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A Study on the Bit Error Probability Evaluation of
Square M-QAM

Pu-Kyung Kang

Department of Control and Instrumentation Engineering, Graduate School
Pukyong National University

Abstract

The current communication systems require high speed services as
social progress is speedy. But because the frequency band available is
limited, it is necessary to improve the transmission capacity in limited
frequency bands. One of the solutions to this problem is multi-level
modulation scheme enabling high speed data transmission in limited
frequency bands.

One of the representative methods among multi-level modulation
scheme is QAM(quadrature amplitude modulation). In QAM, two
ASK(amplitude shift keying) 1is sent independently as one being
in-phase channel, and the other being quadrature channel. Because the
QAM method has information in amplitude as well as in phase, its
capacity is said to be worse owing to noising by several amplitude
changes.

There have been many efforts to obtain bit error probability about
square M-ary QAM signals, and approximate expression could be
obtained.

In this paper, general bit error probability equation of square M-ary
QAM under AWGN(additive white gaussian noise) is derived and
analyzed using @-function and Gray coded bit mapping.

Further, by using Monte Carlo simulation, are compared binary signal



order mapping with Gray coded bit mapping for signal constellation and
bit error probability of M-ary QAM signal according to SNR.

For objective judgement, by using block signal as a test signal
through demodulation of square M-ary QAM signal and MSE(mean
square error) according to SNR, the degree of information signal
damage due to noise was evaluated.

The outline of this paper can be seen as follows.

In Chapter 2, various modulation schemes are described briefly, and in
Chapter 3, the regularity of the inducing process is obtained from the
bit error probability equation of QAM when M is 16, 64, 256, and 1024.
From this, general BER expressions for arbitrary square M-ary QAM
signal and Gray coded bit mapping are discussed.

In Chapter 4, the bit error probability equation of Chapter 3 is
evaluated through Monte Carlo simulation for M-ary QAM signal under
AWGN channel.

Lastly, in Chapter 5, the conclusion have evaluated for BER of M-ary
QAM.
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A 27 7% Ax 7Y

21 B2AAZTWME

3~ 7 Z W2 (PAM : pulse amplitude modulation) = ol G2l AT E
aAsA FRACS WdE FE F2ge dFer AFH AR A% 9
A mREZel wEt 11 FEE WA Adzelt

a9 12 o4de Q¥ 47 ARAE (HE MED T o, 74 4
BAZ st WA FEIE wEE PAM A5 A4 FA 4.

sit) S ,(t)

o714, C¥x ©@3FA(unipolar) ZX=F
s(nT)Ee ARAZ s()d »iA B2, T z823 F7, w(t)E
Bange Jehiy, ke s(nT)7t € noll Hiskd g2y HAE



oA =2 a7 98 FFEA WEHZ=(amplitude sensitivity) g F=th
= k= TS uEstE ol

1+ k,s(nT)=0 (2)

PAMS PSK, PCM % QAME $1¥ FUHXE THO= @ol] ABETh

22 918Wol71 4

21413 0]7) 4 (PSK : phase shift keying)< OAE Az AREo]
2l wrgemie] A WA TIE Y=, 09l OxE NEE m/lY H
ez QaEg wolEdix M=2"/1e AZL=E B3A7l garAzuAS

P

MA PSK(M-ary phase shift keying)Z} 2t} 27, 4%, 87l

AA
PSK st A zade zhe sidoly] mEel HFE Fol o
o A womn A= (symbol error)7k $FFL W -

2.2.1 24 PSK(BPSK)

BPSK (binary phase shift keying)l 2%k
mat zhzhe] "ol TFitel 2F R AdE
= Aoy, & 2T

s(t) = Acos (2nf t+¢;)

= A a;cos2nf.t

(3)



A7\, Ax wEste] AZoln g,=zxlolth 2dx ¢ Ade 4
)}:}% L}'ﬂ"’ﬂ‘ﬂ, ¢1 - ¢2: _—"18000151’.

