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1. Introduction

Let S; denote the class of functions f(z) of the form

(1.1) f@) =2+ 3 a2 (GeN={1,2.---})

k=j+1

which are analytic in the unit disc U = {z : |z| < 1}. We usc ) to denote the class
of analytic functions w(z) in U satisfies the condition w(0) = 0 and |w(z)| < |2|
forz € U.

For a function f(z) in S, we define

(1.2) D°f(2) = f(2),

(1.3) D'f(z) = Df(2) = 2f'(z)
and

(1.4) D"f(z) = D(D""'f(2)) (n€ N).

The differential operator D™ was introduced by Salagean [14]. With the help of
the differential operator D™, we say that a function f(z) belonging to S; is in the
class S§;(A, B,n, m, ) if and only if

D™ f(z) 14 [B+(A- B)(1-a)z

Dmf(2) T Bs (n,m € Ng = N U{0})

(1.5)

for some -1 < A<B<1,0<B<1,0<a<1,andforall z €U.
Equivalently, a function f(z) of S; belongs to the class S;(A, B,n,m,a) if and
only if there exists a function w(z) € Q2 such that

D™t f(2) _ 1+ [B+ (A - B)(1 — a)]w(z)
D f(z) 1+ Bw(z) ’

(1.6) zeU.

It is easy to see that the condition (1.6) is equivalent to



Dn+mf(z) 1

(1.7) D) <1, zel.

BESTLE B+ (A-B)(1-a)

We note that S;(~1,1,0,1,a) = S*(«) and 5,(-1,1,1,1,a) = K*(«a), are the
class of starlike functions of order o and the class of convex functions of order «;,
respectively, were introduced by Robertson [12], and S1(—1,1,n,1,a) = S,(a), is
the class of functions defined by Salagean [14].

Let T} denote the subclass of S; consisting of functions f(z) of the form

(1.8) f(z)=2- i arz® (ay > 0;j € N).
k=j+1

Further, we define the class T (A, B,n,m,a) by

(1.9) T (A, B,n,m,a) = S;(A,B,n,m,a) N Tj.

We note that, by specializing the parameters j, A, B, n,m, and «, we obtain the
following subclasses studied by various authors:

(1) T;(-1,1,m»,m,a)=T;(n,m,a) (Sekine [17]);
(2) Ty (-1,1,n,1,a)=T(n,a) (Hur and Oh [7]);
(3) T7(-1,1,0,1,a)=T"(a) and T7(-1,1,1,1,a@)=C(a) (Silverman [18]);

(4) T7(=F,0,0,1,a)=5"(, f) and Ty (-B,8,1,1,0)=C*(,8) (0 < a < 1,0 <
B <1) (Gupta and Jain [6));

(5) T7(-1,1,0,1,0)=T,(j) and T;(~1,1,1,1,a)=Cq(j) (Chatterjea [3] and Sri-
vastava, Owa and Chatterijea [20]);

(6) Ty(A,B,0,1,0)=Ty(A, B) and T} (4, B,1,1,0)=C, (A4, B) (Goel and Shoi [5]);

(7) T7(A,B,0,1,0)=T7(A, B,a) and Ty (A, B,1,1,a)=C1(A4, B, a) (Aouf [1]);



(8) 1( s,
g

B,0,1,0)=5"(a, B, 1) and T} (-6, p106,1,1,0)=C*(c, B, t) (0 < a <
1,0 < 1,0

1

<1,0 < <1) (Owa and Aouf [10]);

9) T7(=5,8,0,1,0)=5](a, f) and T} (-, B, 1,1, @)=Cj (e, B) where S; (e, B) rep-
resentes the class of functions f(2) € T} satisfying the condition

zf'(z)__l
/(=) <f (zeU0<a<1;0<B<1)

zf'(2)
NIOB +1-2a

and C7}(a, B) represents the class of functions f(z) € T; such that zf/(z) €
S (a,B).
j

(10) T;(-B,B,n,m,a)=S;(a, 3,n,m), where S3 (o, B,n,m) represents the class of
functions f(z) € T} satisfying the condition

Dn+mf(2 . 1
D" j(z) <B (2€U),

Dn+m.f(
‘W(z)zl +1 -2«

where 0 <a<land0< g <1.

