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Chapter 1

Introduction

The notion of Cayley digraphs were rst introduced by Cayley in 1878 as a
graphical representation of abstract groups. The digraphs stem from a type
of diagrams now called Cayley colour diagrams. Cayley colour diagrams were
used by Coxeter and Moser [12] to investigate groups given by generators and
relations. For a Cayley digraph X of a group G, the vertices correspond to
the elements of the given group G. There is also a subset S of G which
does not contain the identity element 1 of G. An ordered pair (u,v) of two
vertices » and v is called an edge of X if and only if the element vuit in G
belongs to S. In particular, if the inverse of each element of S also belongs
to S, then the Cayley digraph is called undirected. Each undirected Cayley
digraph gives rise to a graph by coalescing each pair of arc (z,y) and (y,x)

into a single undirected edge {z,y}; the graph is called a Cayley graph. In this



way, the undirected Cayley digraphs of G correspond to the Cayley graphs of

G and vice versa.

Cayley (di)graphs are very important algebraic construction with many
symmetries. In fact, the right multiplication on the vertices by each element
of the group preserves the adjacency relation of the Cayley (di)graph and the
group acts on the vertices regularly and so the group G may be viewed as
a regular subgroup of the automorphism group of the Cayley (di)graph. In
particular, the automorphism group Aut(X) of the Cayley (di)graph X acts
transitively on the vertex set G'. The normalizer Nau(x)(G) of the regular

subgroup G is the semidirect product:

Nautx)(G) = G - Aut(G, S), where Aut(G, S) :={c € Aut(G) | S =S }.

A (di)graph X is said to be edge-transitive if its automorphism group
Aut(X) is transitive on the edges. Also, for a graph X, the automorphism
group Aut(X) is transitive on the ordered pairs of adjacent vertices, then X
is said to be arc-transitive. It is dizcult to nd the full automorphism group
of a (di)graph in general, and so this makes it dixcult to decide whether it
is edge-transitive, even for a Cayley (di)graph. As an accessible kind of edge-
transitive digraphs, Praeger [35] focuses attention on those Cayley digraphs
for which Nauwx)(G) is transitive on the edges. Such a Cayley (di)graph
is said to be normal edge-transitive. An approach to analyzing the family of

Cayley (di)graphs for a nite group G was given by C.E. Praeger in 1999
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which identi es normal edge-transitive Cayley (di)graphs as a sub-family of

central importance.

Using the strategy in [35] to construct normal edge-transitive Cayley graphs
from quotients, Houlis [18] was able to determine the isomorphism types of
all connected normal edge-transitive Cayley graphs for Z,,, where p,q are
primes, and for G = Z, x Z,,, p is a prime, when Aut(G, S) acts reducibly
on G.

In this thesis, we consider nite circulant digraphs, namely Cayley digraphs
of nite cyclic groups. The main purpose of this thesis is to give a description
of a classi cation of normal edge-transitive Cayley digraphs for nite cyclic

groups.

Two Cayley digraphs Cay(G,S) and Cay(G,T) are said to be Cayley
isomorphic if there exists « € Aut(G) such that 7"= S*. Cayley isomorphic
Cayley digraphs are of course isomorphic. Ad§m [1] conjectured that if two
circulant digraphs Cay(G,S) and Cay(G,T) are isomorphic then they are
Cayley isomorphic; the conjecture was shown to be false (see for example,
[39]). It is known to be true if the number of vertices is either square-free or

twice square-free (see [30, 31]).

Let Z, ={0,1,....,n—1} denote the additive group of integers modulo a
positive integer n, and let U,, denote the multiplicative group of unitsin Z,, .

We may identify U,, with Aut(Z,). Denote the Cayley digraph of Z, on the

3



empty set by nKj.

We now state the main results of the thesis; the proofs will be given in
chapter 4. The following theorem gives a determination of all connected

normal edge-transitive circulant digraphs of order n.

Theorem 1.0.1. If S is a subgroup of U, , then Cay(Z,,S) is connected
normal edge-transitive. Every connected normal edge-transitive circulant di-
graph of order n is isomorphic to Cay(Z,,S) for some subgroup S of U,,.
Let S and T be subgroups of U,. Then Cay(Z,,S) = Cay(Z,,T) if and
onlyif S=1T.

We focus our attention again on the special case when n is a prime power.
Let p be an odd prime. For each positive divisor » of p—1, there is a unique
subgroup of order r in the cyclic group U,i. The Cayley digraph of Z, on

the subgroup of order r in U, is denoted by X (p’,r).

For p = 2, let X(2,1) = Cay(Z.,{1}), X(2,2) = Cay(Zs,{1,-1}),
and X (2%,3) = Cay(Zyi, {1, —1+2¢i1}). Then we have:

Theorem 1.0.2. (i) For an odd prime p, every connected normal edge-
transitive circulant digraph of order p™ is isomorphic to the lexicographic
product X (p, r)[p™i‘K,] for some positive divisor » of p —1 and an integer

1 with 1 <7 < m; di®erent choices of ¢ or r give nonisomorphic digraphs.
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(i) Every connected normal edge-transitive circulant digraph of order 2™
is isomorphic to the lexicographic product X (2¢, j)[2"i‘K,] for some integers

1,j such that
1<j<3<i<morl<j<i=2for3<m,

and

1<j<i=mform=1,2,

moreover, di®erent choices of i or j give nonisomorphic digraphs.

We note that the analogous result can be given for n = 2p™ for an odd

prime p.

We also consider Cayley Isomorphism Problem for nite circulant digraphs.
A Cayley digraph Cay(G, S) is called a Cl-digraph of G if for each Cayley
digraph Cay(G,T) isomorphic to Cay(G,S), there exists o € Aut(G) such

that S =1T.

Let G be a nite cyclic group, written additively and let S be a Cayley
subset of G', namely a subset not containing the identity element 0. Let K
be theset {a € G|a+S =S}. Thenitis easy to show that K is a subgroup
of G. Infact, K is the largest subgroup of G such that S is a union of some

cosets of K in G. We denote the subgroup by Int(S).

We also have the following theorem:



Theorem 1.0.3. Let G be a nite cyclic group and let S and T be Cay-
ley subsets of G. If Cay(G,S) = Cay(G,T), then Int(S) = Int(I) and
Cay(G/Int(S), S/Int(S)) = Cay(G/Int(S),T/Int(S)).

As a consequence of the above theorem, we have the following, which can

be regarded as a complement to Huang and Meng's result in [19].

Corollary 1.0.4. Let Cay(G,S) be a Cayley digraph of a nite cyclic group
G with Int(S) = K. If Cay(G/K,S/K) is a Cl-digraph of G/K, then
Cay(G, S) is a Cl-digraph of G.

We nally set up some general conventions and notation, which will be

used frequently in this thesis.

Throughout this thesis actions of groups and most algebraic maps such
as automorphisms, homomorphisms and isomorphisms are usually written as
right operators. If ¢ and h are elements of a group, the conjugate hilgh is

denoted by ¢".

The identity element of a multiplicative group is denoted by 1 and the
same notation is also used for the trivial subgroup consisting of the identity

element.

The kernel of a homomorphism ¢ of a group is denoted by ker .

Let G be a group. The automorphism group of the group G is denoted

6



by Aut(G). If H is a subgroup of G, then the normalizer of H in G is
denoted by Ng(H).

Let H, N be groups and ¢ : H — Aut(/N) a homomorphism. Then the
homomorphism de nes a semidirect product of H and N ; we denote that
semidirect product by H ny N, or simply by # n N. We usually regard H
and N as subgroups of H n N via the natural identi cations.

The cardinality of a set X is denoted by |X]|.

The notation and terminology not de ned in this thesis is standard and

can be found in almost all standard books on related areas.



Chapter 2

Background results on group

theory

In this chapter, we present some general facts that will be useful in this thesis.

Some basic concepts and notation are also de ned.

2.1 Some basic facts on general group theory

We " rst consider subgroups of direct product of groups in this section; the

presentation here is in part based on the treatment of Suzuki (1982).

Let G = H x K be the direct product, let » and x be the projection onto
the factors H and K, respectively. We regard H and K as subgroups of

G . Then we have the following lemma.



Lemma 2.1.1. Let U be a subgroup of G.

1) UnHEU, UNnKEU.

(2) Themap ¢ : u" — u*(UNK) de nes a homomorphism from U” onto
Ur/(UNK) with kernel UNH .

() U={hk|heUkeU"h*=kUnK)}.

Proof. For each element ¢ of G, we have g = hk where h = ¢" and k = g~.
If a subgroup U of G is given, U determine the four subgroups U", UNH,
U* and U N K. Since the direct factors H and K are normal subgroups of
G, UNH isnormal in U; similarly, we have UN K E U.

Let o be the restriction of » on U. Then o is a homomorphism from U
onto U", and its kernel is U N K. Thus, we have U° = U" = U/(U N K).
The homomorphism ¢ maps UNH onto UNH. So UNH E U". If
u’ € UNH, then u® =", from which we get (u)i*u = u*. This implies that
u® € UNK. Conversely, if u* € UNK, then u7 =u® € UNH. Thus, we have
(UNH)"'" = (UnH)(UNK). Itfollows that U"/(UNH) = U/(UNH)(UNK).
Similarly, we get U*/(UN K) = U/(U N K)(U N H). Therefore, we have a
homomorphism from U" onto U*/(U N K) with kernel U N H ; this is given
by ¢ :u" — w*(U N K). Infact, if «" =v" for two elements « and v of U,
then vily = (v®)it(w") iy = (v*)ilu* € UN K. So, the function de ned
by u" — u*(U N K) is a homomorphism from U” onto U"/(U N K), and its

kernel is U N H.



