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ANALYSIS OF THE STATE TRANSITION BEHAVIOR
OF ADDITIVE NONGROUP CELLULAR AUTOMATA

Hyang-Hee Choi

Graduate School of Education
Pukyong National University

Abstract

A cellular automata(CA) is a discrete dynamic system, which consists of a
uniform array of memories called cells. The states of cells in the array are
updated according to a rule : the state of a cell at a given time depends only
on its own state and the state of its neighbors at the previous step. Linear
hybrid CA have been proposed as an alternative to linear feedback shift
registers(LFSRs), in applications such as test pattern generation,
pseudorandom number generation, cryptography and signature analysis. In this
paper, we show some properties of linear TPMACA and investigate a detailed
analysis of the behavior of complemented CA derived from a linear

TPMACA.
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2.1 CA
2.11. CA
CA
1 CA (One-Dimensional CA, 1-D CA)
1-D CA
’ CA 3'
(3-neighbourhood) CA . CA 3- CA
. CA

<Notation>

o i

ot

SCHOE t i

o q;(t+ 1) : t+ 1 [



2.1.2. CA rule
CA (transition function)
QiHl:f[Qit-laQit’q}Jrl] (2.1)
f 3
Boolean 22° 256
CA rule
CA 0 1 CA
111 110 101 100 011 010 001 000 rule
0 0 1 1 1 1 0 0 | rule 60
1 0 0 1 0 1 1 0 |rule 150
t
t+ 1 i
111100¢) 1x 2° 1x 1x 2% 1x
22 60 rule 60 10010110

150 rule 150



rule

rule 60 : g (t+ )= q; . ()P q, (1)

rule 150 : g, (t+ )= q,. (DD a, (VD q;. 1 (1)

2.1.3. CA
1 CA CA
2 CA : CA
3 CA CA
rule

CA (Additive CA)

CA (Linear CA) : rule  XOR
CA
CA (Complemented CA) : rule XNOR
CA
CA (Nonadditive CA) : rule  AND-OR
CA

XOR

(2.2)

(2.3)

XOR



< 2.1 > Additive CA rule

Linear rule Complemented rule
rule ¢ (t+ 1) di- () @ ai (Y rule g (t+ 1) di. () @ g (Y
60 195
rule ¢ (t+ 1) di- () D di-.(Y rule q;(t+ 1) di. 1 () @ g ()
90 165
rule ¢ (t+ 1) ai() @ qi+1(Y rule g (t+ 1) qi() & g1 (1)
102 153
rwle i (t+ 1) 4 (DD qi() D diva(V) | rue g, (t+ 1) a:i () @ aq:() & q; .
150 105
rule i (t+ 1) di.a (1) rule g (t+ 1) q; 1 (b
170 85
e g (t+ 1) g (Y wle g (t+1)  qi(Y
204 51
wle g (t+ 1) g, 4 ( e g (t+ 1) q, 4(D
240 15

< 2.1 > Additive CA rule

3) rule rule
Uniform CA : CA rule CA
Hybrid CA : 2 rule CA
4)
Group CA : CA
Nongroup CA : Group CA CA



Group CA CA

Nongroup CA

. Nongroup CA

2
< 21 > 3- CA
#i
#i-1 » e #i+1
< 2.1> 3- CA
2.2. CA
CA 2
CA
0
NBCA (Null Boundary CA),
PBCA (Periodic Boundary CA), ( )



«c ) C )

