possible to work with maps between elements.

7



Let G and H be groups. A bijective map ¾ : G ¡! H such that

X ∙ G if and only if X¾ ∙ H

for all subset X of G , is called a subgroup-preserving bijective map. A

subgroup-preserving bijective map induces a projectivity from G onto H . Of

course, the projectivity of groups induced by a subgroup-preserving bijective

map between the groups preserves the order of each subgroup.

An isomorphism ¾ from a group G onto a group H is a subgroup-

preserving bijective map, and so induces a projectivity from G onto H . How-

ever, it is not true in general that a projectivity from G onto H is induced

by an isomorphism from G onto H : for example, for prime numbers p and

q , there exists a projectivity from the cyclic group of order p onto the cyclic

group of order q . The following result on projectivity of ¯nite cyclic groups

was given in [1].

Theorem 3.3. Let p1; :::; pk be di®erent primes and let G be a cyclic group

of order pn1
1 ¢ ¢ ¢ pnk

k and let H be a group. Then L(G) »= L(H) if and only if

H is a cyclic group of order qn1
1 ¢ ¢ ¢ qnk

k where q1; :::; qk are di®erent primes.

Then we have the following immediate consequences.

Corollary 3.4. Let P be ¯nite cyclic p -groups for a prime p and let Q be

a p -group . Then L(P ) »= L(Q) if and only if P »= Q .

Corollary 3.5. Let P and Q be ¯nite p -groups for a prime p . If a map

¾ : L(P ) ¡! L(Q) is a projectivity, then S¾ »= S for each cyclic subgroup
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S of P .

Many abelian groups can admit projectivities onto nonabelian groups.

The following result, which is from a result given by Baer [2], is crucial for

our purpose.

Theorem 3.6. If P is a ¯nite metacyclic p -group for an odd prime p , then

there exists an abelian p -group A and a subgroup-preserving bijective map

from A onto P that induces a projectivity from A onto P .

4 Metacyclic groups and presentations

A metacyclic group is a ¯nite group G which has a cyclic normal subgroup K

such that G=K is also cyclic. A factorization G = SK is called a metacyclic

factorization if S is a cyclic subgroup and K is a cyclic normal subgroup of

G ; every metacyclic group has always a metacyclic factorization. Then S and

K are called the supplement and the kernel of the metacyclic factorization,

respectively. In particular, if S \K = 1; the metacyclic factorization is called

split. A metacyclic group is called split if it has a split metacyclic factorization.

Metacyclic groups are, of course, soluble; in fact, supersoluble.

We here give some basic properties of metacyclic groups; some of them are

well-known and others seem to be folklore.

Lemma 4.1. Let G be a metacyclic group with a metacyclic factoriza-

tion G = SK . Let S = h x i , K = h y i . Let r be an integer such
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that yx = yr . De¯ne s to be the multiplicative order of r in UjKj and

t := jKj=gcd(jKj; r¡1) . Then

(i) G0 = h yr¡1 i; so jG0j = t ;

(ii) Z(G) = CS(K)CK(S) = h xs; yt i:

Proof. For (i), see [6, (47.10)]; for (ii), see [4, Lemma IV.2.13].

Let G be a metacyclic group with kernel K ; we can assume that

K = h y i »= Zn; G=K = h xK i »= Zm;

with x; y 2 G; m;n positive integers. Since K is a normal subgroup of index

m , both x¡1yx and xm must belong to K , say

x¡1yx = yr; xm = ys;

where r; s are integers with 1 ∙ r; s ∙ n . Now it follows that for integers a; b
with a ¸ 0 ,

x¡aybxa = ybra

;

so that

y = y¡syys = x¡myxm = yrm

;

whence, rm ´ 1 mod n; since jyj = jKj = n . Similarly, we have

ys = xm = x¡1xmy = x¡1ysy = yrs;

so that rs ´ s mod n . We then have the following fundamental theorem.
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Theorem 4.2. Consider the group

G = hx; y jxm = ys; yn = 1; x¡1yx = yr i;

where m;n; r; s are integers and r; s ∙ n , and rm ´ 1; rs ´ s mod n: Then

K = h y i is a normal subgroup of G such that K »= Zn; G=K »= Zm: Thus

G is a ¯nite metacyclic group and moreover, every ¯nite metacyclic group has

a presentation of this form.