In the present paper, Coefficient estimates, distortion theorems, closure the-
orems and radii of close-to-convexity, starlikeness and convexity for the class
T;(A,B,n,m,a) are determined. We also prove results involving the modified
Hadama;rd product of two functions associated with the class 77 (4, B,n,m,a).
Also we obtain several interesting distortion theorems for certam fractional oper-
ators of functions in the class T7 (4, B,n,m,a). We also obtain class preserving
integral operator of the form

F(z) = td‘lf(t)dt, (d>-1)

0

d+1

29
for the class 77 (A, B,n,m,a). Conversely when F(z) €T (A, B,n,m,a), radius
of univalence of f(z) defined by the above equation is obtained.

2. Coefficient Estimates

Theorem 1. Let the function f(z) be defined by (1.8) with j = 1. Then
f(2) e TY¥(A,B,n,m,a) (-1 < A< B<1,0<B<1,neNy,me Ny, and 0 <
a < 1) if and only if



(2.1) Y crar < (B-A)(1-a),

k=2

where

(2.2) cr = k"[(1 + B)(K™ — 1) + (B — A)(1 - a)].

The result is sharp.
Proof. Let |z| =1. Then

!D"“"f(Z) — D" f(2)| = [BD"*™ f(2) — [B + (A - B)(1 ~ )] D" f(2)|

—|—Zk” Dagz®| — [(B — A)(1 — a)z

E"[(k™ —1)B + (B — A)(1 — a)]axz"|

thg

o~
I
N

K*[(1+ B)(k™ — 1) + (B — A)(1 - a)]ax — (B — A)(1 — @) < 0.

Nk

<

x
Il
N

Hence, by the principle of maximum modulus, f(z) € Ty(A, B,n,m,a).

Conversely, suppose that

Dn-:mf(ZJ _ 1
D f(z)

'BD%%Z— [B+ (A+ B)(1 - a)]

| S KR = Dt

(B-—A)(1—-a)z— 3, k*[(k™ —1)B+ (B — A)(1 — a)]axz*
<l1l, =zelU

Since |Re(z)| < |z| for all z, we have

Doheg K" (E™ ~ Dag2* } <1.

23 R (5= A = a) — o Tl 1B + (B~ AT o



n+m
Choose valuse of z on the real axis so that %—n—%)ﬁ is real. Upon clearing the

denominator in (2.3)and letting z — 1~ through real values, we obtain

o0

SRR = Dag < {(B~ A)(1 - )

k=2

= DK™ = 1)B+ (B ~ A)(1 - a)lax},
k=2
which implies that

Zk"[(l + B)(k™ - 1)+ (B - A)(1 — a)]ar < (B— A)(1 — a),
k=2

which gives (2.1). The result is sharp for the function

(B-A)1 - a) Lk
Ck

(k > 2).

(2.4) f(z) =2 -

Theorem 2. Let the function f(z) be defined by (1.8). Then f(z) € T} (A, B,
n,mya) (-1<A<B<1,0<B<1,n€ Ny,m€ Ny, and 0 < a < 1) if and
only if

(2.5) > erar < (B A)1-a),

k=j+1

where ¢ is given by (2.2). The result is sharp for the function

Y (B_A)(l_a)zk
Ck

(2.6) f(z) = (k>j+1).

Proof. Putting ax = 0 (k = 2,3,---,5) in Theorem 1, we can prove the
assertion of Theorem 2.

Corollary 1. Let the function f(z) defined by (1.8) be in the class T} (4, B,n,m, ).
Then



< (B-A)(1-a)

(2.7)
Ck

(k>j+1).