IBCA (Intermediate Boundary CA) . < 22 >
NBCA
0—» <« «— -« <
Cell: O 1 2 n-3 n-2

(1) Null Boundary CA

v

Cell: O 1 2 n-3 n-2

(2) Periodic Boundary CA

!
T

>
< | <

Cell: O 1 2 n-3 n-2

(3) Intermediate Boundary CA

< 2.2> CA



2.3. CA

2.3.1. CA
n 1-D CA
nx n : (transition matrix)
T [ [ rule

1, 0 . 3- CA

0 (tridiagonal matrix)
NBCA rule < 60, 150, 102, 90 >

1 000

1110
T= .
0011 (24)

{10010/

S, t CA t+ 1 CA
Siv1= TS, (25)
t CA

Si2=TSu,:= T(TS) = T7%Ss, (26)



p CA

St+p = Tpst (2'7)
CA S, [ 1010]"
1000 1 1
S.., TS, 1110 0 0
0011 1 1
it 00210/1 0] L 1)
CA T det(T) 1 CA group CA
Group CA T
S.1= TS, (28)
. Group CA CA CA
. n CA 0
2" 1
CA primitive ..n primitive polynomial
C(x) x™ 1 m 2" 1
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< 23 > rule < 150, 90, 150, 150 > 4

CA
%@%@F@ OO
< 23> Group CA
< 24 > CA rule <150, 150, 150, 150
> uniform CA . 0

CA

RS

< 2.4> Group CA
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group CA CA  Nongroup CA CA

T

25 > rule < 102, 60, 60, 150 > Nongroup CA

CA T

Or PrpP
PR OO
L OOoOo

O OR Bk
—

< 25> Nongroup CA
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23.2. CA

< 2.1> (characteristic polynomial) : CA
T GF(2) (T x1)
< 2.2> (minimal polynomial) : T
CA T T C(x)
n
C(x)=|T+ xI| (29)
(24)
1 x O 0 O
ITexil= g
| 0 0 1 X |
1 x 1 O
= (1 x) 0 1 x 1
| O 1 x|
= x*+ x°+ x
=x(x® x?% 1) (2.10)
< 2.3>
1100
re| 2010
{00 11)

, x* +x®+ 1 primitive polynomial
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3. Nongroup

Nongroup CA .
[1 2]
nongroup CA

3.1 Nongroup CA

nongroup CA
CA group CA CA

170, 204, 240

2
2
nongroup CA
< 3.1> Nongroup CA : Nongroup CA

XOR CA

- 14 -
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nongroup CA

XOR
rule 60, 90, 102, 150,

CA det(T) O



< 3.2> (cyclic state) : Nongroup CA (cyclic)

, y
Tky y k k
y
< 3.3> attractor : 1
X  attractor T TX X
< 34> r- (r-predecessor) : T'Y X Y
X or- (1rs 2" 1). 1-
< 35> MACA (Multiple-Attractor CA) : Nongroup CA
attractor CA MACA . 2 MACA
TPMACA (Two Predecessor Multiple- Attractor CA) . Attractor

1 MACA SACA (Single-Attractor CA)
SACA TPSACA

< 36> a - ; a root

< 3.7> depth : Nongroup CA

< 38> level : X a- level | (| < depth )
X a

- 15 -



< 3.9>
y Ty=y c
< 25> 01 2 3 0 1
1 attractor . 2, 3 2
CA 1 2 2 : depth
2 . 2- 2 root 7,8, 12,2 2-
level 1 12, 13, 14, 15 level 2
4,5,6,7,8,9, 10, 11 . 5-cell TPMACA
< 3.1> 5 CA rule <60, 240, 240, 240, 240> .
10000
10000
T= 01000 (3.2)
00100
{00010/
, x* (x 1) x*(x+1) . T
(rank) 4 . < 31> < 31> CA
2 TPMACA
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3.1.2. Nongroup CA

. 0-
nongroup CA 0-
nongroup CA 0- root
0-
nongroup CA
0- a -
< 3.1> nongroup CA 0 attractor
< > T TO O . O
< 3.2> nongroup CA T (null space)
d 0 2¢
0 X Tx O T
d d
GF(2) 0 1 2¢ . O
< 3.3> nongroup CA 0
a a y Ty «
. a {y Ty a}
{y Ty a} {x Tx 0} : O
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nongroup CA
nongroup CA
a -
CA
nongroup CA 0-

