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1. INTRODUCTION

Let C' be a nonempty closed convex subset of a Banach space X and
let T' be a mapping of C into itself. Then 7" is said to be asymptotically
nonexpansive [3] if there exists a sequence {L,(7)} of real numbers with

lim,, oo L,(T) = 1 such that
[Tz — T"y|| < Lo(T)||z — y|

forx,y€ Candn=1,2,---. In particular, if L,(T) = 1 foralln > 1, T is

said to be nonerpansive. The weaker definition (cf., Kirk [9]) requires that

limsup sup{({|7™z — T"y|| — [lx — y||) <0
n—oo yeC

for each x ¢ C, and that TV be continuous for some N > 1. Consider
a definition somewhere between these two: T is said to be asymptotically
nonexrpansive in the intermediate sense (1] provided T is uniformly continuous
and

limsup sup (||7"x — T"y|| — ||z — y||) < 0.

n—ro0 I,yEC

Recently, for a mappings T of C into itself, Huang [6] considered the
following Ishikawa iteration process with errors (cf., Liu [12]) {z,.} in C

defined by
z1 €C,

(1) Tnt1 = (1 —an)zn + anT"yn +un, neN
Yn = (1 = Bn)zn+ BnT"zp + v, mEN,
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where {u,} and {v,} are two sequences in C satisfying > o, {|un|| < co and
Yoo lvnll < 0o, and {@,} and {3, } are two real sequences of real numbers
in [0,1] satisfying that {e,} is bounded away from 0 and 1 and {3,} is
bounded away from 1. He proved that if X is a uniformly convex Banach
space, C' is a nonempty bounded closed convex subset of X, and if T : C — C
is a completely continuous asymptotically nonexpansive mapping, then the
Ishikawa. (and Mann) iteration process with errors defined by (1) converges
strongly to some fixed point of 7. These results generalize the result due
to Rhoades [15], proving the strong convergence of the Ishikawa (and Mann)
iterates of an asymptotically nonexpansive mappings which extended the
result of Schu [17] to uniformly convex Banach spaces. However, there is no
assurance that {z,} remains in C in Definition 3 of Huang [6]. For handling
this defection and eliminating the boundedness assumption on C', consider
a more general iterative scheme of the type (cf., Xu [19]) emphasizing the

randomness of errors as follows:

r € C,
(2) Tptl = QnTn + ﬁnTny'n. + Ynlin,

Yn = a:ﬁ':n + B:;Tn-'ﬂn + 7:11;”’

where {an}, {6n},{m}, {0}, {On}.{7.} are real sequence in [0,1] and
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{un}iq, {vn}22, are two bounded sequences in C such that
(i) an+ B+ m=a, + 08, +~,=1foraln>1,

(i) 30 v <ooand >0 4 < co.

If v, =}, = 0 for all n > 1, then the Ishikawa iteration process with errors
reduces to the Ishikawa iteration process [7], while setting 5, = 0 and v/, =0
for all n > 1 reduces to the Mann iteration process with errors which is a
generalized case of the Mann iteration process [13].

Recently in [11], they proved strong convergence theorems of the Ishikawa
(and Mann) iteration process with errors defined by (2) with certain condi-
tions in addition to (i} and (ii) for an asymptotically nonexpansive mapping
in the intermediate sense, which generalize the recent theorems due to Huang
[6]. Their proof is also much simpler than the one given by Huang [6].

In this paper, we consider the following iteration scheme generated by a
pair of mappings (T, S) instead of (2) with non-Lipschitzian self mappings S

and T under the same parameter conditions.

1 € C,
(3) Tn4l = CGnly + /BnTnyn + Tnln,
Yn — aasnxn + ﬁ:;ann + FY:;U'm

Note that our iterative scheme yields the one given by Kim-Kim [11] only

when S = I, where I denotes the identity mapping of C.



2. PRELIMINARIES

Let X be a real Banach space with norm || - {| and let X* be its dual.
The value of z* € X* at © € X will be denoted by (z,z*). When {z,} is
a sequence in X, then x, — x (resp. z, — z, &, — z) will denote strong
(resp. weak, weak*) convergence of the sequence {z,} to .

A Banach space X is said to be uniformly convez if §(¢) > 0 for every

€ > 0, where the modulus é{¢} of convexity of X is defined by

Tr+y
2

8(e) = inf {1 - || = 2|| el < 1, Myl < 1, flo — il 2 €.

