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1 Introduction

Let C' be a nonempty subset of a Banach space X and let N be the set of
natural numbers. A mapping T : C' — C is said to be Lipschitzian if for each

n € N, there exists a real number k,, such that

1Tz — Ty < knllz — ¥ for all z,y € C.

In particular, T is said to be asymptotically nonezpansive (simply AN) [7] if
Jirrolo k., =1 and it is said to be uniformly Lipschitzian [3] if there exists a real
number & such that k, = & for all n € N, and T is said to be nonezpansive (or
contraction) if k; = 1 (or k; < 1).

In terms of the existence of fixed points, the achievement on metric fixed
point theory today largely focuses upon the study of nonexpansive mappings
and related classes of mappings, such as asymptotically nonexpansive map-
pings and uniformly Lipschitzian mappings in Banach spaces. The first ex-
istence result for nonexpansive mappings is Kirk’s celebrated theorem [13]
which depends heavily upon a geometrical property, called normal structure,
that is, if C is a weakly compact convex subset of a Banach space with nor-
mal structure, then every nonexpansive self-mapping T' of C has a fixed point,
where a nonempty convex subset C of a norm linear space is said to have

normal structure if each bounded convex subset K of C consisting of more

than one point contains a nondiametral point, that is, a point z € K such



that sup{|lz — z|]| : * € K} < diam(K). Note that if X is uniformly convex
and C' C X is closed convex, then C has normal structure. Also, if X is a
Banach space and if C' C X is compact convex, then C' has normal structure.
As a subsequent result, in 1972, Goebel-Kirk (7] proved that if the space X
is assumed to be uniformly convex, then every AN self-mapping T of C has a
fixed point. For more detail history and methods on metric fixed point theory,
see Geobel-Kirk [8] or Zeidler [20].

In this paper, we concentrate on a class of non-Lipschitzian self-mappings,
such as mappings of asymptotically nonexpansive type. We say that T is of
nearly asymptotically nonexpansive type (simply, nearly ANT) if there exists a
nonempty bounded convex and T-invariant subset X of C such that c¢,(z) :=
cn(z; C) — 0 for each z € K. Recall that if ¢,(z) := c,(z;C) — 0 for each
z € C, then T is said to be of ANT (see [14]).

The above Geobel-Kirk’s result for AN mappings was immediately ex-
tended to mappings of ANT in a space with its characteristic of convexity,
€o(X) < 1, by Kirk [14] in 1974. More recently these results have been ex-
tended to wider classes of spaces, see for example [2, 3, 6, 12, 17, 18, 19]. In
particular, Lim-Xu [17] and Kim-Xu [12] have demonstrated the existence of

fixed points for AN mappings in Banach spaces with uniform normal structure,

e, N(X):=N(X)! <1, where

N(X) = inf {é?_r%gz)i) : A C X bounded closed convex with diam(A) > 0} ,
A
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and see also [3| for some related results. Very recently, the result due to

Kim-Xu [12] was extended to mappings of ANT by Li-Sims [16] and Kim [9]

independently.
In this paper, we shall prove some fixed point theorems for mappings of

nearly ANT in Banach spaces with uniform normal structure (see Theorem

3.2.2).

2  Preliminaries and open question

First, we shall introduce an example of continuous mappings of nearly ANT
which are not of ANT, inspired by Example 4.4 in [10].

Example 2.1 [11]. Let X = R, C' = (—o0, 1]. First consider a continuous

non-Lipschitzian mapping f : [0,1/2] — [0, 1/4] defined by

n(2n+1) 1 1 1
n+l 2n+1)’ 2n+1 STS 2n? nz 1’
f(x) — _(n+1)(2n+1) (x _ 1 ) 1 < T < 1 n > 1
n+2 2n+1/7  2(n+l) — % — 2n+1 ="
0, T =
—1 1
2(n+1)’ 2n

Note first that for each n € N, the graph of f on each subinterval [

consists of two segments connecting three points (1/2(n + 1),1/2(n + 2)),

(1/2n + 1,0) and (1/2n,1/2(n + 1)). For each z € C, we now define
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Tx =

Let us begin with the following lemma due to Casini and Maluta [3] which

is very crucial for our further arguments.

