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ABSTRACT 

 

 Full Waveform Inversion (FWI) is a key method in geophysics to estimate subsurface 

properties, particularly the elastic properties of the Earth, from seismic data. Over the past few 

decades, numerous advancements have been made in FWI methodologies, significantly 

improving its ability to model and interpret complex geological structures. Despite these 

advancements, FWI faces significant challenges due to the inherently ill-posed nature of 

inverse problems. This ill-posedness means that multiple subsurface models can produce the 

responses that satisfy the observations. To address these challenges, probabilistic approaches 

have been increasingly employed to quantify the uncertainties associated with FWI. 

Probabilistic FWI approaches are developed following the Bayesian method, in which the 

misfits between simulated responses of the layered half-spaces and the observations are 

minimized using the prior information. Due to the advantage of discretizing layered media 

based on the excited frequencies, solving FWI in the frequency domain can be more favorable 

compared to the time domain. For this purpose and to address the applicability of solving FWI 

of various types of layered half-spaces in the frequency domain, the following methods are 

proposed in this thesis. 

 In Chapter 2, an approach for frequency domain FWI utilizing an augmented 

formulation is developed, which is based on the principles of the Gauss-Newton method. In 

the conventional frequency domain FWI using the Gauss-Newton method, the linearization of 

the forward problem is required to obtain the gradient vector and Hessian matrix. The 

limitation of the conventional approach is the process of obtaining the inverse of the Hessian 

matrix, in which the computational cost is proportional to the number of material properties 
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to be estimated. By extending the observations to include its conjugate values, a more efficient 

augmented FWI can be formulated. It has been assumed in the previous FWI studies that the 

posterior covariance of estimated parameters is assumed as the inverse of Hessian matrix. The 

augmented formulation indicates, however, that the posterior covariance can not be 

approximated as the inverse matrix and presents an rigorous expression for the covariance. 

The accuracy of the proposed method is demonstrated by investigating the FWI of layered 

half-spaces. The soil profiles are represented by homogeneous and heterogeneous models to 

describe the wide range of realistic soil sites. The method is applied to solve from the 

simplified to the complex soil profiles. The accuracy and efficiency of FWI using the proposed 

method are confirmed. This confirmation provides promising insights into applications of 

augmented FWI for further studies of large-scale FWI. In Chapter 2, normal probability 

distributions are assumed for estimated parameters and satisfactory inversion can be obtained 

by the proposed approach. It must be verified even for FWI in which normal probability 

distributions cannot be assumed for estimated parameters. 

 In Chapter 3, a gradient-based Markov chain Monte Carlo (GMCMC) simulation 

will be considered to sample the actual posterior probability distribution of the FWI. The 

method uses the developed augmented FWI formulation in Chapter 4 to derive the proposal 

distribution of the sample to be drawn. By incorporating the information of the theoretical 

posterior mean and posterior covariance, an efficient sampling approach can be established. 

The actual posterior probability distributions of various frequency domain FWI problems are 

obtained using the GMCMC approach. The accuracy and efficiency of the GMCMC method 

are validated by comparing its results with those obtained from other approaches. By 

comparing the GMCMC method with the solution in Chapter 2, its superior performance in 

minimizing the objective function is confirmed. Additionally, by comparing it with the 

traditional MCMC method, the GMCMC method demonstrates greater efficiency in the 

sampling process. 

 Finally, Chapter 4 provides some conclusion remarks and discusses possible future 

studies based on this thesis.  
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CHAPTER 1: INTRODUCTION 
 

1.1 BACKGROUND 
 

An inverse problem is the process of estimating unknown parameters from a 

set of known observations and excitations. It involves the forward and backward 

algorithms to obtain the underlying parameters that produce those observations given 

the excitations. One example of employing inverse solutions is in addressing the 

system identification problems (Oskay and Zeghal, 2011). In this context, inverse 

solutions prove valuable for evaluating adverse changes in material properties that 

may lead to structural system failures. The inverse techniques are also usefully 

employed for geotechnical site investigations and they can be categorized into surface 

wave inversion (SWI) (Astaneh and Guddati, 2016) and Full Waveform Inversion 

(FWI) approaches (Lee and Lee, 2021; Lee et al., 2022). The main difference between 

the two methods is that the SWI approach minimizes the misfit of the dispersion 

curves, while the FWI method minimizes the misfit of dynamic responses. Among 

these methods, FWI has demonstrated its efficiency in capturing high-resolution soil 

profiles. The reviews of applications of inverse problems to estimate subsurface 

properties can be found in Virieux and Operto (2009). 