. nongroup CA

0-
< 34> nongroup CA 0-
T r 0-
T r <
3.3> 2"
level i a ., 2" o,
level i (29" '2" 1
1+ (27 1)+ 27(2"7 D+-+ (207 (2"
(2"- n{(2)°"- 1

1+ r
2'- 1

1+ (Zrd_ 1): 2rd

- 19 -
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< 35> r Nongroup CA

0 - Pi, Pz, Ps, .., P , 0
X - X1 X -
{ X,@P,|j = 1,2,3,-,r1" ( ,® bitwise )
< > Bi 0 i- Bi
B, = {Y|T'Y=0}= {P, Py = P} P. = 0
X - Q Q {YITY X} . X1
X - X:eQ . Q #FQ |Q,|= IB,|=r'
T(X,®&P) = TX, @&@T'P, = TX,® 0= X
X @®P,, (= 1,2,,r1) X i . X -
Q {X.®Pli = 1,2,3,-,1"} . O
< 3.6[8]> 0 r , Pi 0- level i |
, R X i- . Xi  X-
level i ] Xi
Xij = Ri @ P” (32)
( , % bitwise , 1<i<depth ,j=1,-,(r- Dr ")
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< > (32)

yi=1 < 35> i1
)i=k KX H = KRDPy }

( = 1,2, (r-
) i=k+1

Xy = Rk@ij

Dri Y

T(X ks g @Rk+ )= X i @Rk: Py

X k+1j@Rk+l ij

X k+1j@Rk+1j = Py

Pk+lj

X ke = Rysj @Pk+1j

(32) k=i+1 O
3.7> X attractor Xy XD Py
> X attractor X i- R, X
O
38> X,, X, X- level i j
TR = T, k (<) X
m 0- level |
< > Tx,=T1x, T'X, ®X,) =0 : X DX n
0 j- X DX 0- level p(<j)
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T°X, @X,)=0 TX, = T°X ,

X, ®&X, O0- level j
< 3.9>
0 0
nongroup CA mx)  x‘®(x)
d CA  depth O(x) x° 1 C c
< 25> nongroup CA
x* x® x? x®(x® x 1 . depth 2 d(x)
x® x 1 . O(x) x°® 1 x
CA 3
TPMACA
TPMACA nongroup CA attractor
2 CA
TPMACA . TPMACA
< 3.10> n TPMACA T 1
< > TPMACA 2
a {y Ty a} 2 < 3.3>
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{y Ty a} {x Tx 0} Tx O X
1 T
< 31 x* (x 1) depth 4
1 MACA . TPMACA
xd(x 1)
< 3.11> n TPMACA (TD1 ) k
2n k
< > X  attractor 1
(TDI)x 0 attractor (T @ I)x 0
X : attractor (TDI) k
n k 2"
< 3.12[8]> C TPMACA S A C a -
B i C B - level i ]
a ;B o DB
< > Py 0- level i j <
o i P @a . B P ©B
a ;D B Pij®@a @ P;; OB o OB
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attractor
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level i |
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< 3.13> TPMACA w u

P, 0 0 w@P u
P
< > Tw Tu T(wdu) O : w
u wPhu = 0 ) w®P u 0
0 P, O
3.2. Nongroup CA
3.2.1. CA
CA
CA
< 3.10> rule XOR XNOR
CA CA
CA XNOR rule 195, 165, 153,
1 05, 85, 51, 15 rule . rule 165 < 2.1> g, (t+ 1)
q;. (DD a; 1 (1) - rule 60 q;(t+ 1) qi. 1 (1)
D ai(1) CA
9 =flql.q/1®1 (32)
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CA T CA
rule rule
T (32)
1 0 n F
CA S, CA S
Sy1= TS,= TS, ®F 33)
3.2> < 31> TPMACA 4
CA rule <153, 165, 195, 240, 153>
F 4 0 1
(1,1,1,0,1) " . CA (0,1,0,1,0) "
110000 1
- 10100]]1 1
S,, TS, TS,®F 011000 @ |1
00100|]|1 0
L0000 1/10]/ \ 1)
1 1
0 1
1| @& |1
0 0
0 V1)
0
1
0
0
1
9
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3.14> T° CA T p

p CA St+p

Sip= TIPS, =TS, ®(IDTE T?®..® TV 1)F @34

) n 1 (3.3)