Aa; BPF |[—— Aa;cos2nft=+Acos2nft

cos2zf. t

Fig. 2. BPSK generator.
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29 3e PSK A& E/79E dehdth @714, o 7% A

7] Apolel EA e Folch

BPF LPF | 4q,
Aa;cos(2n f .t +6) vy(7)

cos(2z f .t +6)

Fig. 3. Synchronous detection of BPSK signal.
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v (t) = Aa; cos*(2nf.t+8)
(4)

——%Aa + %Aa cos2 (2m f.t+8)
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222 43 PSK(QPSK)

AHE-3+ QPSK(quadrature phase shift keying) W3
7y tolo}aWE 1Y 4o YERAT

= A= ¥
A -y ATl 9siN FujEn.

QPS?{ WMz7)e 48 dolg & 2
:/% cos (ot +7/4) .
d (1) 01| """"""""""" \lgo
E | I

s(t)=cos |@, t + 6(1)]

do(?)

7172— sin (w2 +7/4)
(b) Signal space for QPSK

(a) QPSK modulator
Fig. 4. Modulator and Signal space for QPSK

27 235 4% oy 4 {d)={dy, d}& - A3} Q- A2 £
sl 242h {d (1)}, {dq(H)}2 |, o3t 2ot
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)
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AehE 90°9) YAAE 2 2709 BPSKE A3 Hd Ax 2
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s(t) = \/—2 d (t)cos(27rf0t-|- 1 )+7L§dQ(f)sin(2ﬂfot'+_2r_)

= cos[2xfyt+ 6(¢)] ©)

A7 A, f BEae Falgoln d=cosd(t), dq=sinf(¢)el
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M7 AunREAZ BE F FEAE AWGN Addx Q-+
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Axe o) AALE 3, age] 252 @ AZ #xEY 3 HELS AdFs}E
T2 A2 9x st HED ta2u T3 AS s X 7F A Aol
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QAME ATE tidels dHolE HAE &Y F4E H3l 48] 53
Aol 2] eolg AsE Amst 29 Wl BAIATS AllwE
7}7t ASK(amplitude shift keying) ® 23 & F 25 & MM LT
sz £3A7E WEEo

2% 5 999l AW HFER(QAM) Y] Hx7]ott

cosat
I-signal
2-to-yM » LPF
CODSV/ePrtOI'
Data
—>» 2-to-yM —>| LPF
Q-signal

sin ax
Fig. 5. QAM modulator.



QAM A3z E o3 o] vEldTH
s(t)=U(t)cos2rnf.t — U o(¢t)sin2xf.t, 0<i<T, 7

ANA, U () Uq(t)e ZZh deolg Adel oair AsfA= AR
Azola, AT & T4 4
sty aElm fE 9rEn Fage, T AE HFEola, o|AE
T,=mT,l &3 vE 7283 #AE

m=log,M& A% @ vEES Yehz, U (1)} Uqg(t)s VM-
s Ay {+d, £3d, ..., T(YV M —1)}2 AsA wixgc}. o7]A,
2d= constellation point24, QH A& AE7HY H4A FEYE AHdE
e Y, de o5 @A o) AT

. 3m‘Eb 3
=\ 3(M=D (8)
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=
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3.2 16-QAM ¥ %+ BER

I 62 AW 16-QAM N5 9 X Tolt o)A, 7+ HELE 4-1)
E AB g2 £33, 43 LE 4 AR HE, ¢ ¢ F
=)

2 AR HES et



a9 69 B AE HE 4% Au AR vE g9 2R AAe o

Q = 0 then i;,q; =0
Q < 0 ©

then il,ql =1

Pb(1)=%[Q{\/T—SZ}+Q{3 A 10)

.
* * 3d - * *
1011 1001 0001 0011
IT
* * d L 4 *
1010 1000 0000 0010
- ! = |
-3d -d d 3d
* * -d+ * *
1110 1100 0100 0110
i I
* ¢ -3dy * L 4
1111 1101 0101 0111
3

Fig. 6. Square 16-QAM constellation.
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2en A A HES Ul AR NE 9 g8 AR AAE e
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if I,Q = 2d then i3,q5=1
if —2d < 1,Q < 2d them 3,9, =0 (11)
if —24 > 1,Q then 15,9, =1

kA, 59 g Eel 2R 2 FE2 Ued 2o

Pb(2)=—%[2Q{\/T—EZ}+Q{3\/‘—4?}—Q{5 1w

AN, y=ghe HE F AE O Feveln, §EAE AdE 4 ©

QU )e Q-8+ gew o Rojur).