To prove (3), denote
V={hk|heU" ke U" h* =k(UNK)}.

We can easily show that V' is asubgroup of G = Hx K and U < V. Clearly,
we have U7 = V" and U" = V*. An element of V N H is of the form Al
where h¥ = L(UNK). Since ¢ isa homomorphism from U" onto U”/(UNK)
with kernel U N H , the element ~ must belongto UNH; so UNH >VNH
with U < V, this implies that UN H = V N H. Therefore |U| = |V| and
hence U =V. O

We here have some investigation about the automorphism groups of nite

cyclic groups.

Let Z, denote the additive group of integers modulo n for a positive
integer n. The set U, of integers m modulo n which are relatively prime
to n forms an abelian group under multiplication modulo n. It is well-known
that the automorphism group of a cyclic group of order n can be identi ed

with this multiplicative group U, .

Lemma 2.1.2. The automorphism group Aut(Z,) is isomorphic to U, .

Proof. It follows from ia = (la)i that any automorphism « of Z, is com-
pletely speci ed by la. Another easy fact is that la, = k determines an
automorphism «;, of Z, if k£ is non-zero and prime to n; and all the auto-

morphisms of Z, are determined by such values of £ in 15 k < n. Consider

10



the correspondence in which «; is paired with £ in U,. That this is an

isomorphism of Aut(Z,) with U, is evident. O

It is now reasonable to ask for the structure of U,, in terms of the theory
of nite abelian groups. The structure is well-known, see [29] for example. We

here just state the special case when n is a power of a prime number.

Theorem 2.1.3. (1) If p is an odd prime, then U, is the cyclic group of
order (p — Dp*it.

(2) If p =2, then Uyxe is the direct product of the cyclic group (5) of
order 2*i2 and the cyclic group (—1) of order 2 unless a =1, and U, is

trivial.

We close this section with following well-known result, which is known as

Dedekind Law.

Lemma 2.1.4. Let A, B and C be any subgroups of a group such that
A< B. Then A(BNC)=BnNAC.

2.2 Permutation groups

We here present some basic concepts and fundamental results on permutation
groups, which will be useful for our purpose. The presentation here is largely

based on the treatments of [8] and [13].
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Let X be a nonempty set. A permutation on X is a one-to-one corre-
spondence « : X — X . Two such permutations o and § can be composed
to give the permutation a3, which is de ned by the rule z(af) = (za)s3.
Under the operation of composition the set of all permutations on X forms a
group; we call it the symmetric group on X and denote by Sym(X). If X
is the set {1,2,...,n}, we write S, for Sym(X). A subgroup G of Sym(X)
is called a permutation group on X ; the cardinality of X is called the degree

of G.

An action of a group G on a set X is de ned as the rules:
(1) 2t =2z forall z € X;

2) (z9) =29 forall z € X and g,h € G.

If a group G acts on a nonempty set X, then to each element ¢ € G we
can associate a mapping g of X into itself, namely z — x9. The mapping
g is a bijection since it has ¢il as its inverse; hence we have a mapping
p . G — Sym(X) given by z” := T. Moreover we see that p is a group
homomorphism. In general, every homomorphism of G into Sym(X) is called
a permutation representation of G on X . Hence, we see that each action of G
on X gives rise to a representation of G on X . The kernel of the action is the

kernel of the permutation representation p; an action is faithful if kerp =1.

Each element ¢ of a group G acts on the group G by right multiplica-

tion: z9 ;= xg forall x,g € G, and so ¢ yields a permutation R(g) of G,

12



namely R(g) : x — zg. Denote R(G) :={R(g)|g € G} and R(G) is called
the right regular representation of G . The action is faithful since the kernel

{9 € G|zg ==z for all x € G} equals 1.

Let G bea nite group actingona niteset X . Thesets 2 := {29 |g € G}
for z in X are called the orbits of the action of G. Two orbits z& and ¢©
are either equal or disjoint, and so the set of all orbits is a partition of X into
mutually disjoint subsets. For each z in X, theset G, = {g € G| 29 = z}
forms a subgroup of G, which is called the stabilizer of x. The stabilizers of
two points in the same orbit are conjugate; in fact, if y = 29 for some z € X
and g € G, then G, = gi'G,g. Moreover, for each z € X and g,¢' € G,
29 = 29 if and only if (G,)g = (G,)d". The following result is fundamental

and is often called "Orbit-Stabilizer Theorem'.

Theorem 2.2.1. Let G be a nite group acting on a nite set X . Then
2] = |G/|G.|.

The proof of this theorem may be found in any standard text book on

permutation group theory.

De nition 2.2.2. G acts transitively on X if there exist precisely one orbit
in the action of G on X . Equivalently, G is transitive on X if for every pair

of points z,y € X, there exists g € G such that z9 = y.

13



De nition 2.2.3. G acts regularly on X if G acts transitively on X and

G, 1s trivial.

If a nite group G acts transitively on a nite set X, then the following

result follows immediately from Orbit-Stabilizer Theorem.

Theorem 2.2.4. Assume that G acts on X transitively. Then
D) X =1G|/|Gs|.
(2) If G is nite, G acts on X regularly if and only if |G| =|X].

The following result is also useful.

Lemma 2.2.5. Let G be a group acting transitively on a set X and let H
be a subgroup of G. If x € X, then G = (G,)H if and only if G = H(G,)

if and only if H is transitive on X .

The number of orbits of G, on X is independent of choices of = in X if
G is transitive on X ; the number is called the rank of the transitive group G
on X.

In what follows we shall extend the action of G on X to 2¥ by de ning
Y9:={y|yeY}, foreach Y C X.

Let G be a group acting transitively on a set X . A nonempty subset B

is a block for G if for each g € G either BY=B or BN B =1).

14



Every group acting transitively on X has X and the singletons {z} for
x € X as blocks; these are called the trivial blocks. Any other block is called

nontrivial.

Let B be a block for the transitive group G and put 8 :={BY|g € G}.
Then 8§ is a partition of X and each element of 8 is a block for G ; we call

8 the system of blocks containing B.

Let G be a group which acts transitively on a set X . We say that G is

primitive if G has no nontrivial blocks; otherwise, G is called imprimitive.
The following theorem on the normalizers of regular groups is well-known:

Theorem 2.2.6. If G is a regular subgroup of Sym(X), then Nsymx)(G)
is isomorphic to the semidirect product G n Aut(G) with the natural action of

Aut(G) on G.

15



Chapter 3

Vertex-transitive (di)graphs

In this chapter we shall describe some basic concepts of vertex-transitive di-
graphs with a short survey on the study. Some properties on the vertex-

transitive digraphs, which will be used in this thesis, will be also discussed.

3.1 Basic notation and concepts

We begin with the de nition of digraphs.

By a digraph (or directed graph) we mean a pair X = (V, E) where V isa
set whose elements are called the vertices of X, and E is a subset of ordered
pairs of distinct vertices whose elements are called the edges (or arcs) of X .
Similarly a (undirected) graph is a pair X = (V, E) where V is the set of

vertices of X, and E is a subset of unordered pair of distinct vertices which
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are called the edges of X ; the ordered pairs (x,y) of adjacent vertices that
is those for which {z,y} € E are called the arcs of X . For a diagraph, edges
and arcs are the same, but this is not the case for a graph. In particular, if
(z,y) € E implies (y,x) € E for a diagraph X = (V, F), then X is called
undirected. Each graph X = (V, E) with the arc set A de nes a undirected
diagraph X*° = (V, A); conversely, each undirected digraph give rise to a graph
by coalescing each pair of arc (xz,y) and (y,z) into a single undirected edge
{z,y} . In this way, the graphs correspond to the undirected digraphs and vice

versa. The order of a nite (di)graph is the number of vertices.

The complement X ofa graph X is the graph with the same vertex set
with X but two points are adjacent in X if and only if they are not adjacent
in X.

The complete graph K,, is the graph such that every unordered pair of
distinct vertices is an edge of the graph. The complement of K,, is also denoted

by nKj.

Given two (di)graphs X and Y, the lexicographic product, X[Y] is de-
“ned as the (di)graph with vertex set V(X) x V(Y) and the following adja-

cency relation:

(z,v) is adjacent to (2',3") in X[Y] <= either z is adjacent to 2 in X,

or z =20, y is adjacent to 3’ in Y.

Let X and Y be given two digraphs. If there exists a bijective map 6

17



from V(X) onto V(Y) such that e ¢ E(X) implies ¢/ ¢ E(Y), where
(x,9)? = (2%,9%) for e = (z,y) in a digraph, while {z,y}° = {24’} for
e = {z,y} inagraph, then X and Y are said to be isomorphic and denoted

by X =Y ; such a bijective map @ is called an isomorphism from X onto Y .

Let X = (V, E) bea (di)graph. An automorphism of X isan isomorphism
from X onto X itself, and so an automorphism « of X is a permutation
on V such that e € E(X) implies e* € E(X). The set of all automorphisms
of X forms a subgroup of Sym(V); we call the subgroup the automorphism
group of X and it is denoted by Aut(X). It is easy to see that for a digraph
which is undirected, the automorphism group is that of the corresponding
undirected graphs. The automorphism group of the complement of a graph X
is the same with the automorphism group of X .

We now give some important summary properties.