S;:1 T S, TS, @F

)n p 1
Sipr T''SO(IOT ®&..® TP?)F

) np
Si, TS, TS, , DF
T T°'s, @ (1®TD...OT*?% F OF
TS ®(TA T°®...® T "')F @ F
TS, ®(1ATE® T °D..d T NHF O

CA F CA n

CA
CA T

nongroup CA

CA CA CA
CA CA CA

TPMACA CA
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<

3.15> CA C X
CA C X X PF
< >
) ) x C X
x = Ty@F
X X®F (Ty@®F) @& F (35)
Ty
X C
) (&) X C
x Ty X
X xXPF Ty@®F
X Cc
3.16> CA C X
CA C X X ®F
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< 3.17> TPMACA C
2
< > X C Y1
T y‘l@F T y‘z@F
T y‘l T y‘z
X C
p 2
< 3.19[6]> CA  depth
< 3.20> TPMACA C
0
< >x; y; C
TX, Ty,

CA

Ty ,®F X
Ty, X @
X
CA
CA C

Tx, ©F Ty, @F

Tx, F Ty, ©F 0

T(x; @y;) 0 and

X @ vy, C

0

X @yi#+0 ( x;Fy;

0
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(x DF )DF
F X
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depth
CA
C 0



< 32> rule <165, 150, 165, 195> 4 CA

CA (1,0,1,1)" rule <90, 150, 90,
60> CA CA
Clock I
0 »@J =/I;\: >®< T
YL T

< 3.2> rule <165, 150, 165, 195> CA
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4.1
CA

CA

TPMACA
CA
CA
F TPMACA
attractor
TPMACA
TPMACA
F 0- 0
4.1> nongroup CA
CA T p
TF [1®@TO T2 ..
> < 3.14>
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CA TPMACA CA
CA
CA
0-
CA
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< 42> C depth d TPMACA , C 0- level

i(0 i<d) F T"'F C
CA C attractor
< > F 0- level i T'F o0
s T''F < 4.1>

S (T''@T"''"®T7T"°®..¢I)F

TS TS @ F
T(T"'"® T"°®..DI1)FODF
(T'®@ T"'@®...DI)F
TFO(T"'®..DI)F

0P S
S
S Cc attractor . O
< 43> C TPMACA C CA ol
F C level |

(1) C | level Cc
() C | level c | level
(3) C level Cc level |
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(4) F Cc level |- 1
< > F 0- level | T'F 0

M) x C level k (> 1)

T % T (T"'®..e T'® T"'®..OTOI)F
T"®(T"'®..OTDI)F
( i>1- 1 T'F O )
0B ( T"'"®..ATAI)F
(x level k (> 1) )

T"'F(T"°®..OTDINF

— -1

F

< 42> T °F C  attractor X

T % = 0 T TO'F c’ attractor
X level k
2) z C level |
2 T" !z T"F T'z T'F o0
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F C  attractor z level - 1

B) w C | level | T'w T"'w 0

T w TwWO( T"'®...ETD®I)F

w T"'w® (( T"?®..OTDI)F

E
~ T"'F
T F C'  attractor T %F C'  attractor
w level |
(4) (3) 0 c level |
TO TO @F F F o olevel I- 1 . O
< 44> T  TPMACA C C
CA C F C O-
0 C
< >F C 0- level | . <
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43> (4) F C  levell- 1 TO TODF F