Lemma 2.2 [3]. Let X be a Banach space with N(X) < 1. Then, for
every bounded sequence {z,}, there exists a point z € co({x,}) such that

(i) limsup, o [|zn = 2] < N(X) - A({zn}),

(ii) for every y € X, ||z — y|| < limsup,_ l|z. — vl

where ¢6(A) denotes the closed convex hull of A.

Now let C be a bounded closed convex subset of a Banach space X and
let T': C — C be a uniformly Lipschitzian mapping; that is, T satisfies the

condition for some constant & > 0,
IT"s — Ty < klle —yl| Vz,yec
A deep result of Casini and Maluta [3] applying Lemma 2.2 is the following.

Theorem 2.3 [3]. If k < \/N(X), then T has a fixed point.

Let T': C — C be a mapping of ANT. Suppose TV is continuous for some
integer N > 1. In [14], Kirk proved that if C' is a compact convex subset of X

T : C — C has a fixed point.



What happens if C' is weakly compact convex?
In 1981, Alspach [1] gave a counter example which shows that the above

question does not holds even if 7" is nonexpansive. In fact, set

1
Ko {reronoss<n [ 7=,
0

then K is weakly compact. If T': K — K is a baker transform such that

(2f(20)) A 1, 0<t<1/2
2f(2t—-1)—-1) Vvl 1/2<t<I,

Tf(t) =

then 7" is an isometry on C' but fixed point free. Therefore, we realize some con-
ditions on X are needed for the existence of fixed points. Here we present well

known fixed point theorems for Lipschitzian or non-Lipschitzian self-mappings.

Theorem 2.4 [13]. Let C be a weakly compact convex subset of a Banach
space X with normal structure. If T : C — C is nonexpansive, then T has a

fixed point in C.

Theorem 2.5 [7]. Let C be a bounded closed convex subset of a uniformly

convex Banach space X. If T : C' — C is AN, then T has a fixed point in C.

Question 2.6. Does normal structure imply the existence of fixed points

of AN mappings?

The above question is still open. However, the following result was recently

obtained by Kim-Xu [12].



Theorem 2.7 [12]. Let C be a bounded closed convex subset of a Banach
space X with uniform normal structure. If T': C — C is AN then T has a

fixed point in C.

Theorem 2.7 was immediately extended to mappings of ANT by Li-Sims

[16] and Kim [9], independently. Now the following question is naturally raised.

Question 2.8 Does uniform normal structure imply the existence of fixed

points of mappings of nearly ANT?

We shall give a positive answer for this question at the following section.

3 Fixed point theorems
First, we exhibit the following easy result.

Lemma 3.1. Let C be a nonempty closed convex subset of a reflexive
Banach space X. If T': C — C is a continuous mapping of nearly ANT, then
there exists a nonempty weakly compact convex and T'-invariant subset K of

C' such that c,(z;C) — 0 for each z € K.

Proof. Since T is of partly ANT, there exists a nonempty bounded convex

and T-invariant subset A of C such that ¢,(z;C) — 0 for each x € A, where
cn(z; A) = sup(||[T"z — Ty|| — ||z — y||) V 0.
yeEA
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Take K = A, where A denotes the closure of A. Clearly, K is T-invariant, and
by reflexivity of X, it is weakly compact and convex. Finally we claim that
cn(z;C) — 0 for each x € K. To this end, let z € K. Then there exists a
sequence {Z,,} in A such that z,, — z. Since the supremum of any collection
of lower semicontinuous mappings is lower semicontinuous, ¢,(-; K) is lower
semicontinuous for fixed n. Let € > 0 be arbitrarily given. Then there exists a

m. € N such that

0 < cu(z; C) < lminf c, (Tm; C) < cp(Tm,; C) + €

m—00

for each n € N. Since c¢,(zm, ;C) — 0 as n — oo, this yields

0 < limsupcy(z;C) < ¢

n—oo

for arbitrarily given € > 0, and hence ¢,(z;C) — 0 for each z € K. a

Now we are ready to answer our first question by applying for two Lemmas

2.2 and 3.1.

