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Estimation of Excitation Force from the Vibration
Responses of Multi-Degree-of-Freedom System

Soo-Mok Lee

Deartment d Interdisciplinary Program d Acoustics and Vibration
The Graduate School
Pukyong National University

ABSTRACT

This paper presents the concept, methodology and result of edimaion for the
excitation in multi DOF vibraion sydem using the its reponses. It is a kind of
inverse dynamics of multi-DOF flexible body in frequency domain. A smple
cantilever model was chosen as the ted model. Direct inverson method of transfer
function marix was tried but ingability in the vicinity of zeros in transfer
function was found giving the ungable reault. Edimation of excitaion based on
the modal response theory of vibrational sydem was atempted. The rewults gave
ideal result for smulated response of 2 DOF sydem but showed large discrepancy
for the measured regponse of experiments. It was concluded that more precise
identification of the sygem and incluson of resdua modes as well as elaboraed
sgnal processng of the measured data are required for the reliable edimaion of
excitation from the regponse data.
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, Table 1
Fig. 1

Table 1 Summary of experimental set-up

Sydem

Cantilever (Lx Bx D =1 mx 50 mmx 10 mm)

Measured points 4 Pts incl. cantilever end

Measured quantity Acceleraion and force

Accelerometer B&K type 4384 acceleromter
Force transducer PCB 086C03 impact hammer with force sensor
Daa processng OROS OR25 multi-channel sgna processing unit
/
/]
Acc. #4 Acc. #3 Acc. #2 Acc. #1
/] :
/ Exciter ‘}
Spring I
/ Impact
p
/ Hammer
/

=3
-

0000000000
0000000000

T
-«—

Analyzer Amplifier

Fig.1 Experimental setup for the impact tet of a cantilever
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33
(frequency response function, FRF)
(point FRF)

(transfer FRF) .
, (multi-input  multi-

output sygem) .
, (3.6) Maxwell (reciprocal
theorem) , H(w)
Hij(a)): Hji(w) (3.6)
, (accelerance) ,
m/s/N Ykg .
Fig. 2 FRF . Fig. 2.1
Fig. 22 1 3 point FRF , Fig. 2.3 Fig. 24 2 3
transfer FRF . Fig. 2.1 Fig. 2.2 ,
FRF 1 FRF 3
. 1 300 Hz peak 3 , 475 Hz
peak 1 3
point FRF ,
peak peak N
point FRF [2].
Fig. 2.3 Fig. 24 , transfer FRF
Maxwell .
) N N
( ) point FRF
: N ( )
, N .
peak 12 Hz,

54 Hz, 148 Hz, 300 Hz, 475 Hz, 725 Hz
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Accelerance (m/s2 / N)

Accelerance (m/s2 / N)

0.0 —- 1 | | |

10.0
Real

—— Imaginary

0 100 200 300 400 500 B00 700 800 900 1000
Frequency (Hz)

Fig. 2.1 Experimental frequency response function
(excitation point 1, response point 1)

2.0

Real

— |maginary

5.0 —1 | | | I | I
0 100 200 300 400 500 600 700 800 900 1000

Frequency (Hz)

Fig. 2.2 Experimenta frequency response function
(excitation point 3, regponse point 3)
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Accelerance (m/s2 / N)

Accelerance (m/s2 / N)

2.0

Real
Imaginary
T 1) s — | | | 1 1 | | 1
0 100 200 300 400 500 600 70O 80O 9S00 1000
Frequency (Hz)
Fig. 2.3 Experimental frequency response function
(excitation point 2, regponse point 3)
2.0
Real
— Imaginary
20 | | | | | |

0 100 200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Fig. 24 Experimental frequency response function
(excitation point 3, regponse point 2)
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3.4

(Inverse FRF, IFRF) (34)
(apparent mass) . Fig. 3
IFRF .
IFRF peak
FRF . IFRF peak
FRF  zero . 0
Fig. 3.3 Fig. 34 IFRF
Maxwell ,
FRF
IFRF

91 Hz, 131 Hz, 312 Hz, 400 Hz, 685 Hz, 975 Hz peak
FRF  peak
IFRF
pulse ,
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Apparent Mass (kg)