The equality in (2.7) is attained by the function f(z) given by (2.6).

Corollary 2. T7(A,B,n+1,m,a) C T;(A, B,n,m,a) and ;7 (A, B,n,m +
La) C TF (A, B,n,m,a).

3. Distortion Theorems

Theorem 3. Let the function f(2) defined by (1.8) be in the class T} (4, B,n, m, ).
Then we have

B A0 —0)G 41|

Ci+1

(3.1) D ()] 2 |2] - ¢

and

(B-A)(1 -a)(j+1) |27+

(3.2) D (2)] < |2] + —
7+1

for z € U, where 0 < ¢ < n. The result is sharp.

Proof. Note that f(2) € T} (A4, B,n,m,a) if and only if D* f(2) € T} (A,B,n—
i,m,a), and that

(3.3) Dif(z)=z— Y Kaxz".

k=j+1

Using Theorem 2, we know that

(3.4) GiTF 2 Fae< ) aas(B-A)(1-a),
J k=j+1 k=j+1

that is,



S gy < BZA— )G 1)

(3.5)
kg1 Cj+1
It follows from (3.3) and (3.5) that
(3.6) D' ()] 2 |2l = [P ) Kax
: k=j+1
Cj+1
and
(3.7) D@ < 2| + 12 Y Kax
k=j+1
Ci+1

Finally, we note that the equalities in (3.1) and (3.2) are attained for the function
f(z) defined by

B—A)(1-a)G+ 1) ;.

(3.8) D'f(z) =z — ( o

This completes the proof of Theorem 3.

Corollary 3. Let the function f(z) defined by (1.8) be in the class T (4, B,n,m, a).
Then we have

(B - A)(l - a) |z|j—+—l

Ci+1

(3.9) 17 (2)] = 12| -

and



(B-A( =)
C]'.+.1

(3.10) [f(2) < 2] +

for z € U. The equalities in (3.9) and (3.10) are attained for the function

(B-A)(1-a) ;41
Ci+1

(3.11) flz) =2~

Proof. Taking ¢ = 0 in Theorem 3, we can easily show (3.9) and (3.10).

Corollary 4. Let the function f(z) defined by (1.8) be in the class T (A, B,n,m, ).
Then we have

(3.12) 721 ‘
Cj+1

and

(313) o<1 E=A0-a0rY,

Ci+1
for z € U. The equalities in (3.12) and (3.13) are attained for the function f(z)
given by (3.11).
Proof. Note that Df(z) = zf'(z). Hence, taking ¢ = 1 in Theorem 3, we
have Corollary 4.

4. Closure Theorems

Theorem 4. The class 7} (4, B,n,m, a) is closed under convex linear combi-
nations.

Proof. Let the functions

00
(4.1) fu(z) =2~ Z ak,uzk (aky = 0yv = 132)
k=j+1



be in the class 77 (A, B,n,m,a). It is sufficient to show that the function h(z)
defined by

(4.2) hz) = AMi(z) + (1 =AM fo(z) (0<A<T)

is in the class Ty (A, B,n,m,a). Since

(4.3) h(z) =2z - Z {Aak1 + (1 = Nag2}2*,
k=j+1

with the aid of Theorem 2, we have

oo

(4.4) > erfrars + (1 - Nagz} < (B - A)(1 - a),
k=j+1
which implies that h(z) € T} (4, B,n,m,a).

As a consequence of Theorem 4, there exists the extreme points of the class

T7(A,B,n,m,a).
Theorem 5. Let f;(2) = z and

(B-A)(1-a) ,

Ck

(n,m &€ No,k>j+1)

(4.5) fe(z) =z —

for -1 <A< B<1,0<B<1, and 0 < a < 1. Then f(z2) is in the class
TJ-*(A, B,n,m,a) if and only if it can be expressed in the form

(4.6) f(2) = eful2),
k=j

where A\ > 0 for k > j and Zi‘;a A = 1.