De nition 3.1.1. A (di)graph X = (V,E) is called vertex-transitive if

Aut(X) is transitive on V.

A vertex-transitive (di)graph is not necessarily edge-transitive, and vice
versa. In a vertex-transitive (di)graph, all vertices have the same properties
with respect to the structure of the (di)graph. In particular, for a vertex-
transitive graph, each vertex is contained in the same number of edges; such

a number is called the valency of the vertex and the graph itself is said to be

18



regular.
An automorphism « of a (di)graph X acts on the edge set £ in a natural

way.

De nition 3.1.2. A (di)graph X = (V, E) is called edge-transitive if Aut(X)

is transitive on E.

De nition 3.1.3. A graph X is arc-transitive if Aut(X) is transitive on the

arc set of X .

So if a digraph X is undirected, then X is edge-transitive if and only if
the corresponding undirected graph is arc-transitive. A graph which is vertex-
transitive and edge-transitive is not necessarily arc-transitive. Note that an

arc-transitive graph must be vertex-transitive and edge-transitive.

De nition 3.1.4. Agraph X iscalled half-transitive if X is vertex-transitive

and edge-transitive but not arc-transitive.

We are now concerned with the relationship between transitive permuta-
tion groups and vertex-transitive digraphs. The vertex-transitivity of digraphs
corresponds to the transitivity of permutation group, and edge-transitive di-
graphs correspond to the so called orbital digraphs of a transitive permutation

group, while symmetric graphs correspond to the orbital graphs associated
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with so called symmetric orbital, which we shall give an explicit description

here. The presentation is basically from the treatment of [8].

Let us suppose that a transitive permutation group G on V' is given; then

there is an induced action of G on V x V', de ned by

(z,9)? = (zg,y9).

Since G is transitive, the diagonal ¢ = {(z,z) |z € V} is an orbit; we shall
write Dy instead of ¢. Suppose that G has r orbits Do, D1, -+, D,;1
on V x V; each D, is called an orbital of G. For a xed = € V,
and put Di(z) = {y € V|(z,y) € D;} for i« = 1,2,..,r — 1. Then
Dy(z), D1(z),- -+, D,;1(z) are precisely the orbits of G, on V. Hence r

is the rank of G.

Each orbital D; associates with the digraph X; = (V, D;); this digraph is
called an orbital digraph associated with D, . It is obvious that each orbital
digraph is edge-transitive. Conversely, each edge-transitive digraph X must

be an orbital digraph of the transitive group Aut(X).

We have the following characterization of primitivity in terms of the asso-

ciate digraphs.

Theorem 3.1.5. Let G be a transitive permutation group on V. Then G is
primitive on V' if and only if the orbital digraph X, associated with each orbit

D;(# Dyp) of G on V x V is connected.
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Each orbit D di®erent from Dg is ‘paired’ with its transpose:

D' ={(x,y)|(y,z) € D}.

In general, D and D! are di®erent. When D = D!, we say that D is
self-paired or symmetric. If D is symmetric, the orbital digraph associated
with D is undirected; the graph associated with each symmetric orbital D is
called an orbital graph associated with D . It is obvious that the orbital graph
associated with symmetric orbital is arc-transitive. On the other hand, each

arc-transitive graph X must be an orbital graph of the transitive group X .

Similarly, if we call a union of several orbitals of a transitive permutation
group G generalized orbital of G'; the associated digraph with a generalized
orbital is called a generalized orbital digraph. The undirected graph associ-
ated with a symmetric generalized orbital is called a generalized orbital graph.
Then all generalized orbital (di)graphs are vertex-transitive; and all vertex-
transitive (di)graphs X are generalized orbital (di)graphs for the transitive

groups Aut(X).

3.2 Arc-transitive graphs

In this section we shall give an exposition of some known results on classi ca-
tions of some special classes of arc-transitive graphs. Recall that a undirected

graph X = (V, E) is said to be arc-transitive if Aut(X) is transitive on the
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arcs of X ; that is, Aut(X) acts transitively on the set of ordered adjacent
pair of vertices of X . It is easy to see that X is arc-transitive if and only if
Aut(X) acts transitively on V' and for a xed vertex z, the stabilizer G, of

x in Aut(X) is transitive on the set of vertices adjacent to x.

The earliest work in this direction was done by C.Y. Chao. In 1971 he
classi ed all arc-transitive graphs with a prime order. The result may be

summarized as follows:

Let Z,={0,1,...,p— 1} denote the cyclic group of order p written addi-
tively. The automorphism group Aut(Z,) of Z, is isomorphic to Z,;1. For
a positive divisor » of p—1, let H, denote the unique subgroup of Aut(Z,)
of order r. The graph G(p,r) of order p is de ned for each even positive

divisor r» of p —1 by
V=2, E={{zy}lz-yecH]}

Chao [10] proved the following:

Theorem 3.2.1. Let p be an odd prime.

(1) If X is a arc-transitive graph of order p then either X = pK; or
X = G(p,r) for some even divisor r» of p—1.

(2) Conversely pK; and each of the graphs G(p,r) is arc-transitive of

order p.

In 1987, Y. Chang and J. Oxley [11] determined all arc-transitive graphs

22



of order 2p, for a prime p. It was possible because the classi cation of the
primitive groups of degree mp , m < p was given in 1985 by M.W. Libeck
and J. Saxl [28].

In 1993, C. Praeger and M. Xu [36, 37] was be able to give a classi cation
of the vertex-primitive arc-transitive graph of order a product of two distinct
primes. The imprimitive case was done by C. Praeger, R. Wang and M. Xu

[36] in the same year.

A undirected graph X is said to be half-transitive, it is vertex-transitive
and edge-transitive, but not arc-transitive. W.T. Tutte was the rst who

considered half-transitive graphs. He proved

Theorem 3.2.2. If a graph X is vertex-transitive and edge-transitive and if

it has odd valency, then X is arc-transitive.

He asked whether there are such graphs of even valency. In 1970, I.Z.
Bouwer [9] gave an axrmative answer for Tutte's question; he constructed a
half-transitive graph of valency n for each even number n > 4. The smallest
graph in this family was order 54 and valency 4. In 1981, D.F. Holt [17] found

another half-transitive graph which has valency 4 and order 27.

Since 1990 several authors have done much work on half-transitive graphs;
they are B. Alspach, M. Conder, C. Li, D. Marusic, L. Nowitz, C. Praeger, H.

Sim, D. Taylor and M. Xu. For these results, the reader is referred to a survey
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paper [26] and [41].

3.3 Cayley (di)graphs of nite groups

The class of vertex-transitive (di)graphs is very interesting to especially group
theorist. One of the most important classes of vertex-transitive (di)graphs is

so-called Cayley (di)graphs of nite groups.

The concept of Cayley graphs was introduced by A. Cayley in 1878 as
a graphical representation of abstract groups. Cayley graphs (Cayley colour
diagrams) were used by Coxeter and Moser to investigate groups given by
generator and relations. However, in the last forty years, the theory of Cayley

graphs has been developed to a rather big branch of algebraic graph theory.
We give a de nition of a Cayley (di)graph of a nite group.

Let G be a nite group. A subset S of G is called a Cayley subset if S
does not contain the identity element 1 of G. A Cayley subset S is called

symmetric if S = Si! where Sil:={sil|se S}.

De nition 3.3.1. The Cayley digraph of a group G' on a Cayley subset S is

the digraph with vertex set G and (z,v) is an edge if and only if yzil € S.

If S is symmetric then the adjacency relation is symmetric and thus the

Cayley digraph is undirected; the corresponding graph is called the Cayley
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graph of G on S. We denote the Cayley digraph of G on S by Cay(G, S);
abusing notation, we also denote the corresponding Cayley graph by the same

notation.

A Cayley (di)graph of a cyclic group is called a circulant (di)graph, or

simply a circulant.
We observe some elementary properties about Cayley (di)graphs.

Lemma 3.3.2. Let G be a nite group and let S be a Cayley subset. Then

Cay(G, S) is connected if and only if S generates G.

Proof. Suppose that the Cayley digraph is connected and let g be an element
of GG. Then there exists a sequence of vertices 1 = vg, vy, ..., v, = g such that
either (v;,v;+1) IS an edge or (v;+1,v;) IS an edge. Write s; for vivfill for
i=1,..,n. Theneither s; € S or si' € S and g = s,,5,;1---5251. SO S gen-
erates GG. Suppose that S generates G. Since G is nite, for each g we have
g = SpSnj1---S251 forsome s; in S. Then (1, s1), (s1,5251), .-, (Sni1- -+ 51,9)
is a sequence of edges connecting 1 and g. This implies that Cay(G,S) is

connected. The proof is similar for the undirected case. O

Since yzil € S implies (yg)(zg)it € S for every z,y and ¢ in G,
the right regular representation R(G) of the group G is a subgroup of the
automorphism group of every Cayley digraph of G, which acts regularly. The

same is true for undirected Cayley digraphs.
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Thus we have the following lemma.

Lemma 3.3.3. The automorphism group of a Cayley graph of a group G
contains a regular subgroup isomorphic to G. In particular, every Cayley

(di)graph of a group G is vertex-transitive.

The converse of the above result is also well-known; in fact, the Cayley

graphs of a group G can be characterized by the following lemma; see [8].

Lemma 3.3.4. Adigraph X is a Cayley digraph of G if and only if Aut(X)

contains a regular subgroup isomorphic to G'.

The following lemma is a consequence of Lemma 3.3.3 and Lemma 2.2.5.