Apparent Mass (kg)

20.0

| —— Real

[ Imaginary

0.0 f\:wé

20 L I I | | | I | | 1 ]
0 100 200 300 400 500 600 700 800 900 1000

Frequency (Hz)

Fig. 3.1 Inverse frequency response function
(response point 1, force point 1)

40.0

Real

Imaginary

HAY

App L I I | | | | | | 1 .
0 100 200 300 400 500 600 700 800 900 1000

Frequency (Hz)

Fig. 3.2 Inverse frequency response function
(response point 3, force point 3)
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Apparent Mass (kg)

Apparent Mass (kg)

40.0

1 ——— Real

|| Imaginary

,_AJ', |'Pl“' X A
0.0 { e

400 | | | | | | |
0 100 200 32300 400 500 &00 700 800 900 1000

Frequency (Hz)

Fig. 3.3 Inverse frequency response function
(response point 2, force point 4)

40.0

Real

|'| — |maginary

400 | | | | | | | | |
0O 100 200 300 400 500 &00 700 800 900 1C|D|3_

Frequency (Hz)

Fig. 34 Inverse frequency response function
(response point 4, force point 2)
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Fig. 5

peak

peak

Fig. 3

pesk

FRF

(35
. Fig. 4 1
peak (3.5 :
pesk . Fig. 4
, peak
peak
, , FRF
IFRF
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Force (N)

0.1

Force (N)

0.0

-0.1 -

0.2

) o "\&M,.-"'.uﬂ,l i S
|

L ,u'h .f"r |_ |

Real

—— Imaginary

100 200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Fig. 4.1 Edimated forces by IFRF method
(of point 1 under point 1 impact condition)

Real

—— Imaginary

-0.2
0

100 200 200 400 500 600 70O 800 900 1000

Frequency (Hz)

Fig. 4.2 Edimated forces by IFRF method
(of point 2 under point 1 impact condition)
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Force (N)

0.2

Force (N)

-0.2 -

-0.1

Real

—— Imaginary

100 200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Fig. 4.3 Edimated forces by IFRF method
(of point 3 under point 1 impact condition)

Real

—— Imaginary

200 300 400 500 600 700 800 900 1000
Frequency (Hz)

Fig. 4.4 Edimated forces by IFRF method
(of point 4 under point 1 impact condition)
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010 ¢

0.05

Force (N)

0.00

0.20 ¢

Force (N)

010 |

0.00

0

Actual

| | —— Estimated
I
| I

| l I l I l l l
100 200 300 400 500 600 700 B00 900 1000

Frequency (Hz)

Fig. 5.1 Comparison of edimaed and actual forces
(for point 1 under impact on point 1)

Actual

Estimated

| l I l l l
100 200 300 400 500 600 700 B00 900 1000

Frequency (Hz)

Fig. 52 Comparison of edimaed and actual forces
(for point 2 under impact on point 2)

- 21 -



0.20 ¢

Actual
|| Estimated
z ‘l
g o010} |
s | | |
L 'l,l Fll | “ |
= | | || | "‘-—...FJ_
h ||\‘“|ull I| |II \\ |'/’.‘
I || \
0.00 - 1 | l" | | |

0 100 200 300 400 500 800 700 800 900 1000
Frequency (Hz)

Fig. 5.3 Comparison of edimaed and actual forces
(for point 3 under impact on point 3)

0.40 ¢

Actual

| Estimated

|
0.00 - 1 l I I I I l l l
0 100 200 300 400 500 600 70O 800 900 1000

Frequency (Hz)

Fig. 54 Comparison of edimaed and actual forces
(for point 4 under impact on point 4)
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IFRF peak
black box
4.1
(2.10)
W ¢r ¢krFk
X (@)= Zajk(wm(w)- erzl (e Pt 128 e a) 4.9
9/(0)= wf- &+ i 250w (4.2)
$ir Pue F (@) SIS
Xj(a))‘ Zlﬁzl% k:zlr:zl¢1r g, (CU) ¢kr k(a)) (43)
4.3
_ S P
X = a)[dlag g ]q) F (44
X, F
o (moda matrix)
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Q= 1[d1 ¢ ... dul

