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1 Introduction

A group G is said to be an extension of a group N by a group Q if there

exists a normal subgroup K such that K »= N and G=K »= Q . The case

when both N and Q are cyclic is basic and very important. For the case,

the group G is called a metacyclic group. In other wards, a metacyclic group

is a group G that has a cyclic normal subgroup K such that G=K is also

cyclic. Given a metacyclic group G , if K is a cyclic normal subgroup of

G , then there exists a cyclic subgroup S such that G = SK . Therefore each

metacyclic group G has a factorization G = SK ; such a factorization is called

a metacyclic factorization of G . If S \K = 1 , then the factorization is called

split. Subgroups and quotient groups of metacyclic groups are also metacyclic.

As a special subfamily of soluble groups, metacyclic groups have been received

considerable attention by many authors.

Metacyclic groups are usually presented on two generators with three de¯n-

ing relations. In fact each metacyclic group has presentations of the form

h x; y : xm = ys; yn = 1; x¡1yx = yr i

with the arithmetic conditions

0 < m;n; rm ´ 1 mod n; s(r ¡ 1) ´ 0 mod n:

Conversely, every group de¯ned by such a presentation is a metacyclic group of

order mn . This characterization is well-known and found several times in the
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literature. It is unsatisfactory that the parameters involved in this metacyclic

presentation may not be invariants. Basmaji [1] in 1969 attempted to give a

partial answer for the isomorphism problem for these presentations. However,

the isomorphism problem for general metacyclic presentations still remains

unsolved.

Various classi¯cations for metacyclic p -groups were given in 1970s, for

example, [7, 8, 9, 2, 6, 11]. In 1992, Sim [13] gave a classi¯cation of metacyclic

groups of odd order up to isomorphism in terms of presentations, and then in

1998, Hempel [4] extended Sim's result to all metacyclic groups.

The purpose of this thesis is to describe a classi¯cation of metacyclic groups

of odd orders with two prime divisors. In logical sense, the classi¯cation may

be considered as a special case of the general classi¯cation given by Sim. We

here provide a direct and alternative approach to the classi¯cation.

The ¯rst step towards the solution of our classi¯cation is to choose so called

a standard factorization of a given nonnilpotent metacyclic fp; qg -group G
with p dividing q¡ 1 . We observe that the Sylow q -subgroup is normal and

has the canonical split metacyclic factorization. A special metacyclic factor-

ization of a Sylow p -subgroup gives rise to a standard factorization of G .

From a standard factorization, we have some special form of presentations,

which we call standard presentations. Each standard presentation involves 7

parameters; 6 of the parameters are invariants of the isomorphism type but

the other is not. So the isomorphism problem of the groups de¯ned by stan-
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dard presentations still remains to be solved. Our answer for the isomorphism

problem can be outlined as follows:

Given odd prime p; q -group with p dividing q¡1 , let G be a non-nilpotent

metacyclic fp; qg with a Sylow p -subgroup P and the Sylow q -subgroup Q;

and let X = G=Op(G); Y = G=Q where Op(G) is the largest normal p -

subgroup of G . Regarding G as a subgroup of the direct product of X and Y

through the canonical embedding of G into X£Y , the group G is a subdirect

subgroup of X £ Y . The subgroup G of X £ Y determine subgroups X; Y

as the images of the natural projections and subgroups X0 = G \ X and

Y0 = G\ Y . Then we know that X=X0
»= Y=Y0

»= P=Op(G) . Let SD(G) be

the set of all subgroup G(¸) = f(x; y) : ¸(xX0) = yY0g for each isomorphism
¸ from X=X0 onto Y=Y0 . Identifying Y by P , Y0 becomes Op(G) . We

then show that Aut(P=Op(G)) acts transitively on the isomorphic types of

SD(G) and the induced automorphisms of NAut(P )(Op(G)) on P=Op(G) is

the stabilizer of the action. It turns out that this observation yields our answer

for the isomorphism problem.

We now set up some notation, which will be used in this thesis. The identity

element of a multiplicative group is denoted by 1 and the same notation is

also used for the trivial subgroup consisting of the identity element only.

Let G be a group. The Frattini subgroup, namely the intersection of all

maximal subgroups of G , is denoted by ©(G) . The automorphism group of

the group G is denoted by Aut(G) . If H is a subgroup of G , then the
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normalizer of H in G is denoted by NG(H) ; the centralizer of H in G is

denoted by CG(H) .