Let S(X) = {z € X : ||z|]| = 1}. Then the norm of X is said to be Gateaux
differentiable (and F is said to be smooth) if

t-30 i

exists for each z, y in §(X). It is said to be Fréchet differentiable if for each
z € S(X), the limit in (4) is attained uniformly for y € §(X). The norm is
said to be uniformly Géteoux differentiable if for each y € S(X), the limit in
(4) is approached uniformly for = varies over S{X). Finally, it is said to be
uniformly Fréchet differentiable (or X is said to be uniformly smooth) if the
limit is attained uniformly for (z,y) € S{X) x S(X).

We associate with each z € X the set

Jo(z) = {z* € X7 : {z,27) = lz||||="|| and |lz*|| = ¢(]||])},
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where ¢ : [0,00) — [0,00) is a continuous and strictly increasing function
with #(0) = 0 and lim;, . ¢(t) = oco. Then Jy : X — 2% is said to be
the duelity mapping. Suppose that J, is single-valued. Then J, is said
to be weakly sequentially continuous if for each {z,} € X with z,, — =z,
Js(x,) = Jy(x). For abbreviation, we set .J := Jy. In our proof, we assume
) without loss of generality that .J is normalized. For the relations between the
duality mapping J and the above geometric properties of X, we summarize

the following

REMARK 2.1.

(a) If X is smooth, then the duality mapping J is single-valued and
norm(strong)-to-weak™ continuous.

{(b) If X is uniformly smooth, it is norm-to-norm uniformly continuous on
every bounded subset of X if the norm of X has uniformly Gateaux differ-
entiable, then .J is norm-to-weak® uniformly continuous on every bounded
subset of X.

(¢) The norm of X is uniformly Fréchet differentiable if and only if X* is

uniformly convex.

For more detailed properties, see [2].
Let X be a real Banach space, C' a subset of X (not necessarily convex),

and T : ¢ — C a self-mapping of C. nonexpansive mapping. First, as the
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weaker definition (cf. Kirk [9]), T is said to be of asymptotically nonerpansive

type (in brief, ANT) if for each z € C, limy,., cn{z) = 0, where
enfz) = 0 Vsup(|T"z — Ty|| ~ [lz — y[) < 0,
yel

and next, as the stronger sense, it is said to be of strongly asymptotically
nonexpansive type (in brief, strongly ANT) if lim,, ,o. ¢, = 0, where ¢, =

SUP, ¢ Cn ().

Recall that T' is said to be Lipschitzian if 3 L > 0 such that ||[Tz — Ty|| <
Lilz—y| for all z,y € C. In particular, if L = 1, T is said to be nonespansive
and it is said to be asymptotically nonexpansive (in brief, AN) {3] if each
iterate 7™ is Lipschitzian with Lipschitz constants L,,(T) — 1 as n — oo.

As an easy observation, we have the following

REMARK 2.2. (a) all nonexpansive mappings are AN.

(b) Every AN mapping is uniformly continuous and of strongly ANT
(hence, a mapping of ANT).

(c) Any mapping of strongly ANT may be non-Lipschitzian.

(d) All mappings T : C — C with the property 7"z — 0 uniformly on C
are of strongly ANT.

(e) Forallz € C,if T"z € F(T) = {2} for some n > 1, T is a mapping of

ANT.



For investigating the relations between the above concepts, we here give

the following example.

ExAMPLE 2.1.
(a) Let C = [~1/7,1/7] C R and |k| < 1. For each z € C we define
Tx = kxsin% if z # 0, and 70 = 0. Note that 7™z — 0 uniformly on C.

Hence, T': ' — ('is a continuous mapping of ANT which is not Lipschitzian.

(b) Let C = [0,1] € R and define Tz = % if z = %,1, Tz = 1 for
zel0,3]\ 1, and Tx = 1 for z € (5,1]. Note that for all z € C, T"z =
1 E€EF(T)={i}forn>3 Then7:K - K is a discontinuous mapping of

ANT which is not nonexpansive.

(c) [14] Let C = [0,1] € R and let ¢ be the Cantor ternary function.

Define T': C'— C by

[ z/2 fo<z<1/2,
I=) = { o((1-2)/2) f1/2<z<1.