4.4
F= (0 Y'[diagg,] @ 'X
, (non-gngular)
! , hon-singular
( )

$rM =0, ¢ K ¢s=0 for r+s )

F=(0 " [diagg 0 'Al(- &)
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(4.5)

(4.6)

(square matrix)

(4.6)

(4.7



42 2 Simulation

(4.7)
(multi-DOF sygem)
4212
Fig. 6 2 , Table 2
X3
I
X1
L
ki C,
S S S
Fig. 6 Model for 2 DOF smulation
Table 2. Characterigics of 2 DOF Mode
Mass m, =2 kg, m, = 1Kkg
Siffness k;, = 1N/m, k, = 1 N/m
Damping & = 0.0234, & = 0.0207
Neatura frequency w, = 0541 radls, w, = 1306 rad/s
: _r 0.5 0.5
Modal matrix 0= [0.707 . 0.707
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422 2 ()

Fig. 7 (accelerance) FRF
FRF
(reciproca theorem) .
Fig. 7 FRF (34)
(IFRF) Fig. 8 .3 IFRF
0
0 (zero-crossing), FRF
(receptance) ,
(dynamic giffness) Fig. 9 . 0

(apparent mass)

(249
(24 ,
K°(w) = (- @*M + iwC + K) (4.8
Table 2
DY — 2 _[2-26° -1
Re{K®}= (K- w*m)= [27 27 " 0 ] (4.9)
Fig. 9 ,
w=0
-1 . ,
FRF (@, @z ) w=1
0 . 49
, IFRF
zero crossing .
Fig. 8 . (249 A =- X
MA(w) = (M- iClw- Kla?) (4.10)
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AY i 2y - [2- 2l®  Ua?
Re{M*}= (M- K/a&?) o 1/a)2] (4.11)

. Fig. 8 (4.11)

(w—0) ., zero crossing
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Force 1, Response 1
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= |
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Force 2, Response 1
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ol
3
E
II
E 0 w’ ~17
C 1!
o I
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<
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3
c
o
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=
.20 ] ]
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Fig. 7 FRF(accelerance) of 2 DOF sydem
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i Force 1 by unit acc. of 1 6 .Furce 1 by unit acc. of 2

Real

—+—  Imaginary

Real
— Imaginary

A —

Apparent Mass (kg)
=]
™y
Apparent Mass (kg)

4
&=
[ ]

0.2 04 0.0 0.2 0.4
Frequency (Hz) Frequency (Hz)

i Force 2 by unit acc. of 1 = Force 2 by unit acc. of 2

Real

Real

—+—  Imaginary —— Imaginary

Apparent Mass (kg)
on
: : :
Apparent Mass (kg)
(=]

-10 | : ‘
0.0 0.2 0.4 0.0 0.2 0.4

Frequency (Hz) Frequency (Hz)

Fig. 8 Inverse FRF(gpparent mass) of 2 DOF sysem
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Dynamic Stiffness (N/m)

Dynamic Stiffness (N/m)

5 Force 1 by unit disp. of 1 2 Force 1 by unit disp. of 2

Real — Real
I —+—  Imaginary g | —+—  Imaginary
Py
L]
ik}
£ o
5]
L
£
L1 | -
==
()
-5 I -5 | | |
0.0 0.2 04 0.0 0.2 04
Frequency (Hz) Frequency (Hz)
i Force 2 by unit disp. of 1 7 Force 2 by unit disp. of 2
Real . Real
. —+—  Imaginary g L —— Imaginary
®
w
=
i3]
Q
E
| o |
. W)
a
5 1 : 5 I
0.0 0.2 0.4 0.0 0.2 0.4
Frequency (Hz) Frequency (Hz)

Fig. 9 Inverse FRF(dynamic diffness) of 2 DOF sysem
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423 2
(4.6)

Fig. 10

(4.7)

(4.7)