Lemma 3.3.5. Let X = Cay(G,S) be a Cayley graph, A = Aut(X), and
A; the subgroup of A consisting of those automorphisms that ~x the identity

element 1 of G. Then A= R(G)A; and R(G)NA; =1.

We have shown that the right regular representation R(G) of G isaregular
subgroup of the automorphism group A of a Cayley graph X = Cay(G, S)
of G. We now determine the normalizer of the regular subgroup R(G) in the

automorphism group A of X.

Let X = Cay(G, S) be a Cayley graph of G; we rst set up the following

notation.
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Notation 3.3.6. Aut(G,S) :={a € Aut(G) : S* = S}.
Obviously, Aut(X) > R(G) Aut(G, S). Write A := Aut(X). We have
Lemma 3.3.7. Nu(R(G)) = R(G) Aut(G, S).

Proof. Since the normalizer of R(G) in the symmetric group Sym(G) is the
holomorph of G. By Theorem 2.2.6, that is Nsym)(R(G)) = R(G)Aut(G),

we have
NA(R(G)) = R(G)Aut(G) N A = R(G)(Aut(G) N A).
Obviously, Aut(G)NA = Aut(G, S) . Thus N4(R(G)) = R(G) Aut(G,S). O

Corollary 3.3.8. R(G) is normal subgroup of A if and only if A; = Aut(G, S)
if and only if every automorphism of X that xes the identity of G is an au-

tomorphism of G.

Some work has been devoted to characterizing Cayley graphs Cay(G, S) in
terms of Aut(G). The problem of determining the full automorphism group
of a Cayley (di)graph is very diZcult in general; Since a Cayley (di)graph
of G is de ned by G, natural approach to the problem is to understand
the relationship between the full automorphism group and G, for example,
whether or not G, as regular subgroup, is normal in the automorphism of the

Cayley graph. We refer to [41, 7, 27] for some studies of those Cayley graphs
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for which the regular subgroup R(G) isnormal in A. The extreme case where

A = R(G) has received considerable attention, see [4, 16, 22, 25].

Cayley (di)graphs form a proper subclass of vertex-transitive graphs. The
Petersen graph is the smallest vertex-transitive graph which is not a Cayley
graph. Mckay and Praeger conjecture that most vertex-transitive graphs are

Cayley graphs, see [35].

3.4 Cayley Isomorphisms of Cayley (di)graphs

The isomorphism problem for Cayley (di)graphs is to decide whether two given
Cayley (di)graphs are isomorphic or not. The problem is a fundamental prob-
lem in graph theory. We here give a brief survey on the study of the problem.

The presentation is in part based on [23].

The Cayley (di)graph Cay(G, S) is determined completely by G and S'.
However, since it is very dizcult problem to decide whether or not any given
two Cayley (di)graphs are isomorphic in general. If ¢ is an automorphism of
G such that S° = T, then o gives rise to an isomorphism from Cay(G, S)
onto Cay(G,T). Such an isomorphism is called a Cayley isomorphism. It is
of course possible for two Cayley (di)graphs Cay(G, S) onto Cay(G,T) to be

isomorphic but no Cayley isomorphisms map S to T'.
De nition 3.4.1. A Cayley (di)graph Cay(G, S) is called a Cl-(di)graph of
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G if for each Cayley (di)graph Cay(G,T) isomorphic to Cay(G,S), there
exists o € Aut(G) such that S =T. The group G is called a DCI-group
if every Cayley digraph of G is a Cl-digraph; G is called a Cl-group if every
Cayley graph of G is a Cl-graph.

We discuss some basic properties about Cl-(di)graphs.
For a nite group G and a Cayley subset S of G, if Cay(G, S) is discon-
nected then

Cay(G, S) = %Cay« 5).9)

so that for any Cayley subset T of G,

Cay(G, S) = Cay(G,T) if and only if Cay((S),S) = Cay((T"),T).

Let H,L be two subgroups of G, and let S, T be Cayley subsets
such that (S) = H, (T) = L and Cay(H,S) = Cay(L,T). Then
Cay(G,S) = Cay(G,T). If Cay(G,S) is a Cl-(di)graph, then S° =T for
some o € Aut(G). Thus H? = (S)? = (S°) = (T) = L, thatis H is

conjugate under Aut(G) to L, and in particular, H = L. Therefore we have:

Proposition 3.4.2. Let G be nite group and let Cay(G, S) be a Cl-(di)graph
of G.

(1) For each Cayley subset 7" of G, if Cay((S),S) = Cay((T),T) then
(S') is conjugate under Aut(G) to (7'), in particular, (S) = (T).

(2) All subgroups of G isomorphic to (S) are conjugate under Aut(G).
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A criterion for Cl-graphs due to Babai [5] plays an important role. We

state it as follows:

Theorem 3.4.3. Let X = Cay(G, S) be a Cayley (di)graph of a nite group
G . Then X is a Cl-(di)graph of G if and only if for every o € Sym(G) with
oR(G)ot < Aut(X), there exists an a € Aut(X) such that aR(G)ail =
oR(G)o1t.

We present a proof of this fundamental theorem which is essentially the

same as Babai [5].

Proof. Assume that there is a o € Sym(G) such that cR(G)oi! < Aut(X).
Without loss of generality, we assume that o xes 1. Let X° be the digraph
with vertex set G’ and edge set {(¢7,(s9)?)|g € G, s € S}. Then we have
Aut(X°) = o1Aut(X)o. Thus we have Aut(X?) > R(G), which implies
that X7 is also a Cayley digraph of G . Since the neighborhood of 1 in X
is S7, we see that X7 = Cay(G, S?). Since Cay(G,S) is ClI, there exists an
o € Aut(G) such that S =57, and so $7*'" = S and cail =a € Aut(X).

Since « normalizes R(G), we have
aR(@)a't! = 0a'R(G)aci! = 6R(G)o it

Conversely, let ¢ be an isomorphism from X to another Cayley digraph
Y = Cay(G,T) such that 12 = 1. Then S =T and Y = X?. Hence

Aut(Y) > R(G). This yields that there is an a € Aut(X) such that
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ocR(G)oi! = aR(G)ail, and we may also assume that 1¢ = 1. Thus we
have o = ailc normalizes R(G) and 1% = 1. Therefore, o € Aut(G) and

So = Gatlo = go =1 O

Next we use the Sylow Theorem to investigate Cl-graphs of prime-power
order. Let G bea p-group for a prime p. Suppose that X isaconnected Cay-
ley graph of G of valency less than p. Let A = Aut(X). Then A = R(G)A;
such that p }|Al|. Thus R(G) is a Sylow p-subgroup of A. By the Sylow
theorem, all regular subgroups of A are conjugate, and so X is a Cl-graph
by Theorem 3.4.3. This simple property was rst observed by Babai in [5] and

is slightly extended for undirected graphs in [24] as follows.

Proposition 3.4.4. Let p be a prime and let G be a p-group. Then G is a
connected (p—1)-DCI- and (2p—2)-Cl-group. In particular, the cyclic group

Z, is a DCI-group.

A well-known open question about Cayley (di)graphs is which Cayley
(di)graphs for a group G are Cl-(di)graphs. This question has received con-
siderable attention, and has been investigated under various conditions in the
literature. Interest in this question stems from a conjecture of Ad§m in 1967
that all circulant graphs were Cl-graphs of the corresponding cyclic groups.
This conjecture was disproved by Elspas and Turner [15] in 1970, and since

then a lot of work has been devoted to seeking Cl-graphs. Ad§m's conjecture
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asserts that every nite cyclic group is DCI-group.

The following theorem outlines the main results in this direction.

Theorem 3.4.5. Let n be an integer greater than 1.

(1) The cyclic group Z, is a DCI-group if and only if n = k,2k, or 4k
where £ is odd square-free.

(2) The cyclic group Z, is a Cl-group if and only if either n = 8,9, 18,

or n =k,2k, or 4k where k is odd square-free.

For the case n = p, a prime, the result was obtained by Turner [39] in 1967,
for the case where n = pq is a product of two distinct primes, by Alspach and
Parsons [3] in 1979; for the case when (n, p(n)) = 1, by Pplfy in 1987; for the
form of n of this theorem, by Muzychuk [30, 31] in 1995 and 1997. For the
‘only if* part of the theorem, the results were mainly obtained by Babai and

Frankl [6].

Next theorem is about the Cl-property of elementary abelian p-groups.

Theorem 3.4.6. Let p be a prime. Then
(1) ZZ and Z3 are Cl-groups (see [2, 14])

(2) Z% is not a Cl-group(see [33])

We state a conjecture made by Toida (1977) regarding a special class of

circulant graphs. Let G = Z,, be a cyclic group of order n, and let V,, be
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the set of elements of G of order n.

Conjecture 3.4.7. If S cV,, then Cay(G,S) is a Cl-graph.

Very recently, the conjecture was proved independently in [21] and [32].
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Chapter 4

Cayley (di)graphs of cyclic

groups

4.1 Normal edge-transitive Cayley (di)graphs

A Cayley (di)graph X = Cay(G, S) is said to be edge-transitive if its auto-
morphism group Aut(X) is transitive on the edges. It is ditcult to nd the
full automorphism group of a graph in general, and so this makes it dizcult
to decide whether it is edge-transitive, even for a Cayley graph. As an accessi-
ble kind of edge-transitive (di)graphs, Praeger[34] focuses attention on those

(di)graphs for which Naux)(G) is transitive on edges.