In FWI, the material properties are inverted using the dynamic responses of 

the soil models. Dynamic responses of the soil profile are reflected by the material 

properties. Depending on the characteristics of the soil model, a proper forward solver 

is selected to obtain those responses. When soil profiles are homogeneous in the 

horizontal direction, the Thin-Layer Method (TLM) has demonstrated both accuracy 

and efficiency in modeling layered structures (Kausel, 1974; Kausel, 1981; Kausel, 

1996). This method is a semi-discrete approach, providing an analytical solution in 

the horizontal direction. Compared to the finite element method (FEM), TLM offers 

a lower computational cost for the layered half-space model. The limitation of TLM 

is the applicability to the two-dimensional problem, where the soil models are 
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heterogeneous in the horizontal direction. In such cases, alternative approaches, such 

as the FEM approach, must be employed to accurately account for the complex 

variations in both dimensions. Therefore, selecting a proper forward solver that 

depends on the complexity of the soil model to obtain the dynamic responses is a 

crucial step in FWI. On the other hand, FWI can be performed in both time and 

frequency domains because the dynamic responses of a system can be analyzed in 

either of these domains. When the excitation is multi-frequency signals, time-domain 

FWI can track the entire waveform evolution which captures all frequency 

components simultaneously. In the case of single-frequency excitation, the 

frequency-domain FWI can be employed. In practice, solving FWI in the frequency 

domain is preferable because of the convenience of discretizing the media 

independently for different exciting frequencies. Selection of the FWI domain 

depends on the nature of excitation. 

In practice, every FWI problem is ill-possed due to several factors. Firstly, 

the solution of FWI is non-unique and non-stable. Different subsurface models can 

produce similar or even identical wavefield data, leading to ambiguities in the 

inversion results. This issue becomes particularly challenging when observations are 

limited or when the prior information is not provided adequately. Secondly, the 

recorded data to be considered as observations can be contaminated by the noise. 

Even small errors or uncertainties in the measurements can lead to large errors in the 

inversion results. Thirdly, the ill-posed nature arises from the limited data coverage. 

In most cases, the dynamic responses from seismic surveys are recorded at the surface 

to assess subsurface conditions. The techniques are preferred for their non-invasive 

nature, cost-effectiveness, and convenience of investigation. However, the solution 

of FWI is significantly affected by the location of the receivers, making it difficult to 

obtain accurate inversion for elements far away from the surface elevation. Lastly, 

FWI is inherently a non-linear optimization problem. Small changes in the model can 

lead to large changes in the predicted waveforms, making the inversion highly 

sensitive and difficult to solve without good initial conditions or strong regularization. 

Many studies have solved FWI in deterministic approaches (Kang and Kallivokas, 
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2011; Fathi et al., 2015; Fathi et al., 2016). An objective function that defines the 

misfit of the observations and simulated responses is proposed in the approaches. The 

optimal solution is then obtained by minimizing the objective function. Although 

optimal solutions can be found with excellent accuracy, the ill-posedness of FWI 

analysis can not be addressed by deterministic approaches. On the other hand, by 

considering the probabilistic approaches, the uncertainties of estimated parameters 

can be quantified to address the ill-posed nature of FWI. Instead of seeking a single 

best solution, probabilistic methods estimate a range of possible solutions and the 

uncertainties associated with them. Furthermore, uncertainties of soil properties are 

important for further technical engineering tasks (Hieu and Lee 2021). It is 

recommended in the ASCE 4-16 standard  (ASCE 2017) that site response analysis 

and soil-structure interaction should be evaluated in a probabilistic manner 

considering the statistical distribution of parameters such as material properties or 

layer thickness. Thus, employing probabilistic approaches to solve FWI demonstrates 

advantages over deterministic methods.  