Let H;N be groups and Á : H ¡! Aut(N) a homomorphism. Then

the homomorphism de¯nes a semidirect product of N by H ; we denote the

semidirect product by H nÁN; or simply by H nN . We may usually regard

H and N as subgroups of H nN via the natural identi¯cations.

Let G be a group, H a subgroup of G and K a normal subgroup of

H . Let N be a group of automorphisms of G which normalize (that is,

stabilize setwise) both H and K . Every automorphism in N induces an

automorphism of H=K in a natural way; the set of all such automorphisms

of N will be denoted by N #H=K . For example, if C is a normal subgroup

of a group P then NAut(P )(C) #P=C is the group of automorphisms of P=C

induced from all automorphisms of P which normalize C .

Most of notation and terminology not de¯ned in this thesis is standard and

can be found in almost all standard books on related areas, for example, see

[14, 12].

2 Preliminaries

In this section, we present some basic concepts and facts that will be used

frequently in this thesis, while we assume that we are familiar with most of

basic concepts and properties on elementary group theory.
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Lemma 2.1. G is a group and H and K are normal subgroup of G . If

µ : G ¡! G=H £G=K is a homomorphism de¯ned by µ(g) = (gH; gK) , then

ker(µ) = H \K

Let G = H £K be the direct product of two ¯nite cyclic groups H and

K , let ´ and ∙ be the projection onto the factors H and K , respectively.

We regard H and K as subgroups of G . Then we have the following lemma,

see [14] for the proof.

Lemma 2.2. A subgroup U of G determines four subgroups U \H; ´(U);
U \ K; and ∙(U) , and the isomorphism 'U from ´(U)=(U \ H) onto

∙(U)=(U \ K) . Conversely, suppose that we have subgroups H1; H2 of H

and subgroups K1; K2 of K , such that H2 ∙ H1 and K2 ∙ K1 , and an

isomorphism µ from H1=H2 onto K1=K2 . De¯ne the subset U of H £ K
as follows:

U = fhk : h 2 H1; k 2 K1; µ(hH2) = kK2g:

Then U is a unique subgroup of G such that H1 = ´(U); H2 = U \ H;
K1 = ∙(U); K2 = U \K; and µ = 'U .

De¯nition 2.3. A subgroup U is called subdirect in G if ´(U) = H and

∙(U) = K .

We need the following lemmas.

Lemma 2.4. If ¼0 -group A acts on a ¼ -group P , then P = CP (A)[P;A] .

In particular, if P is abelian, then P = CP (A)£ [P;A] .
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The proof of the above lemma can be found in [3, Theorem 2.3 and Theorem

3.5].

We will close this section with some investigation about the automorphism

groups of ¯nite cyclic group.

Let Zn denote the additive group of integers modulo n for a positive

integer n . The set Un of integers m modulo n which are relatively prime

to n forms an abelian group under multiplication modulo n . It is well-known

that the automorphism group of a cyclic group of order n can be identi¯ed

with this multiplicative group Un .

The structure of Un is well-known, see [10] for example. We here just state

the special case when n is a power of an odd prime number.

Theorem 2.5. If p is an odd prime, then Up® is the cyclic group of order

(p¡ 1)p®¡1 .

We adopt following well-known facts without proofs.

Lemma 2.6. Let p be an odd prime. If r ´ 1 mod p; then the multiplicative

order of r in Upn is equal to pn= gcd(pn; r ¡ 1) .

3 Metacyclic groups

A ¯nite group G is called a metacyclic group if G has a cyclic normal sub-

group K such that G=K is also cyclic. Then a metacyclic group G has a

factorization G = SK such that S is a cyclic subgroup and K is a cyclic
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normal subgroup of G ; such a factorization of a metacyclic group is called a

metacyclic factorization. Then S and K are called the supplement and the

kernel of the metacyclic factorization, respectively. In particular, if S\K = 1 ,

the metacyclic factorization is called split. A metacyclic group is split if it has

a split metacyclic factorization.

Let C be a ¯xed subgroup of a metacyclic group G . Then a kernel K is

called a C -maximal kernel if K is contained in C and K has the greatest

order among all the kernels contained in C .

Lemma 3.1. Consider the group

G = h a; b : am = bs; bn = 1; a¡1ba = br i;

where m;n; r; s are integers and r; s ∙ n , and rm ´ 1; rs ´ s mod n . Then

K = h b i is a normal subgroup of G such that K »= Zn; G=K »= Zm . Thus

G is a ¯nite metacyclic group of order m, n respectively and moreover every

¯nite metacyclic group has a presentation of this form.