De nition 4.1.1. A Cayley (di)graph X = Cay(G, S) is said to be normal

edge-transitive if Nayyx)(G) is transitive on edges.
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Praeger gave an approach to analyzing normal edge-transitive Cayley
(di)graphs as a subfamily of central importance. In this section, we give a

preliminary discussion of normal edge-transitive (di)graphs of nite groups.

As established in Chapter 2, we denote Aut(G, S) := {a € Aut(G) : S« = S}.
By Lemma 3.3.7, N4s(R(G)) = R(G) Aut(G, S), where elements of Aut(G, S)
have the natural conjugation action on the normal subgroup R(G), and also

acts naturally as permutations of R(G).

We rst characterize normal edge-transitivity in terms of the action of

Aut(G, S).

Theorem 4.1.2. Let X = Cay(G,S) be a Cayley digraph of a nite group
G on a Cayley subset S. Then X is normal edge-transitive if and only if

Aut(G, S) is transitive on S'.

Proof. Suppose that X is normal edge-transitive. Let s,s; € S. Then
(1,5) = (1,s1), for some o € R(G)Aut(G,S). We set ¢ = GR(g), where
R(9) € R(G) and 3 € Aut(G, S). Then (1,5)” = (1,5)%8@ = (18, s#)RO) =
(1, sHE@D = (¢,5%°¢) = (1,s1). So g =1 and s?g = s;. Hence s; = s% for
some [ € Aut(G, S). Therefore Aut(G,S) is transitive on S.

Conversely, suppose that Aut(G,S) is transitive on S. Let (z,y) and
(z1,71) are edges in X = Cay(G,S). Then yzil = s and ypzf! = sq,
for some s,s; € S. Since Aut(G,S) is transitive on S, s; = s* for some

a € Aut(G, S). We have (:r,y)R(wil)O‘R(wl) = (1,yzit)efi) = (1, )R =
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(1047 Sa)R(wl) = (17 Sl)R(wl) = (17 yle 1)R(:c1) = (x17 yl)
Hence (z, y)f@ DoR@) = (1, ), for some R(zil)aR(z1) € R(G)AUt(G, S).

Therefore X is normal edge-transitive. O

Theorem 4.1.3. Let X = Cay(G, S) be a Cayley graph of a nite group G
on a Cayley subset S such that S = Sil. Then X is normal edge-transitive
if and only if either Aut(G, S) is transitive on S or S is the disjoint union

of sets 7 and T'i' where both T and T'i! are orbits of Aut(G,S).

Proof. Suppose that X is normal edge-transitive. Assume that Aut(G,S)
is not transitive on S. Then sAUY%9 js an orbit of Aut(G,S) for some
s€ S Weset T = sAUGS and let s; € S —T. Since X is normal edge-
transitive, there exists a € R(G)Aut(G, S) such that {1,s}* = {1,s5}. So
{1,5} = {1,s}70° = {g,59}° = {¢°, (s59)°} = {1, 51} for some R(g) € R(G)
and § € Aut(G, S). (1) if ¢° =1, then g = 1. Therefore s, = (sg)’ =s° € T.
This is contradiction to the fact that s; € S — T. (2) if (sg)° = 1, then
sg = 1. S0 s; = ¢° = (sit)? = (s°)i! € T'il. Hence S — T C Tt Since
Til = (siL)AGS) js Aut(G,S) orbit and S — T = Tl it follows that
TNTi'=0 and S=TuUTit

Conversely, let {z,y},{z1,71} be any two edges of X = Cay(G,S). Then
yrit = s and yzil = s, for some s,s; € S. We continue by taking each

case separately:

We assume that Aut(G,S) is transitive on S. Then {z,y}7¢') = {1, s}
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and {z1,y:}8@ ™) = {1,s}. Since Aut(G, S) is transitive on S, there exists
o € Aut(G, S) such that {1,s}*={1% s>} ={1,s.}. Thus {z, y}R DaR@) =
{1,s}oR6@) = {1 5 RE@) = {g 1), That is {z,y}B@ DeRE) = ) 4}
for some R(ziY)aR(z;) € R(G)Aut(G,S). Therefore X is normal edge-
transitive. We assume that S = T U Ti! and that Aut(G,S) is transi-
tive on T. Suppose rst that both s,s; € T. Since Aut(G,S) is transitive
on T there exists o € Aut(@, S) such that s* = s;. So {x,y} R  Dakl) =
{1, s}oRD = {1R7@) {y = (o) 41} Thatis {z,y}eDeRE) = {2, 4},
for some R(zi1)aR(z,) € R(G)Aut(G,S). Therefore X is normal edge-
transitive. If s,s; € T'il uses the same arguments. Now let s € T and
sy € Til. Thatis yzit € T and g2t € TiL. Then {z,y}?@') = {1 yzil}
= {1,s} and {1,s}BC¢"D = {sil 1}, Since Aut(G,S) is transitive on T'il
and sil s; € Til) there exists a € Aut(G, S) such that {1,sit}> = {1 s;}.
Hence {z,y}R@ DREDaRE) = 40 4u1 for some  R(ziY)R(siDaR(z1)

€ R(G)Aut(G, S). Therefore X is normal edge-transitive. O

Lemma 4.1.4. Let X = Cay(G,S) be a Cayley graph of a nite abelian
group G on a Cayley subset S such that S = Si! and let X° be the corre-
sponding Cayley digraph of X . Then X is normal edge-transitive if and only

if X® is normal edge-transitive.

Proof. Suppose that X is normal edge-transitive Cayley graph for a nite

abelian group G. Then by Theorem 4.1.3, for s € S, the orbit sAYGS)
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either be equal to S or equal to 7' such that S=TUTi! and TNTi! =0.
But since G is abelian we have the mapping o : z ~ zi! is an automorphism
of G. Also o preserves the Cayley subset S because S® = Sil =3 and in
the case S = T"U T it interchanges 7 and Ti'. Thus o € Aut(G,S)
and the second case does not arise, and so Aut(G,S) is transitive on S. By
Theorem 4.1.2, X* is normal edge-transitive.

Conversely, suppose that X* is normal edge-transitive. Then Aut(G, S)
is transitive on S by Theorem 4.1.2. Therefore X is normal edge-transitive

by Theorem 4.1.3. O

We close this section with some observation of lexicographic products of
digraphs. We recall again the de nition of lexicographic product of two di-

graphs:

Given two digraphs X and Y the lexicographic product X[Y] is de ned
as the digraph with vertex set V(X) x V(Y) and the following adjacency
relation:

(z,v) is adjacent to (2',3") in X[Y] <= either z is adjacent to 2 in X,
or x =2, y is adjacent to ¢’ in Y.

We then have following basic result; for the proof see, for example [18].

Lemma 4.1.5. Let X = Cay(G,S) be a Cayley digraph for a nite group
G with S # (. If S is a union of cosets of a normal subgroup M of G,
then X = Cay(G/M,S/M)[|M|K;], where S/M denotes the set of cosets
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Ms, s€ S.

Proof. Let T be a set of coset representatives for M in G, that is for any
g € G, there exists a unique ¢t € T' such that Mg = Mt (orgtil € M). Let
v:G — G/M x M de ned by g0 = (Mg, gti') where Mg = Mt,t € T.
We claim that ~ is an isomorphism from X to Cay(G/M,S/M)[|M|K,].
QD if g # gy and Mg = Mg, then we will obtain two distincts vertices
(Mg, gtit), (Mg, g:1t'') because gtit # gitit. (2)if g # g1 and Mg # Mg,
then ¢ # ¢;7. By (1) and (2) ~ is injective. Also ~ is onto because if
(Mg,z) € G/M x M with g,z € G then there exist ¢t € T such that
Mg = Mt. Set g = at € G, so that Mg, = Maxt = Mt = Mg because
r € M. Hence (Mg,x) = (Mg1,z) = (Mgy, 1t't) = g17. Therefore ~ is
bijective from G to G/M x M. Finally we must show that ~ is preserves ad-
jacency and nonadjacency. Since S is a union of cosets of A/ in G and 1 ¢ S|
M NS =1 because 1 € M. This means Ms € S/M if and only if s € S. So
(g9,91) is an edge in X = Cay(G, S) if and only if g1gi! € S if and only if
Mgigit € S/M if and only if (Mg, Mg,) is an edge in Cay(G/M,S/M) if
and only if (Mg, gti),(Mgi, g:ti%)) is an edge in Cay(G/M,S/M)[|M|K4]
where t,t; € T such that Mg = Mt and Mg, = Mt;. Therefore ~ is an

isomorphism. O
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4.2 Normal edge-transitive circulant (di)graphs

Using the strategy in [34] to construct normal edge-transitive Cayley graphs
from quotients, Houlis [18] was able to determine the isomorphic types of all
connected normal edge-transitive Cayley graphs for Z,,, where p,q primes;
for G = Z, x Z,, p a prime, Houlis also made a classi cation which gives
all normal edge-transitive Cayley graphs Cay(G, S) such that Aut(G,S) acts
reducibly on G. In this section, we consider nite circulant (di)graphs, namely

Cayley (di)graphs of nite cyclic groups.

Two Cayley (di)graphs Cay(G,S) and Cay(G,T) are said to be Cayley
isomorphic if there exists a € Aut(G) such that 7= S*. Cayley isomorphic
Cayley (di)graphs are of course isomorphic. Ad§m [1] conjectured that if two
circulant (di)graphs Cay(G,S) and Cay(G,T) are isomorphic then they are
Cayley isomorphic; the conjecture was shown to be false (see for example, [39]).
It is known to be true if the number of vertices is either square-free or twice

square-free (see [30, 31]).