Note that 7"z — 0 uniformly on C. Therefore, T is a discontinuous mapping
of strongly ANT but not AN because ¢ is not Lipschitzian continuous on
[0, 3]-

Finally we introduce the relation between continuous compact and com-
pletely continuity. Let X,Y be Banach spaces. T : X — Y is said to be

compact if it maps every bounded subset of X into a relatively compact
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subset of Y. Equivalently T is compact if and only if for every bounded
sequence {z,} in X, {T(z,)} has a convergent subsequence in Y. Also,
T:X =Y is said to be completely continuous if for any sequence {z,} con-
verging weakly to zo, the sequence {T'r,} converges strongly to Tzg. That
is, T, =29 = Tz, — Txyg.

Let X be a reflexive Banach space. Then it is well known [8] that if
T : X — Y is completely continuous, then T is continuous and compact.
In general the converse does not hold. However, if T is linear, the converse

remains true.

3. STRONG CONVERGENCE THEOREMS
We first begin with the following:
LeMma 3.1 [18]. Let {an}52, and {b,}22, be sequences of nonnegative
real numbers such that 3> | b, < oo and

An+1 S Qn + bn

for all n > 1. Then lim,,_, o an, exists.

LEMMA 3.2 [5]. Let X be a uniformly convex Banach space. Let z,y € X.
Ifllzll <1, [yl <1 and [lz —yl| = € > 0, then ||z + (1 - A)yl| <1-2x(1

A)é(e) for 0 < A < 1.



Our Theorem 3.1 carries over Theorem 2 of Huang [6] to a more general

Ishikawa type scheme and a non-Lipschitzian self mapping.

THEOREM 3.1. Let X be a uniformly convex Banach space and let C' be
a nonempty closed convex subset of X. Suppose that §,T : C — C are both
completely and uniformly continuous. Assume also that S,T : C — C are
mappings of strongly ANT with F(S) N F(T) # 0. Put

cn = sup ([|S"z — S"y[| — [lz —yl) v sup (|T"x — T™y| - llz ~ yll) v O,
z,yeC T,y

so that Zio;l ¢n < 00. Then for any z, in C, the sequence {x,} defined by
(3), where, in addition to (i) and (ii) in (2), {an} and {8,} are chosen so
that 0 <a < a, <1,0 < b <3, <1-by <1 foralln > 1 and some
a, by, by € (0,1), limsup,,_,.. G, <b <1 for someb e (0,1), and lima,,’ = 0,

converges strongly to some common fixed point of Sand T.

Proof. For a common fixed z € F(S) N F(T), since {u,} and {v,} are

bounded in C, let

M :=sup ||u, — z|| Vsup flu, — 2| < 0.
n>1 n>1
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From

1Ty — 2|l < llyn — 2l +cn
= |0 87 Zn + BT T + Yivn — 2| + cn
< anl|§M2n — 2l + BullT"zn — 2] + Yy llvn = 2]l 4 ¢n
< ar{llzn — 2l + en} + Brdllzn — 2l +en} +1llvn — [ +en

< A= 7)llzn — 2l + 2en + Yollvn - 2,

we have
”xn+1 - Z” = ”a'nrn + BnTnyn + YnlUn — ZH
< anflzn — 2zl + BullTyn — 2| + ynllun — 2]
< anllen = zll + Bu{(1 = vo)llzn — 2]l + 2¢n + . llvn — 2[[}
+ Ynllun — 2|l
<= (Y +Brvazn — 2l + 200 + v M + 7, M
< lizn = 2l + 2en + (Y0 +7,) M.
Since all assumptions of Lemma 3.1 with a, := ||z, — z|| and b, := 2¢, +

(" + )M are fulfilled, limy, 4o [z, — 2z||(= ) exists. Without loss of
generality, we assume r > 0. Note that d,, := max{v/,v/a} - Casn —
oo and Y o dn < oo. Since ||[T"yn — 2| < ||lzn — 2|| + 2¢n + dnM and

i1



I %Zsffn" + e — 2| < |lzn — 2] + 3¢ + dn M, it follows from Lemma 3.2

that
lxrni1 — =l
Z”’f:fnwn + 5nTnyn + Tnln — z”
o Foptiy VYrlUn
o s )|
BT = 2) + (1= Ba) P el
(|2 — || + 26 + an)[l —28.(1— B,)
o 1 len(T™yn = zn) + 30 (T7yn — mnﬂ
(84 + Yn “wn - ZH “f” an + an '
Thus

2511(1 - ﬁn)(”mn - Z” + 2¢p, + an)

5( 1 ) lon (T Yn — Tn) + Y (T Y — un)ll )]
Otn + i len — z|| + 2¢n + dn M

<len = 2l = st — 21l + 20 + dn M.