Proof. Suppose

_10_



(4.7) F(2) = Mefulz) = i fi(2 Z A fi(z

k=j k=j+1

[1— Z )\k]z+ Z )\k{z— (B - A)(l—a) k}

k=j-+1 k=7+1

L Z (B-A)(1 - a))\kzk.

Ck

k=j+1

Then it follows that

= ck B-Al- _ =, _,
(4.8) k;q T A0 - _kgl)\k_l A <1

So by Theorem 2, f(z) € T} (A, B,n,m, ).

Conversely, assume that the function f(z) defined by (1.8) belongs to the class
17(A,B,n,m,a). Then

g < B-A1—0)

(4.9) o (k>3j+1).
Set

Ck .
(4.10) )\kz(B_A)(l_a)ak (k>j+1),
and
(4.11) Aj=1- Z Ak

k=j+1

Hence, we can see that f(z) can be expressed in the form (4.6). This completes
the proof of Theorem 5.

_11..



Corollary 5. The extreme points of the class T 7 (A, B,n,m, a) are the func-
tions fi(z) (k > 7) given by Theorem 5.

5. Modified Hadamard Product

Let the functions f,(z) (v = 1,2) be defined by (4.1). The modified Hadamard
product of f;(2) and f(z) is defined by

(5.1) fix fa(z) =2 — Z ak,lafk,‘zzk~
k=j+1
Theorem 6. Let the functions f,(z) (v = 1,2) defined by (4.1) be in the class
T} (A, B,n,m,a). Then we have
(52) fl * f2(z) € Y?(A} B7n77n1ﬁ(Aanjaann7 a))-:

where

(6.3) B(A,B,j,n,m,a)
_ G- (B A1+ B+ - (1 + A =PI

Cit1

G+ 1) - [(B A)(a- C!)(J+1)”']2

Ci+1

The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman [16], we
need to find the largest 8 = 8(A, B, j,n,m, a) such that

kM1 + B)(k™ 1)+ (B - A)(1 -8
Z I( )( ) +( )( )]

(5:4) B- A1)

ag,10r2 < 1.
k=j+1

By virtue of the Cauchy-Schwarz inequality, it follows from (2.5) that

(5.5) Z A)(l oy V@atRa < 1

k= J+1

_12_



Thus we need to find the largest 8 such that

k*[(1+ B)(K™ = 1) + (B - A)(1 - B)]

(5.6) (B=A)1-73) Q1 Qk,2
Ck
< \/
s (B— A)(l — a) Ak 10k.2
or, equivalently, that
1—
(5.7) ariohs < —F (1=p) (k>j+1).

(1 —a) k(1 + B)(k™ — 1) + (B — A)(1 - B)]

In view of (5.5), it is sufficient to find the largest 3 such that

(B-A(-0a) _ (1-p)
o (- k[A+ Bk 1)+ (B- A1)

(5.8)

The ineqality (5.8) yields

‘o k= (B-A)A+BE™ — (14 A)|[U=2k)
(5.9) A< kn _ [gB—A)cgi—azk"]g :

The right-hand side of (5.9) is an increasing function of k£ (k > j + 1). Therefore,
by setting k = j + 1 in (5.9), we get

G+ 1" = (B~ A1 +B)(j+1)™ — (1+ A)|[L=2lu+")2

(5.10) B8< . A
1) [B=A(=a)G+D"
G+ =] el ]

which evidently proves the assertion (5.2) under the constraint (5.3).

Finally, by taking the functions

_ (B-A)(1-a) I (1 =1,2),

Ci+1

(5.11) fo(z) = 2

_13_



we can see that the result in Theorem 6 is sharp.

Theorem 7. Let the functions f,(2) (j = 1,2) defined by (4.1) be in the class
T7(A, B,n,m,a). Then the function

(5.12) )=z 3 (ahy +a},)*

k=j+1

belongs to the class T (A4, B,n,m,v(A, B,n,m, a)), where

(513) 7(A13>n>m’a)
G+ 1"~ 2B~ A1+ B)G + )™ — (1+ AT
- (G + 1)n — 2[{B=AU- )G+ )2

Ci+1

The result is sharp for the functions f,(z) (v = 1,2) defined by (5.11).