Let Z, = {0,1,...,n—1} denote the additive group of integers modulo
a positive integer n, and let U, denote the multiplicative group of units in
Z, . We may identify U,, with Aut(Z,). Denote the Cayley graph of Z, on
the empty set by nK;. The following theorem gives a determination of all

connected normal edge-transitive circulant digraphs of order n.

40



Theorem 4.2.1. If S is a subgroup of U, , then Cay(Z,,S) is connected
normal edge-transitive. Every connected normal edge-transitive circulant di-

graph of order n is isomorphic to Cay(Z,,S) for some subgroup S of U, .

Proof. For the rst part of the theorem, let S be a subgroup of U, . Since
1€ S, wehave Z,=(S) and so Cay(Z,,S) is connected by Lemma 3.3.2.
Identifying U,, with Aut(Z,), S as an automorphism group acts transi-
tively on the subset S of Z,; the action is realised by multiplication. Since
Aut(Z,,S) ={a €U, | S*= S}, wehave Aut(Z,,S) =S, and therefore
Aut(Z,,S) is transitive on S. It follows from Theorem 4.1.2 that Cay(Z,, S)
is normal edge-transitive.

For the second part, let X be a connected normal edge-transitive circulant
digraph of order n. Then X is isomorphic to Cay(Z,,7) for some subset
T of Z,. By Theorem 4.1.2, Aut(Z,,T) is transitive on 7. Write S for
Aut(Z,,T). Then we may regards S as a subgroup U, . Since (T7') = Z,,
there exists ¢t in T'NU, . It follows that 7' = St. Therefore the map i — it,
i € Z, yields an Cayley isomorphism from Cay(Z,,, S) onto Cay(Z,,T). This

completes the proof. O

For normal edge-transitive circulant graphs, we only need to consider the
corresponding circulant digraphs by the virtue of Lemma 4.1.4. A normal edge-
transitive circulant digraph of order n is undirected if only if it isomorphic to

Cay(Z,,S) for some subgroup S of U, containing —1.
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If n is square-free or twice square-free, then di®erent choices of S give
nonisomorphic digraphs. In addition to this trivial case, the following theo-
rem gives an answer for the isomorphism problem of normal edge-transitive

circulant digraphs of nite order.

Theorem 4.2.2. Let S and T be subgroups of U,. Then Cay(Z,,S) =
Cay(Z,,T) ifandonly if S=T.

We focus our attention again on the special case when n is a prime power.
Let p be an odd prime. For each positive divisor » of p—1, there is a unique
subgroup of order r in the cyclic group U,i. The Cayley digraph of Z, on

the subgroup of order r in U, is denoted by X (p’,r).

For p = 2, let X(2,1) = Cay(Zx,{1}), X(2,2) = Cay(Zz,{1,-1}),
and X (2¢,3) = Cay(Zi, {1, —1+2¢i1}). Then we have:

Theorem 4.2.3. (i) For an odd prime p, every connected normal edge-
transitive circulant digraph of order p™ is isomorphic to the lexicographic
product X (p°, r)[p™i1'K,] for some positive divisor r of p —1 and an integer
1 with 1 <7 < m; di®erent choices of ¢ or r give nonisomorphic digraphs.
(i) Every connected normal edge-transitive circulant digraph of order 2™
is isomorphic to the lexicographic product X (2¢, j)[2"i‘K,] for some integers

1,7 such that
1<j<3<i<morl<j<i=2for 3<m,
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and

1<j<i=m for m=1,2;
moreover, di®erent choices of i or j give nonisomorphic digraphs.
We note that the analogous result can be given for n = 2p™ for odd prime

p. The result can be stated as follows:

For each positive divisor » of p — 1, there is a unique subgroup of order
r in the cyclic group U,,i . The Cayley digraph of Z,, on the subgroup of
order r in Uy, is denoted by X (p',r).

Theorem 4.2.4. For an odd prime p, every connected normal edge-transitive
circulant digraph of order 2p™ is isomorphic to the lexicographic product
X%, r)[pmiiK,] for some positive divisor » of p — 1 and an integer i with

1 <1i < m, di®erent choices of i or r giving nonisomorphic digraphs.

4.3 The isomorphism problem

First consider the case when n = 2™. We assume that m > 3. It is well

known that U,m = (—1)-(5) = Z, x Zym;2. Foreach ¢ =2,3,...,m, let

S;={1+k2|k=0,1,..,2m"_1}.
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Then Sy, Ss, ..., S, consist of all subgroups of (5). Foreach i =2,....m—1,
let

T =8+ U{-1+k2"|1<k<2™'_1 k: odd}.

Then T; is a subgroup of U,m such that |T;| = |S;| = 2mi¢. Let T be a
subgroup of U,m, and let = be the natural projection from U,m onto (5).
Then T™ = S;, for some ¢ =2,3,...,m. Then there exits a homomorphism 6
from S; to (—1)/(—1)NT suchthat T={st|s’=¢t-(-1)NT, s€S;}.
If T contains —1, then the only such homomorphism is trivial; therefore T
is the direct product of S; and (—1). Suppose that 7' does not contain —1.

If S = (1), then @ is the trivial homomorphism, and hence T = S;. If

S? = (—1), it follows from Kerd = S;4; and S = (—1) = Z, that T =T;

for some i =2,...,m—1.
Consequently, we have the following lemma.

Lemma 4.3.1. {S;,7;,(-1)-5;1i=2,3,....,m, j=2,3,...,m—1} isthe

set of all subgroups of Uom .
Let S be a subset of Z,m . For each positive integer I, de ne ¢,(S) by
¢, (S) = {(s1,52,--,81) | 81,82, .., I ES, s+ s+ ---+5=0in Zm }.
Let §: Cay(Zym,S) — Cay(Z,m,T) be an isomorphism with 0 = 0, and let

290 =0,21 =51, =81+ 8p,..., ;;y =51+ s+ -+ 5.
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De ne ¢; = ! — %, foreach i =1,2,...,1. Then (t,1z,...,t;) € €,(T). The
map (s1, S2, ..., s1) — (t1,12,...,1;) de nes a bijective map between ¢;(S) and

¢ (7).
To each subset S of Z,m, we assign a positive number ¢(S) de ned by
g(S) =min{l| &,(S) #0}.
Then we have:

Lemma 4.3.2. If Cay(Z,m,S) = Cay(Z,m,T) then |¢,(S)| = |¢,(T)| and
g(S) = g(T") for each [.

We now calculate ¢(S;) and ¢(7;). We recall that
S;={1+k2"|k=0,1,2,....,2m" -1}

Since 1+k2° = 1 mod 2¢, it follows that ¢(S;) = 0 mod 2¢, thatis, g(S;) > 2°.

We observe that
2m=(2' - 1)+ (1+Q"V-D2) =1+1+ -+ 1+ (1+(2™1—1)2Y).
Therefore ¢(S;) < 2%, and so ¢(S;) = 2.

We then consider ¢(7;). We also recall that
T, ={1+k2" |0 < k <2mi"—1 k: evenjU{—1+k2' |0 < k <2mi‘—1 k: odd}.
Since —1+k2'=1mod2 and 1+ £2°=1mod 2, we have ¢(7;) =0 mod 2.

If t1,t, € T, and ¢, + ¢, = 0mod 2™, then —1 = tltz” in T;; this yields a
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contradiction since 7; does not contain —1. Therefore ¢(7;) > 4. However,

since

1+ 1+ (—1+2)+ (—1+(@mi"-1)2)) = 2™,
we get ¢(T;) = 4.
We summarize this observation as follows.
Lemma 4.3.3. (i) g(S;) =24 (ii) g(T;) = 4; (iii) g(S;) = g(T}) < i=2.
Fixing m, we denote
U:={(a,b,c,d) | a+b+ctd=k2™? 0<a,b,c<2™i?-1 a,bcd k: integers},

X :={(a,b,c,0) €U}, Y :={(a,b,c,2"?) cU},
Z :={(a,b,c,d) €U |1<d<2mi?-1},

Let \: X — Y be a map de ned by (a,b,c,0)* = (a,b,c,2™i?). Then X is
bijective, and so
[ X|=1Y].
Let (a,b,c,d) beanelement of YUZ. Then 1+4a, 1+4b, 1+4c, 1+4(d—1)
are contained in S, and (1+4a) + (1+4b) + (1+4¢) + (1+4(d—1)) = k2™ =0
in Z,m. Therefore, we have that (1+4a, 1+4b, 1+4c, 1+4(d—1)) € €4(55).

Themap p:Y UZ — &4(S2) de ned by

(a,b, ¢, d)" = (1+4a, 1+4b, 1+4c, 1+4(d—1))
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is bijective, and hence |Y U Z| = |€4(S,)|.

Let (z1, 22, 3, x4) be an element of €4(73). Since xz+x,+x3+x4 = k2™
and either z; = 1 mod 4 or z; = —1 mod 4, there exists a permutation ¢ on
{1,2,3,4} such that z,4) = z,2) = 1mod 4, and z,a) = 2,4 = —1 mod 4.

De ne
1 = (@o)—1)/4, v2 = (o)~ 1) /4, y3 = (@o@)+1) /4, ya = (xo@4)+1)/4.

The map (z1, 2, 3, 4) — (Yoitq), Yoil(2), Yoil(3), Yoil(a)) € Nes an injec-
tive map from ¢,(73;) into X U Z. Since (y1, ¥2, Y3, ¥a) cannot be equal to
(0,0,0,0), this map is not surjective. Therefore |€,(7%)| < | XUZ| =Y UZ|
= |€4(52)].