For the proof of the above theorem, see ([5, p64, Theorem 1]).

Lemma 3.2. Let G be a metacyclic group with a metacyclic factorization

G = SK . Let S = hx i , K = h y i . Let r be an integer such that yx = yr .

Then G0 = h yr¡1 i .

Lemma 3.3. ([13, Lemma 2.2.6]) Let P be a non-cyclic p-group for an odd

prime p and K a subgroup.
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(i) K is cyclic if and only if K does not contain ­1(P ) .

(ii) K is normal and P=K is cyclic if and only if K contains P 0 and

K is not contained in ©(P )

Lemma 3.4. ([13, Lemma 3.1.1]) Let P be a metacyclic p -group, p odd.

If K is a kernel of a metacyclic factorization of P , then there exists a cyclic

subgroup S of P such that P = SK and jSj = exp(P ) .

4 Factorization of metacyclic fp; qg-groups

Let G be a fp; qg group with a Sylow p -subgroup P and a Sylow q -subgroup

Q for primes p; q with p < q . Let G = SK be a metacyclic factorization.

Then S = SpSq; K = KpKq where Sp;Kp are the Sylow p -subgroups of

S;K , respectively and Sq; Kq are the Sylow q -subgroups of S;K , respec-

tively. Since K is normal subgroup of G and Kp; Kq are characteristic sub-

groups of K , Kp; Kq are normal subgroup of G . Thus Kp ∙ Op(G) . Since

Op(G) commutes Q and Op(G) is a subgroup P , Op(G) ∙ Cp(Q) . More-

over CP (Q)
g = CP (Q

g) = CP (Q) for all g in G , and so CP (Q) is a normal

p -subgroup of G . So Op(G) = CP (Q) . It follows that Kp ∙ CP (Q) and

hence [Kp; Sq] = 1 . Then we have G = SK = SpSqKpKq = (SpKp)(SqKq) .

Replacing S by conjugate if necessary, we arrange that Sp ∙ P . Then

G = P n Q and we have Sp = P \ S and in any case Sq = Q \ S .
Kp = P \ K . Kq = Q \ K , and thus . Furthermore [P;Q] = [Sp; Kq]
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and Sq ∙ CQ(P ) . Suppose [P;Q] 6= 1 . Since Kq = CKq(Sp) £ [Sp; Kq]

by Lemma 2.4 and Kq is directly indecomposable, CKq(Sp) = 1 . So we have

Kq = [P;Q] and Kq\CQ(P ) = 1: It follows from Sq ∙ CQ(P ) and Dedekind's

Law that Sq = CQ(P ) . Therefore Sq \ Kq = 1 , i.e. Q is split. Conse-

quently, Q = CQ(P )[P;Q] is a split metacyclic factorization. It is obvious

that [P;Q] ∙ G0\Q: Since G0 ∙ K , we have G0\Q ∙ K\Q = Kq = [P;Q] .

Therefore [P;Q] = G0 \Q .

Theorem 4.1. Let G be a ¯nite fp; qg -group for given primes p; q such that

p < q , P a Sylow p -subgroup and Q a Sylow q -subgroup. Then we have: if

G is metacyclic, then

(i) G = P nQ

(ii) there exists a metacyclic factorization P = SPKP such that KP ∙ CP (Q) ;

(iii) either [P;Q] = 1 or Q = CQ(P )[P;Q] is a split metacyclic factor-

ization;

(iv) CP (Q) = Op(G) and [P;Q] = G0 \Q .

Let G be a metacyclic fp; qg -group for given primes p; q such that

p < q , P a Sylow p -subgroup and Q the Sylow q -subgroup. For a sub-

group C of P , a metacyclic factorization P = SPKP is called C-standard if

jSP j = exp(P ) and KP is a C -maximal kernel.

A factorization of G = SPKPSQKQ is called standard if P = SPKP

is a Op(G) -standard metacyclic factorization of P and SQ = CQ(P ) ,
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KQ = G
0 \Q .