For the proof of the above theorem, see [7, p. 21].

5 Classi¯cation of metacyclic p -groups

We begin with an observation about subgroups of direct product of ¯nite cyclic

groups.

Let G = H £K be the direct product of two ¯nite cyclic groups H and

K , let ´ and ∙ be the projection onto the factors H and K , respectively.

We regard H and K as subgroups of G . Then we have the following lemma.

Lemma 5.1. Let U be a subgroup of G .

(1) The map µU : u´ ¡! u∙(U \K) de¯nes a homomorphism from U´

onto U∙=(U \K) with kernel U \H .

(2) For each V ∙ H; W ∙ K and a homomorphism µ from V to K=W ,

U = fhkjh 2 V; k 2 hµg
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is a subgroup of G with U´ = V; U∙ = V µ; W = U \K; ker(µ) = U \ H
and µU = µ .

Proof. (1) We denote µU simply by µ . Let u1; u2 2 U . It follows from

((u1´)(u2´))µ = ((u1u2)´)µ = (u1u2)∙(U \K) = (u1∙)(u2∙)(U \K) = (u1´)µ

(u2´)µ that µ is a homomorphism from U´ onto U∙=(U \ K) . Let

u´ 2 ker(µ): u∙ 2 U \K . So u´ = u(u∙)¡1 2 U \H . Thus ker(µ) ∙ U \H .
Conversely, if u´ 2 U \H then u∙ = (u´)¡1u 2 U \K and so u∙ 2 U \K ;
this implies that U \H ∙ ker(µ) . Therefore, U \H = ker(µ) .

(2) To show that U is a subgroup of G = H £ K , let h1; h2 2 V such

that h1µ = k1W and h2µ = k2W . Then h1h
¡1
2 µ = h1µ(h2µ)

¡1 = k1k
¡1
2 W ,

and hence (h1k1)(h2k2)
¡1 = h1h

¡1
2 k1k

¡1
2 2 U . Therefore U is a subgroup of

G . Clearly, we have U´ = V and U∙ = V µ: An element of U \H is h such

that hµ =W: Since µ is a homomorphism from V onto U∙=W the element

h must belong to ker(µ): Conversely, if h 2 ker(µ); then 1 2 W = hµ and

so h 2 U: Thus, we have U \H = ker(µ); similarly, U \K = W: Then, the

de¯nitions give us µU = µ:

Let U be a subgroup of the direct product two ¯nite cyclic p -groups H

and K . We regard H and K as subgroups of H £K . Denote

H1 := H \ UK; H2 := H \ U; K1 := HU \K; K2 = U \K:

It is easy to show that

H1 = U´; K1 = U∙:
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We also have

H1K1 = H1U = UK1

by applying Lemma 2.4.

We then have:

Lemma 5.2. (1) U is cyclic if and only if H2 = 1 or K2 = 1 .

(2) (H £K)=U is cyclic if and only if H1 = H or K1 = K:

Proof. (1) Since both of H2 and K2 are contained in U , one of them must be

trivial if U is cyclic. On the other hand, we know H1K1 = H1U = UK1 and

H1 \ U ∙ H2 , U \K1 ∙ K2 . It follows that H2 = 1 implies that U »= K1 ,

and K2 = 1 implies U »= H1 . Consequently, U is cyclic if and only if H2 = 1

or K2 = 1 .

(2) Suppose that H1 = H . Then H \ UK = H , and so H ∙ UK .

Thus UK = HK . It follows that HK=U = UK=U »= K=(U \K) is cyclic.
Similarly, K1 = K yields that HK=U is cyclic. Conversely, suppose that

HK=U is cyclic. Since

H=H1 £K=K2
»= HK=H1K1 = HK=H1U

is a homomorphic image of HK=U , H=H1 £ K=K2 is a cyclic p -group. It

follows that either H = H1 or K = K1 .

We state an immediate consequence of the above lemma.