Summing all terms in both sides, dividing by 2 and applying 0 < b; < 3,, <

1—by <1, we get

o
biby ¥ (lzn — 2|} + 2¢n + dnM)-
n=1
1 lan(T "y ~ Tn) + W (T"yn ~ un)||
Jx(an+7n lzn — 2| + 2¢ + dn M ) < 00

Since sup,,>; |77 yn — un ]| < 0o, and dx is strictly increasing and continuous,

this implies lim,, oo |7"Yn — 5 || = 0. Note next that since
[Tn = S"znll < flon — 2l + 1|82 — 2||
S 2”37” - Z” + Cn,

12



lim ||z, — z|| = r exists and ¢, — 0, the set {||z, — S"z,|| : n € N} must
be bounded, that is, say M’ = sup,, ||zn — S"z,|| < co. On the other hand,
since
[Tz, ~ 2ol < | T7zn ~ T yull + 1T yn = znl

Szn = ynll +cn + [[T7yn — za|

=[|lzn — (0hS™an + BRT " Tn + Vova)ll + cn + 1T yn — 24|

<an'||an = Szl + Bpllzn — T znll + i llzn = vnll + en + [T yn — o0l

<an' M + 8|20 — T 2ol + YnllTn = vall + cn + 1T yn — 20,
and so

(1= BT zn — zn
(5) <an'M' + |20 — vall + cn + 1T yn — @l
<o M + 9, M" + ¢ + || T"Yn — zall,

where M" = sup, 1 {|*n — vn| < co. Since limsup,, , ., 8, < b < 1, we have
liminf, ,(1 —8,) > 1 —b > 0. Combined this with ., 7./, ¢n, | T"Yn —
znfl — 0, it easily follows from (5) that
(6) nli_{lgo I T"%n — zn| = 0.
Finally remark that

Tppl — Tpn = (anwn + ﬂnTnyn + "Ynun) — In
= Bn{T"Yn — 2n) + (un — zn)

13



and ||up — x| < ||un — 2||+ ||z — x| £ M +sup,, ||z, — z|| < oo, this implies

|znt1 — znl] — 0. Since

|Zn — Tan|| <||lzn — Tntrl] + | Tne1 — Tn+155n+1“

T gy = Tzl + 1T 2n — Ty
and by the uniform continuity of T and (6), we have

(7) lim |z, — Tz,|| = 0.

n—roo

Since C is closed convex (hence weakly closed) in a uniformly convex (hence
reflexive) space X, and moreover {x,} is bounded in C, there exist a subse-
quence {z.,} of the sequence {z,} and a point w € C such that z,, — w.
Since T is completely continuous, Tx,, — Tw. Applying for the lower semi-

continuity of the norm || - ||, we easily get
|lw — Tw| <liminf ||zm — T2m|| = lm ||z, — Tra,| =0,
m— 00 m—0o0

that is, w is a fixed point of T'. Therefore, T'x,, — w. Combined this with

(7), we get
[#m — wll < [|#m — TTm|| + [T&m — wi| = 0,
and so z,, = w. On the other hand, since

[Zm = §72m]| < fl#m — w|| + llw — 57z
< 2l|lzm — w|| + em — 0,

14



and similarly ||z, — S™ "z, || - 0, we obtain that
(8) 2 — Szl < |2m — S™ a|l + IS 2 — Szl — 0.

By complete continuity of S, Sz, — Sw. The lower simicontinuity of the
norm and (8) as before imply w is a fixed point of S. Therefore, w € F(T)N
F(S). For this common fixed point w of S and T, by repeating the first
part proof applying for Lemma 1, we can similarly obtain that lim ||z,, — w||
exists. Since the subsequence {z,,} of the sequence {z,} converges to w, we

have x,, — w and the proof is complete. []

REMARK 3.1. Note that if § and T are commutative, ie., ST = TS,
then F(S) N F(T) # 0. Indeed, from the Schauder fixed point theorem [16]
F(S) # 0. Also, the restriction of T' to F'(S) has a fixed point z from the

Schauder fixed point theorem again, which yields z € F(S) N F(T).