- 31 -

, Fig. 11



Response 1

200
Real

.,Nﬁ?, Imaginary
E
5 P
5 il
B L
1k}
38 L
<<

=200 - I 1 1 |

0.0 0.1 0.2 0.3 04
Frequency (Hz)
Response 2
400 P
Real

_‘NQ = —— Imaginary
E
5 A).k
E 0 == T pr———
© v o
QL
ik}
o
0 L
<<

400 | | | | | |

0.0 0.1 0.2 0.3 04

Frequency (Hz)

Fig. 10 Smulated responses of 2 DOF sygem by impact and sinusoidal
excitations on different points
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Estimated force 1
i ti efqre

—&—  Real
—=t—  Imaginary
z
o
L
100 ! l | l | J
0.0 0.1 0.2 0.3 0.4
Frequency (Hz)
Estimated force 2
3
Sﬂ+——++4—++++++-+++++++++
G
L
L —&S—  Real
—+—  Imaginary
220 | | ] ! |
0.0 0.1 0.2 0.3 0.4

Frequency (Hz)

Fig. 11 Edimated forces of 2 DOF sydem by the mixed regponses.
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4.3

Richardson

MESCOPE [4]
4.1
(fundamental mode)

damped sygem)

[3]
33

4
12 Hz

Retiona Fraction Polynomial

4 50 500 Hz

(system)

Table 3 . (lightly

Table 3 Modal parameter and mode shape vectors of teged model

Mode 1 2 3 4 5
Natural frequency 54 Hz 148 Hz | 300 Hz | 475 Hz | 725 Hz
Damping raio 26 % 11% 14 % 15 % 0.7 %
Mode vector 1 0.39 0.352 0251 0.245 0.337
Mode vector 2 0.0 -0.163 -0.198 -0.102 -0.063
Mode vector 3 -0.215 -0.228 0.063 0232 0261
Mode vector 4 -0.249 0.028 0217 -0.079 -0.310
Fig. 12 . Fig. 13
FRF FRF
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Accelerance (m/s2 / N)

Mode 1

+

—dik— Mode 2
_+_

- B

Mode 3

Fig. 12 Mode shagpes of the teted cantilever model

4.0

Fitted

=
o

40 L | | | 1
0 100 200 300 400

Frequency (Hz)

Fig. 13.1 Comparison of fitted FRF with measured one
(excitation and response of point 1, rea part)
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Accelerance (m/s2 /N)

Accelerance (m/s2 / N)

B.O
Measured

Fitted

4.0 |

) \ ) L— LY
0 100 200 300

Frequency (Hz)

Fig. 13.2 Comparison of fitted FRF with measured one
(excitation and response of point 1, imaginary part)

1.0
——  Measured

Fitted

10k | | | !
1] 100 200 300 400 500

Frequency (Hz)

Fig. 13.3 Comparison of fitted FRF with measured one
(excitation on 4 and regponse of point 3, real part)
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4.4

44.1
1 4.7
. 50 500 Hz Fig. 14
100 Hz
(narrow band) 004 N
order
(noise)
42 2 442
FRF(accelerance)
40 |
Real
—— Imaginary
z
S o — _—
o
O
L
-40 '
0 100 200 300 400 500

Frequency (Hz)

, 443

Fig. 14.1 Edimated excitaion for point 1 under actual excitaion of point 1
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100
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—— Imaginary
z
w
o 0 — e
o
(@]
L
-100 e :
0 100 200 300 400 500

Frequency (Hz)

rig. 142 Edimaed excitaion for point 2 under actua excitaion of point 1

4.0
Real
= Irnaginar:.r
g P
wi m ) ~
E‘:J G-U - ;I‘_F e ——— -\_-/lﬁl'\,, -"--f--- w -
O /
[T .’,f
| /
III
|
40 | | |
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Fig. 14.3 Edimated excitaion for point 3 under actual excitaion of point 1
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100

Real
Imaginary
z
L
o 0 - =
o
o
L
-100 ' '
0 100 200 300 400 500

Frequency (Hz)