o 2
Q(x)zﬁfx exp( Zu )a’u (13)
Agd oz, AWy 16-QAM 2o dgd A& P+ BERS 24 (10)
3 4 1204 Fold HE oF BF Awd oa FaAAN, G 2
P 15—qan = 5 [Py (1) + Py(2)] 14)

3.3 64-QAM 9 73 <$ BER

g 72 ade] #5g wig " ZUE 64-QAM A E 9 wjR ot
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if I, Q > 0 then il,ql =0 (15)
if ,Q < 0 thenm 1,,q; =1
Q
A
* > L 2 ¢ 7+ @ * L L 4

101111 101101 100101 100111 000111 000101 001101 001111

* . * ¢ 54 & L 4 * *
101110 | 101100 { 100100 ; 100110 | 000110 ; 000100 : 001100 : 001110

T
pu g

* L 4 * ¢ 3dr @ * * L4
101010 | 101000 | 100000 i 100010 | 000010 | 000000 | 001000 | 001010

L * L 4 ¢ d+ @ L L 4 L 4
101011 | 101001 | 100001 | 100011 | 000011 : 000001 i 001001 i 001011
*q a ~4a & ] 34 54 77 i1
® L 2 L 2 ¢ -d+ @& [ * L 2

111011 111001 110001 110011 010011 010001 011001 011011

* * * ®-3r @& * * 4
111610 ;| 111000 { 110000 ; 110010 | 010010 { 010000 : 011000 : 011010
JIF J& /-

Juny I
* L 4 * ®-5d+ & * * *

111110 111100 110100 110110 010110 010100 011100 011110

* * * *-7d+ @ * * L
111111 111101 110101 110111 ’ 010111 010101 011101 011111

Fig. 7. Square 64-QAM constellation.
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mEbA, ZH 4R A HA HEVE e/ 2 FELS eI 20

rao ~ 4ol F )+l

(16)

if I,Q = 4d then i5,q7 =1
if —4d < 1,Q < 4d then 1y,q, =0 amn
if —4d > 1,Q then is,q, =1

A71M, HFEFI= A de A @0 d8 d= \/ olth. watA, zt A

2ol % wA HEZ 057 B B8 e %E}.

P = 20l 2 ) +20fs) & )+ ofs) &)
o )b |- T

Zb AR A HA HEQ FA AR HE 59 A AR HE g9

(18)

A4 AAE 9S54 2o,
if LQ = 6d then i3 yds = 1
if 2d < 1,Q ( 6d then 3,93 =0
f =24 <€ 1,Q (< 2d then 13,495 =1 (19)
if —6d < 1,Q < —2d then 13,93 =0
if —6d > I, Q then i3 , 43 = 1

_13_



wela, ZF R A wa HEV 2 {7 € 25L& 2

o= Hl{F o F -5 )
20 2 ) +20fof ¥ |+ ouf &) @
- of13) 2 |]

gk A& Fd BERES 4 (16),

Aoz AWNE 64-QAM |
°oF #FE Ho 98 FIAAH, g 2

4 (18), 4 QoA FoiH
o},

P os—qam =S Py (1) + Py(2) + Py(3)] @1

3.4 256-QAM 9 7% BER

29 88 ade]l B3 vy @ AwWd 256-QAM A 59 HjA kot
A7NA, Z AR -BER B4 AR 4, 6, 73 49 AW HAE g
g5, g3, qq BIEZ o|Foixv 3 HEL 4,¢0q273¢3049,% 8 HIEE
T8

29 8olA 256-QAM Az 7 AR R WAl HEQ F4 4¥ v
E 7 Am 4R NE g9 24 FAE Bew 2o
if I, Q > 0 then z'l,ql =0 (22)
it 1.Q ¢ 0 then 14,q1=1