Corollary 5.3. Suppose that jHj ¸ jKj: Then U and (H£K)=U are cyclic

if and only if (i) H2 = 1;K1 = K;K2 6= 1; or (ii) H1 = H;K2 = 1; K1 6= K;
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or (iii) K1 = K;K2 = 1:

Now we have a consequence of Theorem 3.6.

Lemma 5.4. Let P be a ¯nite metacyclic p -group for an odd prime p .

Then P has a projectivity from a direct product of two cyclic p -groups onto

P which is induced by a subgroup-preserving bijective map.

Proof. From Theorem 3.6, there exists an abelian p -group A and a subgroup-

preserving bijective map ¿ from A onto P , which induces a projectivity from

A onto P . The inverse ¿¡1 of ¿ is obviously a subgroup-preserving bijective

map from P onto A . Let P = SK be a metacyclic factorization of P . Then

A = S¿¡1K¿¡1 by regarding ¿¡1 as the induced projectivity from P onto

A . By Corollary 3.5, we see that S¿¡1 and K¿¡1 is cyclic p -group. This

implies that A is a direct product of two cyclic p -groups.

We need the following lemma.

Lemma 5.5. Let A be a ¯nite abelian p -group and let X = hx i be a cyclic

subgroup with jXj = exp(A) . Let Y be a subgroup of A maximal subject to

X \ Y = 1 . Then A is a direct product of X and Y .

Proof. Suppose that XY 6= A . Then there exists a 2 A nXY but ap 2 XY .
So ap = hk for some h 2 X; k 2 Y . Assume that h = xi for some integer such

that gcd(i; p) = 1 . Then japj = (jh xi ijjh k ij)=gcd(jhxi ij; jh k ij) ¸ exp(A) .

Therefore jh a ij ¸ p ¢exp(A) , a contradiction. Thus h = hp
1 for some h1 2 X .

Thus ap = hp
1k . Let ¹a = ah¡1

1 : Then ¹a
p 2 Y: If ¹a =2 Y , then there exists
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h2 2 h ¹a; Y i \X 6= 1 . Then h2 = ¹a
rk1 for some r not divisible by p and for

some k1 in Y . Thus ¹a 2 XY and so a 2 XY . This yields a contradiction.
So A = XY . Since X \ Y = 1 , A = XY is direct.

The following lemma is crucial for our purpose.

Lemma 5.6. Let P be a ¯nite metacyclic p -group for an odd prime p . If

K is a cyclic normal subgroup of P such that P=K is cyclic, then there exists

a cyclic subgroup S of P such that P = SK and jSj = exp(P ) .

Proof. Since P=K is cyclic, it follows that K contains P 0 . Let ¿ : A ¡! P

be a subgroup-preserving bijective map from a direct product A of two cyclic

p -groups onto P , which is given in Lemma 5.4. By Lemma 5.5, A = X£Y for

some cyclic subgroup X and Y with jXj = exp(P ) . Let U = K¿¡1 . Then U

is cyclic by Corollary 3.5. Suppose that Y1 := XU\Y is Y . Then XU = XY .

We de¯ne S := X¿ . Then S is cyclic by Corollary 3.5, and P = SK be-

cause SK = X¿U¿ = (XU)¿ = (XY )¿ = P . Since jSj = jXj = exp(P ) ,

we have done for this case. Now we suppose that Y1 6= Y . Since ¿ in-

duces a projectivity from the sublattice [A=U ] »= L(A=U) onto the sublattice
[P=K] »= L(P=K) , A=U is cyclic. Thus X1 := X \ UY is equal to X and

Y2 := U \ Y is trivial from Lemma 5.2. Choose a homomorphism µ from X

onto Y . We denote the kernel of µ by X0 . We now de¯ne V to be the set

fxy jxµ = y; x 2 Xg . It follows from Lemma 5.1 that V is a subgroup of A
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and

X \ V Y = X; XV \ Y = Y; X \ V = X0; V \ Y = 1; jSj = jXj = exp(P ):

We observe that V is cyclic from Lemma 5.2 since V \ Y = 1 . On the

other hand, X2 := X \ U contains X0 properly since Y1 6= Y . Thus

X0 = V \X2 = V \ U \X = U \ V . Let S := V ¿ Then

jSKj = jV U j = jV jjU j=jV \ U j = jXjjXj=jX0j = jXjjY j = jP j;

and so we have P = SK .