 Probabilistic methods for FWI can be implemented based on the concept of 

the Bayesian framework (Tarantola, 2005). In which, a posterior distribution of 

material properties is estimated by incorporating the prior knowledge with observed 

data. There are some well-known approaches that utilize the Bayesian framework to 

study FWI analysis such as the Gauss-Newton method (Tarantola,1984); the Kalman 

filter and its variation (Smyth and Wu, 2007; Wu and Smyth, 2007; Chatzi and Smyth, 

2009; Astroza et al., 2019); Markov Chain Monte Carlo (MCMC) sampling and its 

variation (Robert and Casella, 1999; Ching and Chen; 2007; Cheung and Beck, 2009; 

Kruschke, 2014; Lee and Song, 2017). The posterior distribution of material 

properties may either follow the assumed Gaussian distribution, as in methods like 

the Gauss-Newton method and Kalman filters, or the actual distribution, as in MCMC 

simulation. The choice of probabilistic FWI method depends on the characteristics 

and complexity of each specific FWI problem. 

 Besides the difficulty of obtaining a converged solution, computational 

efficiency is another significant challenge in FWI studies, especially for large-scale 
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on the concept of the Gauu-Newton method which requires the inversion of the 

Hessian matrix. The computational cost of that matrix inversion is proportional to the 

number of material properties to be estimated. For large-scale FWI, the high number 

of material properties significantly impacts computational efficiency. The dynamic 

responses in the frequency domain are complex values. By introducing the conjugate 

values of dynamic responses into the observations, the augmented FWI formulation 

is proposed in Chapter 2. Rigorous derivations of obtaining the optimal solution and 

posterior covariance are presented. On the other hand, the FWI requires the forward 

solver to simulate the dynamic responses, which depends on the type of soil model. 

Chapter 2 considers different types of soil profiles, which can be homogeneous in the 

horizontal direction or heterogeneous in both directions. Various soil models which 

present a wide range of realistic soil sites are investigated. The accuracy of augmented 

FWI formulation is verified in this chapter. On the other hand, implementing the 

augmented FWI formulation significantly reduces computational costs compared to 

the conventional approach. The posterior distribution of material properties can be 

determined under the assumption that the material properties follow a Gaussian 

distribution. Based on the numerical results, discussions of the posterior distribution 

are also presented in this chapter. 

 Under the assumption of Gaussian distribution, the posterior distribution of 

material properties can be obtained theoretically in Chapter 2. However, because of 

the nonlinear forward solver, it is inherently that material properties can follow any 

non-Gaussian distribution. Accurately determining the actual distribution is essential 

for a more realistic FWI analysis. The actual posterior distribution can be obtained by 

sampling approaches such as Markov Chain Monte Carlo (MCMC) simulations. The 

most traditional algorithm of MCMC is the Random walk MCMC (RM-MCMC). In 

this method, a proposed candidate is sampled from a predefined proposal distribution. 

The newly generated candidate is compared with the previous solution based on a 

certain acceptance criterion such as the Metropolis-Hastings criterion. If a poorly 

defined proposal distribution is used, the RM-MCMC method requires a large number 

of samples to converge to the true posterior distribution. This can lead to inefficient 
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sampling. To enhance the performance of the sampling approach, Chapter 3 proposes 

a Gradient-based MCMC (GMCMC) method. In the approach, theoretical posterior 

mean and covariance by augmented FWI derived in Chapter 2 are employed. The 

GMCMC improves the performance of sampling by guiding the mean of the proposal 

toward the optimal solution. On the other hand, the proposal covariance of GMCMC 

is employed as the theoretical posterior distribution, which can approximate the true 

distribution of the material properties. By incorporating gradient-based information, 