5 Presenting metacyclic fp; qg-groups

Lemma 5.1. Let P = SK be a metacyclic factorization. De¯ne ®; ¯; °; ± by

p® = jS : S \Kj; p¯ = jK : S \Kj; p° = jK : P 0j; p± = jS \Kj:

Then P has the presentation

h a; b : ap®

= bp
¯

; bp
¯+±

= 1; bx = b1+p° i:

Moreover, if P = SK is C -standard for a subgroup C with index pi ,

then

(i) ® ¸ ¯ ¸ ° ¡ ± = 0 ;

(ii) if ° = 0 then ¯ = 0 ;

(iii) if ¯ ∙ ° then ®¡ ¯ ∙ i .

Proof. Let x; y be generators of S;K , respectively. It follows that

xp®

= ysp¯

; yp¯+±

= 1; yx = yr

for some nonnegative integer r and nonnegative integer s relatively prime to

p . By Lemma 3.2, r = 1+tp° for some nonnegative integer t relatively prime

to p since jP 0j = p¯+±¡° . By Lemma 2.6, there exists a positive integer t0

such that (1 + tp°)t
0
= 1 + p° . Let a := xt0

and b := yst0
. It follows that

ap®

= bp
¯

; bp
¯+±

= 1; ba = b1+p°

:
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So P is a homomorphic image of the group presented by

h a; b : ap®

= bp
¯

; bp
¯+±

= 1; bx = b1+p° i:

On the other hand, the presentation gives a group of order at most p®+¯+± ,

and so P is isomorphic to the group so de¯ned.

Suppose P = SK is C -standard. It follows form jSj = exp(P ) that

® ¸ ¯ . Since P 0 ∙ K , we also have ¯ ¸ °¡ ± . Since bp¯
= (bp

¯
)a = b¯(1+p°) ,

we have p¯+° ´ 0 mod b¯+± , so ° ¸ ± ; this completes the proof (i) . To prove
(ii) , assume ¯ ¸ 1 . Then P is not cyclic. Then Frattini subgroup ©(P )

contains the commutator subgroup P 0 , but by Lemma 3.3 it does not con-

tain K , so we have that P 0 is a proper subgroup of K and hence ° ¸ 1 .

To prove (iii) , suppose that ® ¡ ¯ > i when ¯ ∙ ° . The proof will

done by producing a contradiction. Since ¯ ∙ ° , we have P 0 ∙ S \ K
Let X be the subgroup of S with jS : Xj = p¯+i . Since ® ¡ ¯ > i ,

we have S \ K < X so that P 0 < X . Let µ : XK=X ¡! S=X be

a injective homomorphism. De¯ne Y := fts : µ(tX) = sXg . Then by

Lemma 2.2, Y is a subgroup such that Y \ XK = X , S \ Y = X and

Y K = C . Since ­1(P ) is contained Y and ­1(P ) does not contained X ,

Y does not contain ­1(P ) . So Y is a cyclic subgroup of P by Lemma 3.3.

Also Y contains P 0 , so Y is a cyclic normal subgroup of P . Moreover,

jSY j = jSjjY j=jS \ Y j = jSjjY j=jXj = p¯+ip®¡i+± = p®+¯+± = jP j and so
P=Y is cyclic. Since jY j = p®¡i+± > p¯+± = jKj , we have jY j > jKj . So
there exists a cyclic normal subgroup Y such that P=Y is cyclic, Y ∙ C and
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jY j < jKj . This contradicts the C -maximality of K . Consequently if ¯ ∙ °
then ®¡ ¯ ∙ i , which completes the proof of (iii) .

Once a classi¯cation of metacyclic groups of prime-power order was given

(see [13, Theorem 3.1.4]), it is trivial matter to classify the nilpotent metacyclic

fp; qg -groups. So we consider the nonnilpotent case only here.
Let p; q be odd primes with pj(q¡ 1) . Let ®; ¯; ° and ± be non-negative

integers such that

either (i)® ¸ ¯ ¸ ° ¡ ± ¸ 0; ° ¸ 1; or (ii)® > ¯ = ° = ± = 0:

Let u; v and w be non-negative integers such that

u ¸ v; w ¸ 1:

Let µ be a positive integer such that

(i) 1 < µ < qv+w

(ii) µp® ´ 1 mod qv+w

(iii) ¯ ∙ ° ) ®¡ ¯ ∙ jµ mod qv+wj .
De¯ne

}[®; ¯; °; ±; u; v; w; µ ]

to be the presentation with the generators a; b; c; d and u; v;w and the fol-

lowing de¯ning relations;

ap®
= bp

¯
; bp

¯+±
= 1; ba = b1+p°

;

cq
u
= 1; dqv+w

= 1; dc = d1+qw

ca = c; cb = c; da = dµ; db = d :
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Such a presentation with the above conditions for the parameters is called

a standard presentation.