0 level l 0 ) O
< 45[1]> n - TPSACA depth n
< 46> C n- TPSACA . C
m(x) x"
< > < 45> x " m(x) m(x)
x" (x+ 1% (k ) T
n k 0 : m(x) x" : O
< 41> 4 CA rule <102, 102, 60, 60>
T
1100
T 0110
0110
L0011/
m(x) x? (x+ 1) < 4.1> TPMACA
level 2 F (1010) T
TPMACA CA . TF
Cc attractor < 42> . C level 2
c 2 level < 43 (2>, C 2
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level ol level 2 < 43

(3)>, F C level 1 < 43 (4)>. Cc

R

< 41> 4- TPMACA C c'

3.20> .
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4.2

TPMACA O-

CA
TPMACA CA
4.7> F TPMACA C a -tree level
C attractor BO®T'F) cC
2
> s BATF
T’s s
T F= T FO(T 0T @O TDI)F
=(T"'@T" @ DTDI)F
™ B, T 'F 2
TSDF
TE® T 'FI®F
TBR(T"'®@ T"’® ... PTAINHF @F
4.1)
M TFR(T"'®@ T"?°@ .. BTPI)F
=B ®a & T 'F
~B @ T'F a =0
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) TS T(TS)DF
T(B ®a® T 'F)®F
B ®Ta ®T( T 'F) @F
BPa@® TFR(T"'@® T'2@® .. 0T @1 )F

1

B Pa ®a @ T 'F

1

B T 'F
S O
< 4.8> F C a(=0):- level i B
attractor B@a® T 'F) (B® T"'F) c
2
( C c < 48> )
< > < 47> B @ T''F c’ 2

J
1

TR ®a® T F) T(BO®ad T 'F)dF
TBDa®(T"'® T"2@®.. DT @I )F }DF
M ATa® TFR(T"'@® T2 .. 0T @I1)F

1

B ®a ®a @ T 'F
B TU'F

1

~ B @®a @ T F 43)

1

T (B @a ® T 'F)
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T{TPB®a® T 'F)} @F
TBEB O T 'F)DF 43)

1

B ®a @ T''F (4.2)

1

B ®a @ T 'F)

< 4.9> F TPMACA C a -
B C attractor c 2
a - ( bitwise
< 4.10> F TPMACA C a -
B C attractor T

T°S S . 4.1 S

TDI)F ) a attractor Ta «

) TS TSOF

level

level

TS + S

(T"'® 7T"°®...0

T(T"'"® T"2@® .. T ®I)F

TEF®(T''@® T2 @ ..

a P S
# S
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level
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) TS T(TS)®F
T(a @S) DF
Ta & TS @ F

ad Da @ S(Ta a and TS o @S)

S
Ts =S T°s s
4.11> F TPMACA C a- level i
B C attractor a @ T 'F c' T

i- 1

< > S a @d T F
a @

— i-1

—

S F

TFR(T"'"® T"?® .. ®dT @1)F
T'F s)
) TS TSOF
T(T'® T"'® ... T ®I)F

T'E® TEFO( T"'®... 0T ®I)F
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< 4.12
(1) X
T'F-
(2) y
(a @ T
<
()F C
T %
a
0
T
a

TPMACA CA F O

level i CA
>

C a - level i | c

level i j (g , i j=depth )
C a - level i k Cc
TR )- level i k
( k , i k=depth )

a - level i T IF .. T'F a

T'Ix 0

T'x®(T'"""® .. T'® T"'"®..OTAINF
a @ T FR.ETFA(T''®.OTEI)F
a@a D ..Oa BT ' '®.. AT ®I)F
1 j a
T' % T 'F ( )
T ' %@ (T'"*®...T &1)F
T ' %X TV F@®..®TF A(T''® ... ®I)F
T''"%XPa®a @... Pa@®@(T''® ... PI)F

T % T ® T"'F = T''F T Iy
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Ty T'ly®(T'""®..T @I1)F
a @ TV F®..O® TFR(T' '@ .. ®1)F

i-1

aPa @..a® T F

Ty Ty (T .. @1)F
T' 7Yy ®a®..a @(T"'®..OI)F

T''y ~2 0 7'y #a C a  TUF)-
y y y

level (i j)