GMCMC can more efficiently explore the posterior distribution, improving the 

performance of sampling. The proposed GMCM method will be demonstrated in 

Chapter 3. The accuracy and efficiency of the method are verified by comparing the 

numerical applications by GMCMC and those by the augmented FWI and the 

traditional RMCMC approaches. The posterior distribution obtained through 

GMCMC represents the actual distribution of the material properties. Therefore, 

further probabilistic geophysical analyses, such as seismic site response analysis or 

seismic hazard analysis, should take this true distribution into account to enhance the 

accuracy and reliability of the results. 

 Finally, Chapter 4 summarizes the contributions of this thesis and the 

possible future research topics for further development.
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originally developed for finite domains. If the infinite domains are not properly 

considered, the kinetic and strain energies are trapped in the finite domains, and 

inaccurate results can be obtained. Therefore, consistent transmitting boundaries 

(Tassoulas and Kausel, 1983), boundary elements (Beskos, 1987, 1997), infinite 

elements (Astley, 2000), high-order absorbing boundary conditions (ABCs) (Givoli, 

2004), perfectly matched layers (PMLs) (Pled and Desceliers, 2022), and perfectly 

matched discrete layers (PMDLs) (Savadatti and Guddati, 2012) have been developed 

to represent infinite domains accurately. System matrix ( )S �Z  in Eq. (2.1) includes 

contributions from both interior finite and exterior infinite domains in a half-space. 

A Bayesian approach to inverse problems can be used to determine the MAP 

estimates for parameters conditioned on observations with prior information on the 

parameters considered (Tarantola, 1987; Virieux and Operto, 2009): 

�� �� �� �� �� ��obs obsargmax | argmax |opt P P P
m m

m m d d m m�  �    (2.2) 

where m  and obsd  are the vectors of the model parameters (or material properties) 

and observations, respectively; �� ��P �˜  represents the probability distribution function. 

Although the model parameters are real-valued quantities in frequency-domain FWI, 

the observations are complex-valued Fourier transforms of real-valued observations 

from receivers. The observations and model parameters in Eq. (2.2) are assumed to 

follow Gaussian distributions. 

�� �� 1
D

2
obs obs

1| exp ( )
2

P ��

� § � ·�v �� ��� ¨ � ¸
� © � ¹C

d m g m d ,    (2.3a) 

�� �� 1
M

2

prior
1exp
2

P
��

� § � ·�v �� ��� ¨ � ¸
� © � ¹C

m m m ,    (2.3b) 

where priorm  and �� ���� ��M prior prior

T
EC m m m m� ª � º� �� ��� « � »� ¬ � ¼

 are the prior mean and 

covariance of the parameters, respectively, DC  is a Hermitian covariance matrix 

associated with complex observation noise that is circularly symmetric (Lapidoth, 

2009), and ( )g m  represents the wavefields extracted at the receiver locations from 

those calculated with the estimated parameters m  from the forward problem in Eq. 



-11- 
 

(2.1). In Eq. (2.3), T
A

x x Ax�  and H
A

z z Az�  are the weighted L2 norms for 

a general real-valued vector x  and a general complex-valued vector z  with respect 

to a general matrix A , respectively, where the superscript H denotes the conjugate 

transpose of a vector or a matrix. Based on the assumptions in Eq. (2.3), the optimal 

solution to Eq. (2.2) can be expressed as 

argmin ( )opt J
m

m m� ,      (2.4a) 

�� �� �� �� �� �� �� ��

1 1
D M

22
obs prior

1 1
obs D obs prior M prior

1 1( ) ( )
2 2

1 1( ) ( )
2 2

TH

J
C C

m g m d m m

g m d C g m d m m C m m

�� ��

� � � �

� �� �� ��

� �� �� �� �� ��
. 