Since every asymptotically nonexpansive mapping is uniformly continuous,
we immediately improves Theorem 2 due to Huang [6] to a more general

Ishikawa type scheme (3) instead of (1).

COROLLARY 3.1. Let X be uniformly convex, § £ C C X closed bounded

and convex. Let S, T be two completely continuous asymptotically nonexpan-

sive self-mappings of C with {L,(S)}, {Ln(T')}satisfying L,(S), L.(T) > 1,

D (Zn(S) — 1), D (La(T) — 1) < oo
n=1 n=1
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Then for any x; in C, the sequence {x,} defined by (3), where, in addition to
(1) and (1i), {an } and {3, } are chosen so that 0 < a < o, <1,0< by < 3, <
1—by < 1 for alln > 1 and some a,by,bs € (0,1}, limsup,, ,.. 8, <b<1 for
some b € (0,1) and lima,,’ = 0, converges strongly to some common fixed

point of § and T

Proof. Note that

Z <Y (Ln(S) — 1)diam(C) + Y (Ln(T) — 1)diam(C) < oo,
n=1 n=1 n=1

where diam(C) = sup, ¢ ||z — ¥i| < 0o. The conclusion now follows easily

from Theorem 3.1.

As a direct consequence, taking 3/, = 0 and v/, = 0 for n € N in Theorem
3.1, we have the following result, which carries over Theorem 1 due to Huang

[6] to a more general Mann type scheme and a non-Lipschitzian self mapping.

THEOREM 3.2. Let X be a uniformly convex Banach space and let C' be
a nonempty closed convex subset of X. Suppose that S,T : C — C are both
completely and uniformly continuous. Assume also that S,T : C — C are

mappings of strongly ANT with F(S)NF(T) # 0. Put

Cn = SUP_ 5"z =™yl = llz —yl) v sup (|T7z - T"yl| — [z —yll) v O,

z,yeC z,yc

so that > - | ¢, < 0o. Then for any z; in C, the sequence {z,} defined by

Tn+l1l = Qnln + ﬁnTnSnxn + YnUn,

16



where {a,}, {On} and {y»} in [0, 1] are chosen so that 0 < a <, < 1,0 <
by < B <1-—by <1foralln>1 andsomea,bi,bs € (0,1), and {un}>2, is
a bounded sequence in C such that (i) an + On + e = 1, for all n > 1, (it}

S 1 ¥n < 00, converges strongly to some common fixed point of $ and T.

As a direct consequence of Theorem 3.2 with § = I, we improves Theorem

1 due to Huang [6] to a more general Mann type scheme (3) instead of (1).

COROLLARY 3.2. Let X be uniformly convex, B # C C X closed bounded
and convex. Let T be a completely continuous asymptotically nonexpansive
self map of C with {k,} satisfving k, > 1, >~ (kn — 1) < co. Then for

any xy in C, the sequence {x,} defined by
Tpil = @pTy + BTlTnmn + Ynlin,

where {a,}, {B.} and {v,} in [0, 1] are chosen so that 0 < a < @, < 1,0 <
by <8, <1=by <1foralln > 1 andsomea,b;, by € (0,1), and {u,}2,isa
sequence in C such that (i) om+Bn+yn =1, foralln > 1, (1) 3 oo | o < 00,

converges strongly to some fixed point of T.

The following example shows that Theorem 3.1 and 3.2 generalize the

results due to Huang [6].

EXAMPLE. Let E=R and C = [~1, 1] and let |k| < 1. For each x € C,

FR ¥

we define
T(z) = ka:sin—i—, ?f x #0;
0, if z=0.

17



It is well-known in [10] that 7"z — 0 uniformly but " : C — C is not a
Lipschitz function. Here we show that 7" is asymptotically nonexpansive in

the intermediate sense. Indeed, for each fixed n € N, define

folz,y) = [Tz = TTy|| - |z — o

for all z,y € C. Then f, : C x C — R is continuous and since C x C is

compact it achieves its maximum at (z,,y,) € C x C, that is,

Cn = Suepc frlz,y)vO0= fal@n,yn) VO =T "z, — T ynll — “mn —ynl VO.
T,y

Since T"z — 0 uniformly on C, it immediately follows that

limsup ¢,, = limsup{||T"z, — T"yn|| - ||&n — yull v 0} = 0.

n—r00 00

Since T" : C — C is obviously continuous, it easily follows that it is uniformly

continuous and completely continuous (cf., Joshi and Bose [8]).
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