webd, 7H AR R WA vEV QRVE E FEL A (233 2o
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| . - - . I e 3 . - %4 . - . . 1 e - K3 . !
S S PN S I 1
1010 1010 1010 1010 | 1000 1000 1000 1000 |
1011 1001 0001 0011 0011 0001 1001 1011
I A | |
| ' ) )
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i 1010 1000 000 0010 ! oo10 0000 1000 130, | 1510 000 0ag0 00i0 ! 090 aago 10p0 100 !
| _ __ | ; |
T IT 1010 1010 010 | 1000 1000 1000 1000 0000 o010 0010 0010 000 |
| 1110 1100 0100 ol10 1 o110 0100 1100 110 110 1100 0100 0110 + 0110 o100 1100 "o
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. | | |
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- + I
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| 1 1 '
. . . - | 3 . . . . - . | . . - - |
t o110 110 110 1110 1100 1100 1100 1100 0100 0100 0100 0100 610 o110 0110 o110
% 110 11003 9100 0110__1__g310 2199 1109 1110, 119 1109 Q100 2001910 0100 1100 110
N U AEPURUS It B O
I 1110 1110 110 1110 ' 1100 1100 100 1100 0100 0100 0100 0100 ' @110 o110 0110 ot !
1010 1000 0000 0010 ‘ 0010 1000 1010 1010 1000 0000 0010 ‘ 0010 0000 1000 1010 I
I
| . - . « | e . . o-781 - . .« e . . .
1110 110 1110 110 | 1100 1100 1100 1100 0100 0100 0100 0100 | 0110 0110 (0] 0110 |
i_W‘_‘_ 3001 G 000%_ o011 ! Q011 0001 1091 10%1_ | 1091 Q01 i Do) Q011 | Qot1_ _ QOg1 . 1001 _ 1011
i v i
' L] . . ‘ . . . *-%d . . + * l . . * . !
111 111 111 111 110t 1101 1101 1101 0101 0101 0101 at01 | D111 0111 0111 0111 |
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, | | |
» - . « e . . ette} - . e . . .
11 111 119 111 1101 1101 1101 1101 0101 0101 0101 0101 0111 o111 0111 01
1019, 1000, 0910 ! 0010 1000, 1010 911 1000 Qo0 2010 ! 2010, 1000 1011 !
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- - - - - . . —13dt e - - - . . - -
Com 1n 111 11 101 1101 1101 1101 010 0101 0101 0101 0111 at11 o111 (3331
] 1110 1100 0100 o110, o110 0100 1100 110 110 1100 0100 0110, 0110 0100 1100 1o
e - - . I . - - o154 * * - . | . . - - |
1" 1 " 1t o0 10 1101 1101 101 0101 0101 0101 0101 1 0111 0111 (3131 o111 1
L G & 1)L M 1) NORN ' 5 & I JNNY 1 L& N /{1 B & [ v Yo _wen oo o1 | @ gt om0n ot |

Fig. 8 Square 256-QAM constellation.
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if I, Q = 8d then 22,49 =1
f -84 < 1,Q < 8d then i5,q,=0 (24)
if -8 > 1,Q then 15,95 =1

weEbA, ZH AR T A HET 9 FU © g8e 4 (25)9) 2}

A= [2of{ 57 )+ 20(s 52 ) + 205 B2
+20(1y - |+ ofs 5 )+ ofu/ F |

+ {13y 82 )+ {15 5 ) o1y &2}
&)

(25)

— Q{19 - ofz1y g |- ofosy B2 ]
A7, FEAE A2 d= A @A A9 a=| ALt

2 gRel A oA vEQ Bg 4R HE 9 Am g uE g9

24 BAe 9e3 2.

if I,Q = 6d then 23 ,q3 =1
if 2d < 1,Q < 6d then 23 g3 =0
if —-24d < 1,Q < 2d then 23 g3 =1 (26)
if —6d < 1,Q < —2d4 then l3 ,q3 =0
f —6d > 1,Q then 13,93 =1

whEbA, ZH JRe] A WA MEZF QF B g8 0oy 2o
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ol )+ s0fs E )+ s0fsi F

ol )-20(of E )-20[u )
safif B )-20{s(F )r 20 F) e
crafs B )+ ol E )+ ol B )