(2.4b) 

The optimal solution must satisfy the following stationary condition for the objective 

function ( )J m : 

 at optm m� , 

 �� �� �� ��1 1
D obs M priorRe ( )HJ G C g m d C m m 0

m
� � � ��w

� ª � º� �� �� �� � � ¬ � ¼�w
,  (2.5a) 

 
priorm m

gG
m � 

�w
� 

�w
.       (2.5b) 

 The posterior mean  and covariance M  can then be obtained from the stationary 

condition in Eq. (2.5a). 

 �� ��1 1
prior D prior obs ,   (2.6a) 

�� ���� ��

�� �� �� ��
�� �� �� ��

�� �� �� ��

�� ��

M

1 1 1 1
D M D

1 1 1 *
D D

1 1 1 1
D M D

1 1
D

, (2.6b) 
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�� ��1 1
D MRe H TH G C G C H� � � �� �� � ,     (2.6c) 

where v  is a complex observation (or measurement) noise vector with covariance 

matrix DC  and is independent of m . In Eq. (2.6b), superscript * denotes the 

conjugate of a vector or matrix. The derivation of Eq. (2.6b) is presented in Appendix 

A. Eq. (2.6b) suggests that the posterior covariance M  cannot be approximated by 

the inverse of the Hessian H  in the conventional formulation for frequency-domain 

FWI. 

 

2.2.2 AUGMENTED FORMULATION 

 

The estimated response ( )g m  and the observation obsd  in Eq. (2.6a) are 

complex-valued quantities in a frequency-domain FWI. In this subsection, they are 

augmented with their conjugates for a Bayesian frequency-domain FWI as follows: 

*

( )
( )

( )
a g m

g m
g m

� ­ � ½
� � ® � ¾

� ¯ � ¿
,      (2.7a) 

obs
obs *

obs

a d
d

d
� ­ � ½

� � ® � ¾
� ¯ � ¿

.       (2.7b) 

This augmentation has been employed in a class of widely linear (augmented) 

complex-valued Kalman filters (Dini and Mandic, 2012). The MAP estimate of optm  

in Eq. (2.2) can be obtained from the following optimization problem: 

�� �� �� �� �� ��obs obsarg max | arg max |opt a aP P P
m m

m m d d m m�  �  ,  (2.8a) 

�� �� �� �� 1
D

2

obs obs
1| exp ( )
2 a

a a aP ��
� § � ·�v �� ��� ¨ � ¸
� © � ¹C

d m g m d ,   (2.8b) 

�� �� �� �� 1
M

2

prior
1exp
2 aP ��

� § � ·�v �� ��� ¨ � ¸
� © � ¹C

m m m ,    (2.8c) 

D
D *

D

a C 0
C

0 C
� ª � º

� � « � »
� ¬ � ¼

,      (2.8d) 



-13- 
 

M M
1
2

aC C� ,       (2.8e) 

where D
aC  and M

aC  are the covariance matrix for the augmented quantities. Because 

the observation noise v  is circularly symmetric, its pseudo-covariance and 

corresponding off-diagonal terms in D
aC  are zero (Lapidoth, 2009). The optimal 

solution for maximizing the posterior probability can be written as 

argmin ( )opt aJ
m

m m� ,      (2.9a) 

�� �� �� ��

�� �� �� �� �� ��

�� �� �� �� �� ��

11
MD

2 2

obs prior

1

obs D obs

1

prior M prior

1 1( ) ( )
2 2

1 ( ) ( )
2

1      
2

aa

a a a

Ha a a a a

T a

J ����

��

��

� �� �� ��

� �� ��
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The stationary condition for the optimal solution can be expressed as follows: 

at optm m� , 

�� �� �� �� �� �� �� �� �� ��1 1

D obs M prior( )
a Ha a a a aJ G C g m d C m m 0

m
� � � ��w

� �� �� �� � 
�w

, (2.10a) 
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.     (2.10b) 

When Eq. (2.10a) is compared with Eq. (2.5a), the Re  function does not appear in 

Eq. (2.10a). This disappearance makes the following derivation more tractable and 

similar to that of Bayesian FWI with real-valued functions than the conventional 

formulation. The posterior mean  and covariance M  are then obtained from the 

stationary condition of Eq. (2.10). 