Thus we have:

Lemma 4.3.4. |€4(S)| > |€4(T2)|.

Even though, it is not necessary to give the exact values of |€4(S,)|and
|€4(T3)| for the proof of the isomorphism theorem, we calculate the numbers

here:

Remark 4.3.5. (1) |€4(S2)| = 23mib.  (2) |C4(T2)| = 3- 23mi8

Proof. (1) Let S(m,k) = {(z1,22,23,%4) |21 + 72 + 33 + 74 = k2712 — 1,
0 < @1, w2, 23, x4 < 2™i2—1} and let H(m, k) = {(z1, 22, 23, 24) | 11+ 3+ 23+ 24

= k:2mi2 — 1, 0 < x1,T2,T3,T4 < k:2mi2 — 1}
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Then it is well-known that |H(m, k)| =p+xomiz Creomiz; .
Let « = 1+4x, b = 1+4x,, ¢ = 1+ 4x3, d = 1+ 4z4. Then

a+b+c+rd=4+4(zy+ o, +ao3+x4) =k-2" k=12,3. Since
€4(52) ={(a,b,c,d)|a,b,c,d € Sz, a+b+c+d=0Iin Zm},

where S, = {1+4k|0 <k <2mi2 1} it follows that (a,b,c,d) € €4(S2)
if and only if
T +To+astrs = k2mi2-1 where 0 < 29,25, 23,24 < 2™12-1, k=1,2,3.
Thus

(€4(S2)| = 1S(m, 1)| + |S(m, )| + [S(m. 3).

By the straightforward calculation, we see that
H(m,1) = S(m,1), [H(m,2)| = |S(m, 2)| + 4[S(m,1)| and

|H(m,3)| = [S(m,3)| +4|S(m,2)| +10[S(m, 1)|.
This yields that |€4(S,)| = |S(m,1)| + |S(m,2)| + |S(m,3)| = 23mib,

(2) Recall that € 4(73) = {(z1, 2, x3, T4) | 1, T2, T3, T4 € T3, x1F T2+ 23+14
=0, in Zm}, where T, = {1+4k|0 <k <2mi2—1 k iseven } U{—1+4k|
0<k<2miz_1 kisodd }.

Let To(e) ={1+4k|0<k<2mi2_1 Fk iseven } and let

Ty(0) = {~1+4k|0 < k < 2mi2—1, k isodd }. Then T = T>(e) UT>(0).
Therefore, if (z1, 22,23, 24) € €4(13), then two elements of {z1, x,, x3, 24} are

in T>(e) and two elements of {x1,x, z3, 24} are in T,(0).
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De ne s
E%Til if x; € Tz(e)

?m.T-l-l if x; € Tz(O)

Yi =

If (21,72, 23,24) € €©4(T3,), then we have x; + x, + z3 + x4 = k2™, where
T1,T2,x3, L4 € To, k=1,2,3 and so xz1+zo+x3+zs = 4(y1+yp+ys+y,) = k2™,
where 0 < w1, 0, y3,ys <2mi2 -1 k=1,23.

Therefore yy + yo + ys + ya = k2™12 where 0 < y1, 90, Ys, ya < 2M12 — 1,
k = 1,2,3, two elements of {y1,v2,y3,y4} are even, and two elements of
{y1,92,¥3,v4} are odd.

De ne
H(m, k) = {(z1, 72, ¥3, T4) | T1+ 1o+ 23+74 = K212 0 < 1, 70, T3, T4 < K212}
T(m, k) = {(y1, Y2, y3,Ya) | y1+yo+ys+ys = k2752, 0 < y1,92, 43, ya < 27121},
Te(m, k) = {(y1, Y2, y3, ya) € T(m, k) |y1,y2,y3,ya * even } and
To(m, k) = {(v1, Y2, y3,ya) € T(m, k) | y1,y2,3,ya : 0dd }.

X X X

Then [€4(T)| = [T(m, k)| —  |Te(m,k)| —  [T,(m, k)| and
k=1 k=1 k=1

|H(m, k)| =z45omiz Ciomiz.
With the straightforward calculation, we have
|H(m,1)| = |T'(m,1)| +4, |H(m,2)| = |T(m,2)| +4|T(m,1)| + 10
and |H(m,3)| = y;(én, 3)| + 4|T(m, 2)| + 10|T(m, 1)| + 20.

We then have  |T(m, k)| = 23™i® 1.
k=1
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We now consider Te(m, k). Let z2p = B 20 = 2,23 = 2,24 = &,
k=1

Then 21+22+23+Z4=k2mi3, 0§21,22,23,Z4 §2mi3—1. Hence

[ Te(m, k)|

= |{(21, 22, 23, 24) | 21 + 22 + 23 + 24 = k213 0 < 21,20, 23, 24 < 2™i3 — 1}

X

X
Therefore Tu(m, k)| = |T(m —1,k)| = 23miDi6 _ 1 = 23mi® _ 1
k=1 k=1
X
We want to know |To(m, k).
k=1

Let 2 = &ld ) = 211 oo = il ;) = il Then we have

21zt 23+ 2y = k2mi3—2, 0< 21,20,23,24 < 2mi3 _ 1,

We observe that |7,(m,1)| = |H(m — 1,1)|. Since
To(m, 2)|
= {(21,22,23,24) | 21+ 20+ 23+ 24 = 2M12 -2 0 < 21,20, 23,24 < 2™i3 1},
|H(m — 1,2)| = 4|T,(m,1)| + |T,(m,2)|. If k=3, then
| To(m, 3)|
= {(21, 22, 23, 24) | 21+ 22+ 23+ 24 = 3-2M13 -2 0 < 29, 29, 23, 24 < 2M13 -1},

and so |H(m — 1,3)| = |T,(m, 3)| + 4|T,(m, 2)| + 10|T,(m, 1)|.
X

Therefore, we have  |T,(m, k)| = 2319,

k=1
X X
Since |C4(T2)| =  |T(m,k)|— |Te(m,k)|—  |T,(m, k)|, we have
k=1 k=1 k=1

|€4(T)| = 23mib _ 1 _ (23mi9 1) - 23mi9 — 93mib _ 93mi8 — 3 93mi8
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Consequently, [€4(S,)| =4-23m18 > 3.23mi8 = |¢(T3)|. O

We are now ready to give the proof of Theorem 4.2.2 for the case when

n =2",p™ or2p™ for an odd prime p.

We " rst consider the case when n = 2™, m > 3. Let S and T be sub-
groups of U,, . Suppose that the corresponding Cayley digraphs are isomorphic.
Then of course |S| = |T'|. If the Cayley digraphs are undirected, then both S
and T contain —1, and hence S =7 = (—1)S; for some i =2,3,....m, by
Lemma 4.3.1. We then assume that the Cayley digraphs are not undirected.
Then neither —1 € S nor —1 € T'. Suppose that S # T". From Lemma 4.3.1,
we may assume that S =S, and T'="1T; forsome i =2,3,....m—1. If i > 2
then g(S) = 2° > 4 = ¢g(T) by Lemma 4.3.3; this is a contradiction to

Lemma 4.3.2. Therefore i = 2. By Lemma 4.3.4, |€4(S2)| # |€4(7%)|, which

yields a contradiction by Lemma 4.3.2. Consequently S =1T'.

We now consider the other cases when n = 2, 4, p™, or 2p™ for odd prime
p. In these cases U, is cyclic. Therefore if |S| = |T'| then S = T'. This

completes the proof.

The method we applied for this special case may not be applied to yield
a proof for general case, namely for arbitrarily given number »n. Our isomor-
phism problem was solved in the author's joint paper [38] by using some basic

properties of Schur ring theory, and we describe it here.
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We will prove the following:

Lemma 4.3.6. If two connected normal edge-transitive circulant digraphs

Cay(Z,,S) and Cay(Z,,T) are isomorphic, then they are Cayley isomorphic.

We note that Klin and Paschel in [20] ~rst applied the method of Schur
rings to solve isomorphism problems of circulant digraphs and they succeeded
in solving the isomorphism problem for circulant digraphs of odd prime-power
order in [20]. We also note that our isomorphism theorem may be an immedi-
ate consequence of Toida Conjecture; after the rst version of this thesis was

written, we just realized that Toida Conjecture was very recently proved.

Let G = Z, be the cyclic group order n. For the conveniency, we shall
use the multiplicative notation for the cyclic group Z,,. So 1, rather than 0,
denotes the identity element of Z,. We also choose a generator x, so that

G=2Z,={l,z,2% .. 2"},

Let X = Cay(G,S) be a Cayley digraph of G on a subset S. Let A be
the automorphism group of the digraph X and let A; be the subgroup of all
automorphisms of X that x 1. Let Si, S»,..., S be all orbits of the natural
action of A; on G. Let Z[G] be the group ring of G over the integer ring

: : P :
Z, which consists of the formal sums . c,g, where ¢, are integers.

For each subset 7' = {t1,1,,...,ts} of G, we denote t; +t, + --- + ¢,

by T and call it a simple quantity. Then the transitivity module Z(G, A;)
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belonging to A; is the module generated by Si,S5;, ..., S, which are called
the basic quantities. It is known as Schur's fundamental theorem (see [40])

that the transitivity module is a subring of the group ring.