Proof. By virtue of Theorem 2, we obtain

e c 2 2
(5.14) ;1 Tma—a] < ;1 FAa—a% <1
and

- c 2 Ck 2
(5.15) k;ﬂ [(B A)k(1—~a)] oz < [ ;1 (B-A)(1-a)™ 2} st
It follows from (5.14) and (5.15) that

> 1 Ck 2 2 2
(5.16) = (ak1 +agq) <L
kglfz[(B—A)(l—a)] k1 k2

Therefore, we need to find the largest v = (A4, B, j,n, m,a) such that

_14_



(5.17)
(L4 BY(k™ ~ 1) + (B - A)(1 —7)] _ ] % 2 .
(B—A)1-7) Si[(B»A)u_a)] (k> j+1),

that is,

k™ — 2(B — A)[(1 + B)k™ — (1 + A)j[1=247)2

(5.18) < o g[E-AGaE 7 He (k<j+1).
Ck

Since

k™ —2(B - A)[(1+ B)k™ - (1 + A)][(l—:c)k"]z

kn — 2[(3—/4)6(‘1—0)’6"]2

(5.19) B(k) =

is an increasing function of k(k > j + 1), we readily have

(520) v<®(j +1)
G+ —2B - A+ B)+ 1) - (1 +4) ==l
- G+ 1) — Q[Q—A)(I—G)(jﬂ)“]z

Ci+1

and Theorem 7 follows at once.
6. Radii of Close-to-Convexity, Starlikeness and Convexity

Theorem 8. Let the function f(z) defined by (1.8) be in the class T} (4, B,n,m, a).
Then f(z) is close-to-convex of order p (0 < p < 1) in |z| < Ry, where

(6.1) Ry = inf [k(B(i—A;)()ICk— a)]m (k>j+1).

The result is sharp with the extremal function f(z) given by (2.6).

Proof. It is sufficient to show that |f'(2) — 1] < 1-p (0 < p < 1) for
|z| < R;. We have

_15_



If'(z) -1 < |- Z kap2*7!| < Z kay|z|*L.

k=j+1 k=j+1

Thus |f'(z) = 1] <1 —pif

(6.2) 53 (lfp)auzw—1g1.

k=j+1
Hence, by Theorem 2, (6.2) will be true if

Ck

(1= )le (B-A)(1-a)’

or if

) 1< [ ) (k2 )

The theorem follows easily from (6.3).

Theorem 9. Let the function f(z) defined by (1.8) be in the class T (A, B, n,m, ).
Then f(z) is starlike of order p (0 < p < 1) in |z| < R,, where

(k>j+1).

(1—-p)ex =
(6.4) Ry = mf[(k B A)(l—a)]

The result is sharp with the extremal function f(z) given by (2.6).

Proof. We must show that

have

sz((;) 1] <1-p(0<p<1)forl|z| < Ry. We

|Ic—1

zf (z) l < D heji1(k — Daklz

1-— Zzo:j—u aklzlkwl

Thuslf}f;—sz—ﬂgl—pif

(6.5) i (k—-p)ak|z|k-—1 <1

k=j+1 1-p

_16_



Hence, by Theorem 2, (6.5) will be true if

(k= p)l2|*! Ck
i~p  ~(B-AH1-a)
or if
(6.6) 21 < | (1~ ple ]*—1_‘ (k>j+1).
k= p)(B-A)(1-a) -

The theorem follows easily from (6.6).

Corollary 6. Let the function f(2) defined by (1.8) be in the class T} (A, B,n,m, ).
Then f(z) is convex of order p (0 < p < 1) in |2| < R3, where

1

_ (1-p)e SN
(6.7) Rs _H/%f[k(k——p)(B—Al;(l —a)] (k27 +1).