�� �� �� �� �� �� �� ��1 1

prior D prior obs ,  (2.11a) 
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�� ���� ��

�� �� �� �� �� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ���� ��

M

1 1 1 1

D M D

1 1
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         (2.11b) 

�� �� �� �� �� �� �� ��1 1

D M

H Ta a a a a aH G C G C H
� � � �

� �� � .   (2.11c) 

The derivation of Eq. (2.11b) is provided in Appendix B. Eqs. (2.11a) and (2.11b) are 

identical to Eqs. (2.6a) and (2.6b), respectively, because of 2aH H�  and 

�� �� �� �� �� ��1 1
D D2Re

Ha a a HG C G G C G
�� ��� . The Bayesian approach for frequency-domain 

FWI can be considered using the augmented equations in Eq. (2.11). Eqs. (2.11a) and 

(2.11b) can be expressed as follows: 

 �� �� �� �� �� ��1

prior M prior obs ,   (2.12a) 

 
�� �� �� �� �� �� �� ��

�� �� �� �� �� �� �� ��

1 1

M M M M

1 1

M D M

, 

(2.12b) 

�� �� �� ��M

H Ha a a a a a
D� �� � K C G C G K .    (2.12c) 

It is evident from the definitions of Eqs. (2.11c) and (2.12c) that 

�� �� �� �� �� ��1

M

H Ha a a a a a
D

��
� G C K H C G  and �� �� �� �� �� �� �� �� �� ��1 1 1

M

H Ha a a a a a
D

�� �� ��
� H G C C G K . 

Eqs. (4.11a) and (4.11b) can then be written as Eqs. (2.12a) and (2.12b). 

Notably, the equation corresponding to Eqs. (2.12a) and (2.12b) cannot be 

derived for the conventional formulation in Section 2.2.1 because 

�� �� �� �� �� ��1 2 1 2Re Re Rez z z z�z  for complex numbers 1z  and 2z . The expressions in Eqs. 

(2.12a) and (2.12b) are more useful than the other expressions with respect to the 

numerical cost. Because of �� �� 1
nH �� , which is 1H ��  evaluated at the nth approximation 
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nm , in Eq. (2.6a) and �� �� 1a
nK

��
 in Eq. (2.12a), the computational complexity of FWI 

is affected by the cost of solving a system of linear equations Ax b� . Depending on 

the FWI approach, A  can be nH  as shown in Eq. (2.6a) for the conventional method 

and a
nK  in Eq. (2.12a) for the augmented FWI method. Typically, for the dense 

positive definite structures of nH  and a
nK , the Cholesky decomposition method is 

the most efficient implementation with a computational cost of approximately 

�� ��3 / 3O n  and �� ��34 / 3O n  for real and complex matrices, respectively, where n is the 

dimension of nH  or a
nK  (Press, 1992). Therefore, the augmented FWI effectively 

reduces the computational complexity of FWI problems when the number of 

measurements is smaller than 32% of the number of material properties. However, 

the accuracies of the two approaches are identical because of the equivalent objective 

functions in Eqs. (2.4b) and (2.9b).  

The estimated response ( )g m  is a nonlinear function of the parameter m . 

Therefore, an iterative method is employed for the inversion process to account for 

nonlinearity. It is assumed that the nth iteration is terminated to yield an approximate 

solution nm . The next (n+1)th approximation 1n��m  can be expressed as 

 �� �� �� �� �� ��1

1 prior M obs prior( )
Ha a a a a a

n n n n n n

��

��
� ª � º� �� �� �� ��� ¬ � ¼m m C G K g m d G m m , 

         (2.13a) 
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n D n n�  � �K C G C G ,     (2.13b) 
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.     (2.13c) 