Let X = Cay(G,S) and Y = Cay(G,T) be isomorphic circulant digraphs
with automorphism groups A and B, respectively. Let A : G — G be an
isomorphism of X onto Y such that 1* = 1. Since A is vertex-transitive
we can choose such A. Obviously, we have B = Ai1A\ and B; = A\114;) is
the group of all automorphisms of Y that x 1. The isomorphism X extends
to a linear operator of Z(G, A;) onto Z(G, By). Of course X\ sends each
simple quantity of Z(G, A1) to a simple quantity of Z(G, B1). Let y be an
element of G and let R(y) be the right regular representation of y de ned

by 2#® = 2y forall z in G.

Then (Siy)* = (SN = (5)0M0) = (5,)'y* where
a = Ry)AR((yM)THAT is an automorphism of X such that 1 = 1. Since
(Si -y = (Siy)*, we have (S;-y)* = (S)*- (y)*. This implies that the
linear operator A\ preserves multiplication of the subring, and so X is a ring-

isomorphism between Z(G, A;) and Z(G, By) .

Let a be an automorphismof G. Let S = s;+s,+---+s;,. Then we denote
S = 51%+5,%+- - -+5,%, and we also denote S™ = s7"+s*+. ..+ for each
positive integer m. We want to show (S®)* = (S*)* for each simple quantity

S of Z(G, A;) by using the same idea of the proof of Theorem 23.9(a) in [40].
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It is enough to prove that (S®)* = (SM® for each prime p in U,. Since
() = S® mod p, we have (S*)? = (SP)* = (S®)* mod p. On the other
hand, S* is a simple quantity of Z(G, B,) and hence (S*)? = (SM)® mod p.
Thus (SM)® = (S®)* mod p. We know that both sides of the congruence
are simple quantities. Therefore (S*)® = (S®)* and so we have done. Since

S* =T, we have the following immediate consequence of this observation.

Lemma 4.3.7. If Cay(Z,,S) and Cay(Z,,T) are isomorphic, then the fol-

lowing holds. Aut(Z,,S) = Aut(Z,,T).

Now let X = Cay(Z,,S) and Y = Cay(Z,,T) be isomorphic connected
normal edge-transitive circulant digraphs. From the proof of Theorem 4.2.1
we have known that X and Y are Cayley isomorphic to Cay(Z,,S") and
Cay(Z,,T"% respectively for some subgroups S' and 7° of U,. Then by
Lemma 4.3.7, Aut(Z,,S") = Aut(Z,,T%), that is S" = T". This completes

the proof of Lemma 4.3.6, and so Theorem 4.2.2 is now proved.
Now we will give a proof of Theorem 4.2.3.

Let p be an odd prime. Then U,m is a cyclic group of order (p—1)p™it.
Let S be a subgroup of U,m and let B be the Sylow p-subgroup of S. Then
B={1+kp' | k=0,1,2,.. p"ii-1} for some integer i = 1,2,....m and

B =pmit.
Let M = {kp' | k =0,1,2,...,pm1—1}. Then M is the subgroup of
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Z,m of order p™i*, and B =1+ M. We see that
S = Ua2s aB = Ua2s CL(l"‘M) = Ua2s (CL"‘M)

So S isaunion of coset of M in Z,m. Let r denote |S/B|, which is a divisor
of p—1. If a+ M =a"+ M for some a,a’ in S, then aila € 1+ M = B,

and so aB = da'B. Therefore |S/M|=r. By Lemma 4.1.5, we have
Cay(Z,m, S) = Cay(Z,m /M, S/M)[p""Ky].
We want to show that
Cay(Z,m/M,S/M) = X (@', ).

Let 6: Z,m — Z, be the natural homomorphism, namely z = z mod
p'. Then Ker§ = M and SY is a subgroup of U, since 6 preserves the
multiplication as well. The homomorphism 6 induces the isomorphism &
from Z,n/M onto Z, . Note that (S/M)a = S, Therefore & is also an
isomorphism between Cay(Z,m/M,S/M) and Cay(Z,i,S?) . Since SY is the
unique subgroup of order r in Ui, it follows that Cay(Z,:,S%) = X (¢, 7).

The proof of (i) of the theorem is now complete.

We then consider (ii) of the theorem. We rst assume that m > 3. Let
S be a subgroup of U,m. Then S is one of those listed in Lemma 4.3.1.
Write B for SN (5). Then B = {1+ k2" | £ = 0,1,....,2mi"—-1} for
some i = 2,3,...,m. Let M = {k2° | k = 0,1,2,...,2mi"~1}. Then
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M is a subgroup of order 2™i¢ of Z,». Since B = 1+ M, S is a
union of some cosets of M in Z,n. In fact either i) S = 1+ M, or
i) S=QQ+MU(1+ M), oriii) S =0+ M)u(-1+2il+ M),
3 < i< m from Lemma 4.3.1. Let 0 : Z,m — Z,i be the natural ho-
momorphism such that z’ = x mod 2¢. Then Kerf = M, and S? = {1}
for i), S¢ = {1,-1} forii) and S = {1,—1+ 2¢il} 3 < < m for iii).
Since Cay(Zom/M,S/M) = Cay(Z,i,S?%), it follows from Lemma 4.1.5 that
Cay(Z,m, S) = Cay(Z,, S%)[2m1?K,], where i varies from 2 to m for i) and

if), while 7 does from 3 to m for iii).

We observe that Cay(Z,i, S%) = X (2%,1), 2 <i < m fori), Cay(Z,,S%) =
X(2%,2), 2 <i<m forii), and Cay(Z,,S%) = X(2%,3), 3 <i < m for iii).
Consequently Cay(Z,m,S) = X (2¢, /)[2™1'K,] where 3<i<m, 1<j <3,
ori=2 j=112. Form=2or1, S={1},o0r S = {1,—-1}, and so

Cay(Z,m, S) = X(2™,75) where 1 < j <m. This proves (ii) of the theorem.

4.4 Cayley Isomorphisms for circulant digraphs

In this section, we consider Cayley Isomorphism Problem for nite circulant
digraphs. We recall that a Cayley digraph Cay(G, S) is called a Cl-digraph
of G if for each Cayley digraph Cay(G,T) isomorphic to Cay(G,S), there

exists o € Aut(G) such that S =T'.
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We outline the Huang and Meng's observation in [19] with slightly di®erent

elucidation.

Let G be a nite cyclic group, written additively and let S be a Cayley
subset of G', namely a subset not containing the identity element 0. Let K
betheset {a € G|a+S =S5}. Thenitis easy to show that K is a subgroup
of G. Infact, K is the largest subgroup of G such that S is a union of some

cosets of K in G. We denote the subgroup by Int(S).

Let M be a subgroup of the cyclic group G . A partition S = S;US; ofa
Cayley subset S is called an M -partition if M is a subgroup of Int(S;) and
M contains S,. An M -partition is maximal if S has no M -partition for all

subgroup containing M .

The following theorem has been given by Huang and Meng in [19].

Theorem 4.4.1. Let G be a nite cyclic group and let S be a Cayley subset
of G. If §=351US, isa maximal M -partition for a nontrivial subgroup M
of G, then Cay(G, S) is a Cl-digraph of G if and only if both Cay(G, S1) and
Cay(G, S,) are Cl-digraphs of G and ( Aut(G, S1), Aut(G, S2) ) = Aut(G) .

It is unhappy that this theorem does not tell us anything if S, = ?; the
case is, in fact, when Int(S) = M is nontrivial. To complement it we observe

the following theorem.
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Theorem 4.4.2. Let G be a nite cyclic group and let S and T be a Cay-
ley subset of G. If Cay(G,S) = Cay(G,T), then Int(S) = Int(7) and
Cay(G/Int(S5), S/Int(S)) = Cay(G/Int(S), T/Int(S5)) .

Proof. Let ¢ : Cay(G, S) — Cay(G,T) be an isomorphism from the Cayley
digraph Cay(G, S) onto the Cayley digraph Cay(G,T) with 0¥ = 0. Let
K = Int(S). Then Int(T) = K¥. Since G is cyclic, of course K¥ = K, and
so Int(S) = Int(T); in particular, K = K for each « in Aut(Cay(G, S))
with 0 = 0. Note that o := R(z)pR(—x%)pi! for each = in G is an

automorphism of Cay(G, S) such that 0% = 0. Therefore, K* = K. Thus

(K + 2)% = KR@@R(iz7 )0 1 eR(™) = praovR(E") = & 4 ¢

Consequently, ¢ maps each coset of K to a coset of K . This implies that ¢

induces an isomorphism from Cay(G/K,S/K) onto Cay(G/K,T/K). O

As a consequence of the above theorem, we have the following, which com-

plements Huang and Meng's Theorem:

Corollary 4.4.3. Let Cay(G,S) be a Cayley digraph of a nite cyclic group
G with Int(S) = K. If Cay(G/K,S/K) is a Cl-digraph of G/K, then
Cay(G, S) is a Cl-digraph of G.

Proof. Let G = Z,, be a cyclic group of order n, written additively. Assume
that Cay(G/K,S/K) is a Cl-digraph of G/K . Let Cay(G,T) be a Cayley
digraph such that Cay(G, S) = Cay(G,T). From the above theorem, we have
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Cay(G/K,S/K) = Cay(G/K,T/K). Since Cay(G/K,S/K) is a Cl-digraph,
we have (S/K)* =T/K for some « in Aut(G/K). Then (K +1)* =K +r
for some positive integer = relatively with m := |G/K]|. It is routine to show
that the map 1 ~ r induces an automorphism 3 of G such that S° =T

Consequently, Cay(G,S) is a Cl-digraph of G. O
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