- dis(E)- ol )

upxjek v EQD ZF AR v fA 3 AR HE 49 An 4E ¥E

g9 A3 AAe 934 2o

Py(3)=

oo‘»—d

if LQ = 14d then i3,q3 =1
if 10d < 1,Q < 144 then i3,q; =0
if 6d < 1,Q < 10d then i3,q3 =1
if 2d < 1,Q < 6d then iy,q3 =0
if —2d < 1,Q < 2d then i3,q3 =1 (28)
if —10d < 1,Q < —6d then 13,93 =1
if —14d < 1,Q < —10d then i3,q3=0
if —14d > 1,Q then i3,q3 =1

webA, ZF AR Y WA HEZ SR/ 2 g5 U2 2ok

pun)= [sQf{ B2} +70f3) 82 |-70fs) )
—6Q7\/——85£ +6Q9\/:g‘ +50{11y ¢f |

-5Q{13y 37 }-40[15 8214407 7 (29)
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+30{19y F | - 30{21y ¢ }_ZQ{%\/?_:SZ}

+2Q{25\/%}+ Q{27 &7 }— Q{29 1 }]

AxHoz AWy 256-QAM 413 dist HF3I BERS 2 (23), 4
(25), & (27), 2gx 2 (29 FoiF oF FE Hd 3 I 2
o}

P ss—amu = +LPy (1) + Py(2) + Py(3) + Py()]  (30)

3.5 1024-QAM ¥4 7% BER

3 1024-QAM 259 A 14‘%31 A3 HHEOIE}. o 7]

™, g ABE 1)¢100203G371447595F TR B
=]

A 1A B4 AR vEG A% 4% vEY R WM vEE 00
(i, =0, =01, 2ele] 2& FH4gel o3, A DB 54

i] = 0, q, = ],0]1:]'

256 84 3 5%_‘0} A T
mebA, Zh el A AA, F oA, A iAo A, 9 iR HE
7b 257t 2 #8824 GD~4 (359 2.
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Fig. 10. Block diagram of Monte Carlo simulation for M-ary QAM.
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(c) SNR=15dB, BER=0.0000

Fig. 13. 16-QAM constellation for Monte Carlo simulation.
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Fig. 14. BER of square 16-QAM.
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Fig. 19. 1024-QAM constellation for Monte Carlo simulation.
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21. 4096-QAM constellation for Monte Carlo simulation.
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Fig. 22. BER of square 4096-QAM.
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Table 1. BER for square M-ary QAM.

M-QAM 16 64 256 1024 4096

SNR QAM QAM QAM QAM QAM
Theory| 0.140982 | 0.199841 | 0.254607 | 0.290937 | 0.316467

0dB Gray | 0.140400 | 0.199650 | 0.253837 | 0.291380 | 0.315083
Theory| 0.041893 | 0.100792 | 0.159345 | 0.214821 | 0.253276

5dB Gray | 0.041625 | 0.100624 | 0.146913 | 0.216347 | 0.248654
Theory| 0.001754 | 0.026533 | 0.078596 | 0.133457 | 0.186441
10dB Gray | 0.001475 | 0.026100 | 0.079025 | 0.133210 | 0.187292
Theory| 0.000 | 0.000772 | 0.019803 | 0.065738 | 0.116448

15dB Gray | 0.000 |0.000685 | 0.018994 | 0.064785 | 0.117645
Theory| 0.000 0.000 | 0.000505 | 0.016820 | 0.057959

20 dB Gray | 0.000 0.000 | 0.000500 | 0.017150 | 0.057483
Theory| 0.000 0.000 0.000 | 0.000450 | 0.015659

25dB ‘Gray | 0.000 0.000 0.000 | 0.000462 | 0.015384
Theory| 0.000 0.000 0.000 0.000 | 0.000497

30 dB Gray | 0.000 0.000 0.000 0.000 | 0.000458
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]
L d
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o
= 1E-3
2 —— 15-0AM : theory \ .\ N
= oo, o \Q \
[1T] —— 84-QAM - theory
1E-4 A B4-0AM : gray L \ \ ;
g A S4-QAN : order \ oA \o \
m @ zs-aamiorey \ A N
C 256-0AM: order \ \ x \
—— 1024-QAM : theory \ \& \ \
1E-5 || v o o \ \
—— 4096-QAM : theory \ \ \ \
4096-QAM : gray \ \
8 4096-QAM : order \ \ \ \
1E-6 1 1 AW AT N \ 1 L
0 5 10 15 20 25 30
SNR[dB]
Fig. 23. BER performance of square M-ary QAM

for Monte Carlo simulation.
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