Theorem 5.2. Each standard presentation }[®; ¯; °; ±; u; v; w; µ ] de¯nes a

non-nilpotent metacyclic group of order p®+¯+±qu+v+w . The parameters ®; ¯; °; ±; u; v; w

and jµ mod pv+wj in the presentation are invariants.

Conversely, every non-nilpotent metacyclic fp; qg -group has a standard

presentation }[®; ¯; °; ±; u; v; w; µ ] for some nonnegative integers ®; ¯; °; ±; u; v; w; µ

with the above conditions.

Proof. Let G be the group de¯ned by the presentation }[®; ¯; °; ±; u; v; w; µ ] .

Let

P = hx; y : xp®

= yp¯

; yp¯+±

= 1; yx = y1+q° i

and

Q = h e; f : equ

= 1; f qv+w

= 1; f e = f 1+qw i:

Then by Lemma 3.1, P;Q are metacyclic group of order p®+¯+±; qu+v+w re-

spectively. De¯ne the action of P on Q via ex = ey = e; fx = f µ; f y = f

and let H =: P n Q . The map a 7! x; b 7! y; c 7! e; d 7! f yields a homo-

morphism from G onto H . On the other hand, G=h c; d i »= P where h c; d i
is a homomorphic image of Q . jP jjQj = jHj ∙ jGj = jP jjh c; d ij ∙ jP jjQj .
This implies the map a 7! x; b 7! y; c 7! e; d 7! f yields an isomorphism

from G onto H . Identifying G with H by this isomorphism, G = P n Q

where P = h a; b i; Q = h c; d i . In fact P = h a; b i; Q = h c; d i and
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Op(G) = h api
; b i; CQ(P ) = h c i; G0 \Q = h d i where pi is the multiplicative

order of µ modulo qu+w . It follows Lemma 3.1 that the standard presenta-

tion gives a non-nilpotent metacyclic group of order p®+¯+±qu+v+w . Moreover

jP=P 0j = p®+° ; exp(P ) = p®+±; and jOp(G)j = p®+¯+±¡i . Thus we have in-

variants ®+ ¯ + ±; ®+ °; ®+ ±; ®+ ¯ + ±¡ i . Moreover ¯ + ± is invariant if
¯ ∙ °; while ® is invariant if ¯ > ° . So ®; ¯; °; ± and i are invariants of

G . Obviously u; v and w are invariants of G .

Let G = SPKPSQKQ be a standard factorization of G . De¯ne ®; ¯; °; ±;

u; v; w; i by

p® = jSP : SP \KP j; p¯ = jKP : SP \KP j; p° = jKP : P
0j; p± = jSP \KP j;

pi = jP : CP (Q)j; qu = jSQj; qv = jQ0j; qw = jKQ : Q
0j:

By Lemma 5.1, ® ¸ ¯ ¸ ° ¡ ± ¸ 0; ° ¸ 1 or ® > ¯ = ° = ± = 0 . We also
know w ¸ 1 , since KQ = [P;Q] 6= 1 . By Lemma 5.1, we can choose a; b; c; d
such that h a i = SP ; h b i = KP ; h c i = SQ; h d i = KQ , so that the following

relation holds:

ap®
= bp

¯
; bp

¯+±
= 1; ba = b1+p°

;

cq
u
= 1; dqv+w

= 1; dc = d1+qw

ca = c; cb = c; da = dµ; db = d :

If v + w = 0 , then G is nilpotent, so that v + w ¸ 1 . If Q is abelian,

then v = 0 and so w ¸ 1 . Suppose that Q is nonabelian. Then the Frattini

subgroup ©(Q) contains Q0 but by Lemma 3.3, it does not contain KQ ; so
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we see that Q0 is a proper subgroup of KQ , and hence w ¸ 1 . We have seen
that w ¸ 1 in any case. It also follows from (1 + qw)q

u ´ 1 mod qv+w that

u ¸ v . Since }[®; ¯; °; ±; u; v; w; µ ] has order p®+¯+±qu+v+w , we know that

G has the presentation }[®; ¯; °; ±; u; v; w; µ ] for some non-negative integers

with the above conditions.

6 Isomorphism problem of metacyclic fp; qg-

groups

Now we investigate how the presentations in (4.1) depend on the choices of

primitive pi -th roots µ .