The result is sharp with the extremal function f(z) given by (2.6).
7. Fractional Calculus

Many essentially equivalent definitions of fractional calculus (That is, fractional
derivatives and fractional integrals) have been given in the literature (c.f., e.g., [2],
[4, Chapter 13], [8], [11], [13], [15], [19, p.28 et seq.], and [22]). We find it to be
convenient to restrict ourselves to the following definitions used recently by Owa
[9] (and by Srivastava and Owa [21]).

Definition 1. The fractional integral of order A is defined, for a function f(z),
by

N B L (5
(71) DIME) = 55 | pLem® (>0,

where f(z) is an analytic function in a simply connected region of the z-plane
containing the origin, and the multiplicity of (z — ¢)*~! is removed by requiring
log(z — ¢) to be real when 2 — ¢ > 0.

Definition 2. The fractional derivative of order X is defined, for a function
f(z), by

._17_



1 d Q)
(7.2) DY) = Fr /0 Shde (0<A<1),

where f(z) is constrained, and the multiplicity of (z — {)~* is removed by, as in
Definition 1.

Definition 3. Under the hypotheses of Definition 2, the fractional derivative
of order n + X is defined by

(7.3) DM f(2) = d TDM(2) (0<A<LineNg=NU{0}).

Theorem 10. Let the function f(z) defined by (1.8) be in the class T;(A,B,n,m,q).
Then we have

_ ; |Z|1+A
(7.4) DD 2 p it

IFG+2) L2+ A)(B-A)(1—a)(j+1) 12|j}
L+ 2+ A)ejp

and

ll-}—)\
(7.5) DA (D! 2»'—1‘(2 i

LG+ 2)T(2+A)(B-A)(1-a)+1) IZIj}
I'(7+2+ A)cj

for A > 0,0 < i< n,and 2 € U. The result is sharp.

Proof. Let
(7.6) F(z) =T(2+ X)27*D; (D' f(2))
= TE+pre+n
— 7 k;q C(k+1+A) k
=2— Y U(k)ka2t,
k=j+1
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where

Tk + 1)T(2 + A)

(7.7) YE) = o k2t
Since

(7.8) 0<T(k) < T(G+1)= F(f;:]f i)g(i :\L)’\),
by using (3.5) and (7.8), we can see that

(7.9) IF(2)] 2 |2] = ¥G + 1)zt Y Ka

k=j+1
CTE+2ATE2+N)(B - A)(1 - a)(j + 1) pe

>
2l LG +24 Xcjn

and

(7.10)  [F)| < |2l + TG + D)2t ) Kax
k=j+1
FG+2)T2+MN(B-A)1-a)(j+1) 2+
(7 +2+ Xcjn ’

<lz|+

which prove the inequalities of Theorem 10. Further, equalities are attained for
the function

(7.11)
D ND*f(2)) =

_Zfi*_{ TG+ 20+ A)(B - A)(1 - 0)(j + 1)’ '}
TRy T'(j+2+ Aej

or

_ B-A(1-a(+ 1)izj+1‘

Ci+1

(7.12) Dif(z) =2z

_19_



Thus we completes the proof of Theorem 10.
Taking ¢ = 0 in Theorem 10, we have

Corollary 7. Let the function f(z) defined by (1.8) be in the class T} (A,B,n,m,a).
Then we have

IES : _ —a).
w1 D s L TUAATCENE A a) )

I - F(2+/\) F(j+2+/\)6j+1

and

et {1+ (5 +2)0(2 + A)(B - A)(1 - )Ilj}

(7.14) D f(2)] < I‘(2+)\ T(j+2+ A

for A > 0 and z € U. The equalities in (7 13) and (7.14) are attained for the
function f(z) given by (3.11).