Fig. 144 Edimated excitaion for point 4 under actual excitaion of point 1

442

Fig. 15

F=(0 )" [g(x)] @ 'AI(- &) (4.7
il (acceleration reponse, A )
Fig. 15.1 4
. pesk B, C, D, F pesk , A
E pesk . (Table 3 Fig. 12 )

2) (modal contribution, @ *A )

, Fig. 152
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B mode L C mode 2, D mode 3 , F pesk mode 4

A E pesk
3) (modal participation, [g.(w)]® 'A = ®'F &*)
(participation) * . Fig. 153
¢ (participation factor)
[5].)
p,=—2M1 (4.12)
¢ M g,
4) (unconverted force, (@ ")'[g.(w)]® ‘A = F &)
Fig. 154
Lo, 2 4 1
, 3 . A, E peak
5) (force, F= (@ Y'[g.(0)]® 'Ala*)
Fig. 155
Fig. 14
Fig. 16 2,3, 4
. Fig. 154
2
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Response (m/s2)

Contribution

0.40

— Point1
— Point 2

—+— Point3

BT <+ Point4

0 100 200 300 400 500
Frequency (Hz)

Fig. 15.1 Sepwise result (acceleration regponse)

0.80

0.40

0.00 1 .
0 100 200 200 400 500

Frequency (Hz)

Fig. 15.2 Sepwise result (modal contribution)
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Participation

Estimated Force

4E+6

Mode 1

Mode 2

_“+“_ Mode 3 E

A
2E+6

Frequency (Hz)

Fig. 15.3 Sepwise result (modal participation)

1E+8
— Point 1
——— Point2 E
—+—  Point 3

5E+7 -

0 100 200 300 400 500
Frequency (Hz)

Fig. 154 Sepwise result (unconverted force)
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Force (N)

Estimated Force

200 r

A
B _%n.
100 + -
D
0 g —
0 100 200 300
Frequency (Hz)

Point 1
Point 2
Point 3
Point 4

Fig. 15.5 Sepwise result (converted force)

1E+8

0 100 200
Frequency (Hz)

Fig. 16.1 Unconverted force under impact on point 2
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Point 1
Point 2
Point 3
Point 4

300



Estimated Force

Estimated Force

1E+8

0 100 200
Frequency (Hz)

Fig. 16.2 Unconverted force under impact on point 3

1E+8

Point 1
Point 2
Point 3
Point 4

300

Point 1
Point 2
Point 3

0 100 200

300

Frequency (Hz)

Fig. 16.3 Unconverted force under impact on point 4
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443

2
(apparent mass |IFRF)
2 simulation IFRF
(Fig. 8 )
IFRF
(4.7)
MY = (@) [g(0)] @ (- &) (4.13)
IFRF
Fig. 17 . 2 .
, 1000 Hz
Table 4
Table 4 Mass effect between points from apparent mass (kg)
Point 1 2 3 4
1 102 237 27 116
2 237 564 63 273
3 27 63 14 29
4 116 273 29 141
(over-egimation)
Fig. 17 IFRF Fig. 8 2

, Fig. 3 IFRF
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IFRF : acceleration 1, force 1

400

Real

- ——— Imaginary

—

Apparent Mass (kg)
=

-400 | | | | ]
0 100 200 300 400 500

Frequency (Hz)

Fig. 17.1 Cdculaed IFRF (apparent mass) for point 1

IFRF : acceleration 2, force 2
2000

Real

L — Imaginary

—

Apparent Mass (kg)
o
I

-2000 l l :
0 100 200 300 400 500

Frequency (Hz)

Fig. 172 Cadculaed IFRF (apparent mass) for point 2
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IFRF : acceleration 3, force 3

50

—

Real

Imaginary

Apparent Mass (kg)
=

50 - 1 1 1 |
0 100 200 300 400 500
Frequency (Hz)
Fig. 17.3 Cdculaed IFRF (apparent mass) for point 3
IFRF : acceleration 4, force 4
1000
Real
é” - — Imaginary
2]
W
©
% 0 g S
=
-
©
O
j=5 -
<L
-1000 ' ' '
0 100 200 300 400 500
Frequency (Hz)
Fig. 174 Cdculaed IFRF (apparent mass) for point 4
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