We are now in a position to give our classi¯cation theorem.

Theorem 5.7. (1) Every noncyclic metacyclic p -group P for an odd prime

p has a presentation of the form:

P = h a; b j ap®

= bp
¯

; bp
¯+±

= 1; ba = b1+p° i

where ®; ¯; °; ± are nonnegative integers such that ® ¸ ¯ ¸ ° ¸ ±; ° ¸ 1 .

(2) Each such a presentation de¯nes a metacyclic p -group of order

p®+¯+± ; di®erent values of the parameters ®; ¯; °; ± with the above condition

give non-isomorphic metacyclic p -groups.

Proof. Choose a metacyclic factorization P = SK so that jSj = exp(P )

and K is of the least order among possible choices; this is always possi-

ble by Lemma 5.6. Let x; y be generators of S;K , respectively. Then

jhx ij = p®+±; jh y ij = p¯+±; jS \ Kj = p±; jP 0j = p¯+±¡°; for some non-

negative integers ®; ¯; °; ± . It follows that xp®
= ysp¯

; yp¯+±
= 1; yx = yr for
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some nonnegative integer r and nonnegative integer s relatively prime to p .

By Lemma 4.1(i), r = 1+ tp° for some nonnegative integer t relatively prime

to p since jP 0j = p¯+±¡° . By Lemma 2.3, there exists a positive integer t0

such that (1 + tp°)t
0
= 1 + p° . Let a := xt0

and b := yst0
. It follows that

ap®
= bp

¯
; bp

¯+±
= 1; ba = b1+p°

.

We want to show that S \ K ∙ P 0 . If P is abelian, S \ K = 1 from

Lemma 5.5 and the choice of K ; so the result is obvious. We assume that P

is nonabelian. Suppose that P 0 < S \K . Let ¿ : A ¡! P be a subgroup-

preserving bijective map from a direct product A of two cyclic p -groups onto

P , which is given in Lemma 5.4. Let X := S¿¡1; Q := P 0¿¡1; note that these

subgroups are all cyclic. Then, by Lemma 5.5, there exists a cyclic subgroup

Y such that A = XY and X \ Y = 1 . Let T be the subgroup of X such

that T=Q »= Y and let µ : T ¡! Y be the natural subjective homomorphism

with ker(µ) = Q . De¯ne U := fab j aµ = b; a 2 T; b 2 Y g . Then U ∙ A and

X \ UY = T; XU \ Y = Y; X \ U = Q; U \ Y = 1: Thus U and A=U are

cyclic by Corollary 5.3. It follows that U¿ contains Q¿ = P 0 , and U¿ and

P=U¿ are cyclic by Corollary 3.5. Since jU¿ j > jKj , we have a contradiction
to the choice of K . So we have proved S \K ∙ P 0 . This yields that ¯ ¸ ° .
Since bp

¯
= bp

¯(1+p°); we have p¯+° = 0 mod p¯+±; that is ° ¸ ± . If ¯ = 0 ,
the P must be cyclic; this is not the case. So ¯ > 0; thus P is not cyclic.

We note that P=©(P ) »= Zp£Zp . So ©(P ) ¸ P 0 but ©(P ) does not contain

K since P=K is cyclic, and so P 0 is a proper subgroup of K . Therefore,
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° ¸ 1:
Consequentely, we have the presentation

h a; b j ap®

= bp
¯

; bp
¯+±

= 1; ba = b1+p° i

where ®; ¯; °; ± are nonnegative integers such that ® ¸ ¯ ¸ ° ¸ ±; ° ¸ 1 .

By Theorem 4.2, the presentation de¯nes a metacyclic group of order p®+¯+± ,

and so P is isomorphic with the group de¯ned by the presentation. Further,

we observe P=P 0 »= Zp®£Zp° and exp(P ) = p®+± . It follows that ®; ¯; ° and

± are invariants of P .
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