Theorem 3.2. Let X be a Banach space with uniform normal structure
(ie., N(X) < 1), C a nonempty closed bounded convex subset of X. If

T :C — C is a mapping of nearly ANT, then T has a fixed point.

Proof. By Lemma 3.1, there exists a nonempty weakly compact convex and

T-invariant subset K of C such that ¢,(z;C) — 0 for each z € K. For

8



zo € K, consider the bounded sequence {T"zp} and let x; € K be the point
satisfying Lemma 2.2 for {T™zp}. Repeating this process continuously, we

have a sequence {z,,} in K satisfying the following properties:

hmsup HTnxm o xm+1” S N(X) ' A({Tnxm})*

ly — Zmp |l < limsup ||T"zm —y| (v € X).

n-—00

Note that for 7,7 € N (we may assume 7 > j)

T — Tiznll < ¢(@mi C) + 1T 2 — 2

< ¢ (Tm; C) + limsup [T Ty — T 7 20|
< ¢j(@m; C) + cimj(Tm; K) + limsup [|T"Zm—1 — Tm||

n—00

and so taking sup; >, at first and next k — oo, we obtain

A({T"zm}) < limsup ||T"Zm-1 — Tm]| = T'm-

n—oo
Hence, we get

Trmal < 1\~7(X)rm = [N(X)]mrl

and clearly 7,, — 0 because N(X) < 1. For any k € N, since

[Tms1 = Tmll < |lTmsr — T 2| + 1T m — T

< |lwmyr — TFzm|| 4 limsup | T"zpm-1 — T2, ||

n—oo

N

[Zmi1 = T 2l + cx(2m; C) + limsup [T"Tm-1 — Tmll,

n—oo



taking limsup,_, ., yields

|Tmsr — Zm|l < T+ T

< (L4 N(X))rm = (1+ NCOINCOP .

So, {zm} is a Cauchy sequence and let z := lim,, 00 Tm € K.

On the other hand, note that for any n € N,

[Tz —zll < |T"¢ =T "z + |T"2m = Tmiall + [[2mi1 — 2
< (@ O) + |z = znl| + T 2m — Tl + [[Tmer — 2.
Taking lim sup,, ., on both sides, the fact that ¢,, (z; C) — 0 yields
limsup [|T7z — z|| < ||z = @m|| + ms1 + ||Zmer — z||-
n—oo

Since all terms in the right side converge to 0 as m — oo, we immediately see
lim ||[T"z — z|| = 0.
n—00

The continuity of T gives z € F'(T') N K and the proof is complete. a

Now let us consider some applications. The following notion was introduced
by Lau [15] to study the Chebyshev subset of X. Recall that a Banach space

X is called a U-space [15] if for any € > 0, there exists § > 0 such that

Vz,y € Sx,

lzﬂ”>l—5::><f,y)>1—e, f eV,

10



where Sy denotes the unit sphere of X and V, denotes the set of norm 1

supporting functionals f of Sx at x for z € X.

It was known in [15] and [5] that

(a) If X is a U-space, then X is uniformly nonsquare, in particular, X is

superreflexive [4];
(b) X is a U-space if and only if X* is a U-space;
(c) Uniformly convex spaces and uniformly smooth spaces are U-spaces;

(d) If X is a U-space, then X has UNS. Further, if X is a Banach space

with 6(3) > 1, then X has uniform normal structure (c.f., [5]).

As a direct consequence of Theorem 3.2, we have the following.

Corollary 3.3. Let X be a U-space and C' a nonempty closed convex
subset of a Banach space X. If T : C'— C' is a mapping of nearly ANT, then

T has a fixed point.

Since uniform smoothness implies uniform normal structure, we have the

following result, which was implicitly used in [17].

Corollary 3.4. Assume X is a uniformly smooth Banach space and C is

a nonempty closed convex subset. Then every mapping T : C — C of nearly

ANT has a fixed point.

11
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