Theorem 11. Let the function f(z) defined by (1.8) be in the class T} (A, B,n, m, a).
Then we have

: ll A
(7.15) IDM(Dif(2))] = F(2 /\){1

I'(j +2)(2-X)(B - A)(1—a)(j +1) 'Z|j}
PG +2-Aejm

and

|22
T2 - N {1+

I'(7+2-=X)ecjm .

(7.16) |D2(D*f(2))] <

for0<A<1,0<j<n-1,and z € U. The result is sharp.
Proof. Let

_20_



(7.17) G(z) = T(2 - N2 DN(D'f(2))

X T+ 102 - A
2 Dk +1-2)

kiakzk

=2z —
k=j+1

=z— Y Tk a2,

k=j+1
where
_ LR -2 ,
Noting
. T@E+1rE-))
(7.19) 0<YT(k)<TH+1) = TG1o-n
With the aid of (3.5) and (7.19), we have
(7200 |G| 2 |o = TG+ DI D K+ a
k=j+1
> 2| — I +2T2-N)(B-A1 - +1) i
N L(G+2-A)cjn
and
(12) (G +XG+ DR Y Ky
k=j+1
<o)+ DU L@ N(B - A=) +1) s

P(G+2-XNecjm

Thus (7.15) and (7.16) follows from (7.20) and (7.21), respectively. Further, since
the equalities in (7.15) and (7.16) are attained by the function f(z) defined by
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Il -
r(z ) st
L(+2)0(2 - (B - A)(l—a)(j+1)",z|j}
L +2 = Aej1

(7.22) DD f(2))

or by the function f(z) defined by (7.12). Thus we complete the proof of Theorem
11.
Making 7 = 0 in Theorem 11, we have

Corollary 8. Let the function f(z) defined by (1.8) be in the class T} (4, B,n,m, a).
Then we have

2[1=A . . . _ '
r28) D1 > P|(2I —it- o 2)5& 2A1(§>Cji)(1 2}
and

|| FG+2P2-A)(B-A)(1—-a), ;
(7.24) D21 < r'(2- ,\){1 * T(j+2— Acj1 1 }

for 0 < A <1 and z € U. The equalities in (7.23) and (7.24) are attained for the
function f(z) given by (3.11)

8. Fractional Integral Operator

We need the following definition of fractional integral operator given by Srivas-
tava, Saigo and Owa [23].

Definition 4. For real numbers 8 > 0, v and %, the fractional integral
operator Ig 77 is defined by

2—B—=7
()

where f(z) is an analytic function in a simply connected region of the z-plane
containing the origin with the order

®1)  ITf(2) = /(z—t)ﬁ 'F(B+7,— n,ﬁyl——)f(t)
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f(z) = 0O(]2]), 2 — 0,
where € > Maz(0,7 — 1) —

o0

(8.2) F(a,b;c; 2) :E:“

C
k=0

where (V) is the Pochhammer symbol defined by

-t i (k=0

I'(v) viv+1)---(v+k-1) (keN)’

and the multiplicity of (2 — ¢)?~! is removed by requiring log(z — t) to be real
when z —t > 0.

Remark. For v = —/f, we note that
Ig; 7" f(2) = D7 f(2).

In order to prove our result for the fractional integral operator, we have to recall
here the following lemma due to Srivastava, Saigo and Owa [23].

Lemma 1. If#>0and k>~ —n—1, then

Pk+1)Ik—v+n+1)
8.4 Iﬁﬂn kE__ v
(84) TTk—A+DIk+B8+n+1)"

With the aid of the above Lemma, we prove

Theorem 12. Let 8> 0,7 <2, 8+n> —-2,v—n < 2and v(B+n) < B(j+1),
and j € N. If the function f(z) defined by (1.8) is in the class 7} (A, B,n,m, a),
then

(8.5) ’Ig»z%ﬂ (2)‘2 F(2—7+n)|z|1_7){1_

L2-yI(2+8+n
(B-A)(1-0a)2—7+mn); (Q)yl |J}
ci+1(2—7);(2+ B+ n);
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and

YT 11(2_’)/_*_77”‘2'1—’y
(8:6) 826 < e rer ara
(B _ A)(l - a)(2 -7+ 77);‘(2)9' |Zij}
¢j+1(2 = 7);(2+ B+ 1),

for z € Uy, where
{U (v<1)
Up = :
u-{0} (r>1)
The equalities in (8.5) and (8.6) are attained by the function f(z) given by (3.11).