Given odd primes p; q with p < q , let G be a non-nilpotent meta-

cyclic fp; qg -group with the presentation with the standard presentation
}[®; ¯; °; ±; u; v; w; µ ] . Denote X = G=CP (Q); Y = G=Q , where P is a

Sylow p -subgroup and Q is the Sylow q -subgroup. We regard G as a sub-

group of X £ Y through the canonical embedding of G into X £ Y , i.e.,
there exists an isomorphism from G into X £ Y . Denote X0 = G \X and

Y0 = G \ Y . Then X=X0
»= Y=Y0

»= P=CP (Q) »= Zpi , and G is subdirect

in X £ Y . For each ¸ in ¤ = Iso(X=X0; Y=Y0) , let SD(G) be the set of

all subgroups G(¸) = f(x; y) : ¸(xX0) = yY0g , which are called diagonals.
The set ¤ is permuted by Aut(X=X0) on the right and Aut(Y=Y0) on the

left. Write A for NAut(X)(X0) and ¹A for the induced automorphism of A on
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X=X0 , so ¹A is a homomorphic image of A ; de¯ne B and ¹B correspondingly.

Suppose that ¸; ¸¤ 2 ¤ and Á is an isomorphism of G(¸) onto G(¸¤) .

Then the isomorphism Á induces an automorphism ¹ of X in A , namely,

the map x 7! ´(Á(g)) , where g is any element of G(¸) with ´(g) = x and ´

is the natural projection of X £ Y onto X . So Á induces an automorphism

¹ in ¹A . Similarly Á induces an automorphism º of Y in B , so it induces an

automorphism º in ¹B . Then we have ¸¤ = º¸¹¡1 . Conversely, if ¸¤ = º¸¹¡1

for some ¹ 2 A and º 2 B then the restriction of ¹£º gives an isomorphism
of G(¸) onto G(¸¤) . Consequently, if ¸ 2 ¤ then the set of all diagonals

isomorphic to the group G(¸) correspond to ¹B¸ ¹A: We also observe that

A = 1 .

Identifying Y with P , Y0 becomes Op(G) and so B = NAut(P )(Op(G))

and B = B #P=Op(G) . Then we can summerize the above investigation as

follows:

Theorem 6.1. Let B = NAut(P )(Op(G)) and B = B #P=Op(G) . Suppose

¸; ¸¤ 2 ¤ = Iso(X=X0; Y=Y0) . Then

G(¸) »= G(¸¤) if and only if ¸¤¸¡1 2 B:

Now we associate B with the standard presentations. Let pi = jP : Op(G)j .
Recall that Aut(P=Op(G)) »= Upi , and note that the automorphisms of Y=Y0

are precisely the map ¸s : yY0 7! ysY0 with s 2 Upi .

Lemma 6.2. If G = G(¸) has the standard presentation }[®; ¯; °; ±; u; v; w; µ ]
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and ¸¤ = ¸¡1
s ¸ then }[®; ¯; °; ±; u; v; w; µs ] is a standard presentation of

G(¸¤) .

Proof. By the de¯nition, G is generated by elements a; b; c; d satisfying the

following relations:

ap®
= bp

¯
; bp

¯+±
= 1; ba = b1+p°

;

cq
u
= 1; dqv+w

= 1; dc = d1+qw

ca = c; cb = c; da = dµ; db = d :

Let ´ and ∙ be the natural projections of X £ Y on X and Y , respec-

tively. Then X = h ´(a); ´(b); ´(c); ´(d) i = h e; c; d i and Y = h ∙(a);∙(b);∙(c);∙(d) i
= h f; b i where e = ´(a); f = ∙(a) , and ¸(eX0) = fY0; so ¸

¤ = ¸¡1
s ¸ yields

that ¸¤(esX0) = fY0 and hence G(¸¤) = h esf; b; c; d i: In terms of these
generators, G(¸¤) has the presentation }[®; ¯; °; ±; u; v; w; µs ] .

Let V be the set fs 2 Upi : ¸s 2 Bg . Obviously V is the unique

subgroup of order jBj in Upi . Then we have the following consequence.

Theorem 6.3. Let µ1 and µ2 be primitive pi th roots of 1 modqv+w . Then

}[®; ¯; °; ±; u; v; w; µ1 ] »= }[®; ¯; °; ±; u; v; w; µ2 ] if and only if there exists

s 2 V such that µ2 ´ µs
1 mod q

v+w .
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