F TPMACA « - level

TPMACA CA

- 41 -



< 413> (1) x C B (#a)- level (i j) C ®
Qa ® T"F ) (i J) SO ] o=
depth )
@y C B(ra) level (i j) c eoTF
)- (i J) (] , 1] =< depth )
(3) w C B - level i level Cc
®® T F)- level |
(4) C level i c level (i 1)

< > F TPMACA C « - level i

TR L TF «
(1) T''x B
T % T'x@(T'"'@® .0 T'®... ®1)F

T''x®T'""'F®..OTFEFO(T"*® .. ®I)F

B Da D

( a

7ijx B

. Pa® T

j

Ga B T
T % (1'% 0 ..

1

i-1

F

F(

DI)F

T @TFO..OTFO(T"'® .. ®I)F

T 9% Ga @a @ .. @

- 42 -



@a ® T F)- level (i j )

@ T'ly Ty @ (T'"'® .. T®..BNF
BPa D .Oa ®@(T"' ®.ANF
( a j )
Ty Bp@® TUF )

T' Yy T Yy @ (T2 @ .. ®I)F

Ty ®Da &@...ad (T"'"D ..

T Yy @a @ T 'F( «a

j
T Yy T''lY o B
y c’ ® ® T 'F)- level (i )
@ w C B- level j( i)
Tlw T 'woo T'w B

T'w Tw® (T"'"® ... ®NF
B@® T F ( )

T w T'"''wWO(T"?2® .. ®NF

B@?i'zF T tw

w C G ® T F) level |
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(4) z TPMACA C B - level i T''F
C a - level 1 T'’F C B - level 1

< 3.12> T'"'F® T''z a ®B T''2 o @& @

T''2 T 2@ (T"'? @ .. ®1)F
OB T ''"FOR(T" 2@ ... DI)F
aBBP(T""® .. ®I)F

i-1

a @B D T OF ( )
z Cc level i 1 . O
< 42> 5 CA rule <102, 102, 60, 240, 60>
T
11100
01100
T 01100
00110
l0 00 11

m(x) x> (x+ 1)

< 42> TPMACA
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o) (o) () (=) 0
SO (=)

Y Y

o
=)

>
S
>

=) ORONO.
= () (2

-

< 42> 5- TPMACA C

) 9\

< 42> F 2 level 2 31=
(11111)7 TPMACA C CA C
C 0- 1- 16-
17- . C level 2 level (10, 9, 20, 23
evel , leve eve
) level level 0 level 1 c'

- 45 -



level 2 C level 2 C level 2 level
< 43>, C' (2928, 128

13) attractor 1 < 48>.

(o) (o) (m) (&) Q@@

S e

D —)
(m) (3 (4 (1) () () () (s

NN (m)
£ /

< 43> TPMACA CA C' ( 1 31)
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4.3
CA
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TPMACA 0 attractor
CA
TPMACA 0 attractor
4.14> F TPMACA C 0 attractor
0 C CA C
2
< > F C attractor TF F
0 T-0DF
0@ F
# 0
T0 TR 0@ (TOI)F
0 TF DF
0 PF @F
0
0 CA C 2
|
4.15> F TPMACA C 0 attractor a
a C CA C 0 2



Ta Ta @F

Ta & a F a

a P a Ta « a C attractor
0
Ta T2 @ (TQI
a @ (TDI )
a @ Ta Pa
a
a C 0 m
< 4.16[9]> F TPMACA C 0 attractor o
B attractor
(1) B Da C attractor
B B Da C CA C 2
< 4.17[9]> F TPMACA C 0 attractora
X PB- level 2m x C B - level

2m

- 48 -
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CA C < 44>
c' 1 root 1- 0-
attractor 1 < 4.16>.
level C C' . 0-
level level 1 3 level 3 10, 9, 20, 23 C'
1- level 1 level 3 < 4.18>.
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