Proof. By using Lemma 1, we have

P@-v+n) .,
L2 -T2+ 6+n)
~ Tk+1)Dk—-~v+7+1) ko
2 T(k — 7+1)I‘(k+ﬁ+n+l)az K

(8.7) 977 f(2) =

k=j+1
Letting
_ -T2+ 8+n) .8~
(58) H() = == DI ()
=z Z h(k)axz*,
k=j+1
where
(8.9) hik) = 27+ mk-1(1 (k>j+1),

2= Me-1(2+ 8+ 0k

we can see that h(k) is non-increasing for integers & > j + 1, and we have

(2—7v+n);(2);
(2-");(2+8+n);

(8.10) 0<h(k)<h(j+1)=
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Therefore, by using Theorem 2 and (8.10), we have

(8.11) |H(2)] > |2] = h(G + D2 > ax
k=j+1
> |2] — (B-A)(1-o)(2—7+7);(2); |2fi+1
- cj+1(2~7);(2+ B +m);
and
(8.12) |H(2)| < |zl +h(j + D2t Y a
k=j+1
<ol + (B-A)(1-0)2—-7+m);(2), 2|7+

¢j+1(2 —7);(2+ B +m);

This completes the proof of Theorem 12.
Remark. Taking v = —f8 = —\ in Theorem 12, we get Corollary 7.

9. Integral Operators

Theorem 13. Let the function f(z) defined by (1.8) be in the class T} (4, B,n, m, a)
and let d be a real number such that d > —1. Then the function F(z) defined by

(9.1) F(2) = d; ! /Oz t4=1 f(t)dt

also belongs to the class T (A, B,n,m, ).
Proof. From the representation of F'(z), it follows that

F(z) =2- Z b 2",

k=j+1

where

(D)
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Therefore

SETES SN

k=j+1 k=j+1
< Z ckap < (B —A)(1 — a),
k=j+1
since f(z) € T} (A, B,n,m,a). Hence, by Theorem 1, F(z) € T} (A, B,n,m, a).

Theorem 14. Let d be a real number such that d > —1. If F(2) € T} (4, B,n,m,a),
then the function f(z) defined by (1.8) is univalent in |z| < R*, where

(9.2) R" = inf

(d-i-l)ck = .
[(d+k)(B—A)(1_a)] (k>j+1).

The result is sharp.
Proof. Let F(z2) =2z — Zio:jﬂ arz*(ax, > 0). It follows from (9.1) that

212 F(2))

f(z)= @+ (d>-1)
2. /d+k
=z — Z (d+1)akzk.
k=j+1

To prove the result it suffices to show that |f/(z) — 1| <1 for |2| < R*.
Now

. k(d+k) _
4 _ — | META k—1
f'(2) — 1 =] k:§j+jl T okl

N k(d+ k)
< N 7
D D

ax|z|F7L.
k=j+1

Thus [f'(2) — 1| < 1if

2. k(d+ k)
(9.3) > a2 < 1.
Sy d+l
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But Theorem 1 confirms that

) .
> B =t

k=j+1
Hence (9.3) will be satisfied if

k(d + k)| 2]+~ cx ,
i+l S B-Ai-a *2ITL
or if
(d+ 1)ex =1 .
(9:5) 2l < [(d+k)(B —A) 1= a)] (k=j+1).

The required result follows now from (9.5). The result is sharp for the function

(B-A)(L—a)d+k) ,

cr(dF1) (kzj+1).

(9.6) f(z)=2—-
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