The derivation of Eq. (2.13a) is provided in Appendix C. When the posterior mean 

 is determined after a sufficient number of iterations, the corresponding posterior 

covariance can be obtained using Eq. (2.12b). The nonlinearity in the estimated 
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 2 2 2�N �N �Z �N �N�ª �º �ª �º�� �� �� � �� �� � �¬ �¼ �¬ �¼A B G M U A B C U P ,  (2.14) 

where �N is the wavenumber; �Z is the frequency of excitation; and A, B, G, and M 

are system matrices (Kausel, 1981; Astaneh and Guddati, 2016; Mashayekh et al., 

2018; Lee and Lee, 2021b). Explicit expressions of A, B, G, and M are given in 

Appendix D. In Eq. (2.14), U  and P  are the harmonic displacement response and 

excitation, respectively. A harmonic disk load is placed on the surface ( 1z z� ). 

Therefore, the amplitude harmonic excitation of 
1z

P   is 2R q�S  where q  and R  are 

the intensity and radius of the disk load, amplitude of P is zero for other elevations. 

The solution for Eq. (2.14) can be obtained via the superposition of the eigenmodes 

from the following eigenvalue problems. 
2 2 2
l l l l l lA B G M A B C 0�N �N �Z �N �N�ª �º �ª �º�� �� �� � �� �� � �¬ �¼ �¬ �¼� I � I.  (2.15) 

Here, l�N and l�I  are the eigenvalues and eigenmode of the lth mode, respectively.  

When the layered half-space is represented by N thin layers, Eq. (2.15) yields 

2N Rayleigh wave modes and N Love wave modes. Then, using the Rayleigh wave 

modes, the steady-state of vertical displacement in the frequency domain  can be 

obtained: 
2 2

, 1
1

( , ) ( ) ( , )
N

z l z l
l

U r qR I r�Z �I �Z �Z
� 

� ª � º� � ¬ � ¼�¦ ,    (2.16a)  

 �� �� �� ��(2)
0 1 2

1( , )    for 0
2l l l

l l

I r J r H R r R
i R
�S

�Z �N �N
� N � N

� �� �d �d ,  (2.16b) 

 �� �� �� ��(2)
1 0( , )    for 

2l l l
l

I r J R H r r R
i
�S

�Z �N �N
�N

�  � !.   (2.16c) 

Here, q and R are the intensity and radius of the disk load, respectively; , 1( )l z� I � Z 

denotes the vertical component of the lth eigenvector at the first elevation; and 0J , 

1J , (2)
0H , and (2)

1H  are the zeroth- and first-order Bessel functions of the first kind 

and the zeroth- and first-order Hankel function of the second kind, respectively. The 

steady-state dynamic response is considered in Eqs. (2.16a) because the transient 
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In Eqs (2.17a) to (2.17c), , 1 /l z km�I� w � w and /l km�N� w � w are the derivative of the lth 

eigenvector at the surface and eigenvalue with respect to kth material properties. On 

the other hand, the eigenvector is normalized so that: 

�� ��1 2  for 1,2,...,2
2

T
l l l l l N� N � N�� � � A B� I � I   (2.18) 

The following relations can be obtained from Eqs (2.15) and (2.18): 

�� �� �� ��2 22l l
l l l l l l l

k k k k km m m m m
�N

�N �N �N �N �N
�w � § � ·�w �w �w �w

�� �� �� �� � �� �� ��� ¨ � ¸
�w �w �w �w �w� © � ¹

A B CA B C A B
�I

� I � I, 

        (2.19a) 
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�� �� �� � �� ��� ¨ � ¸
�w �w �w �w� © � ¹

A BA B A
�I

�I �I �I �I �I . 

        (2.19b) 

Then, the derivatives /l km�I� w � w and /l km�N� w � w can be obtained by: 
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.   (2.20) 

Because the interested responses are the displacement at the surface, , 1 /l z km�I� w � w are 

obtained from /l km�I� w � w by a vector W which has a unit value at the element that 

presents the surface elevation and zero value at the other elements. 

, 1 ll z T

k km m
�I �w�w

� 
� w � w

W
�I

      (2.21) 

The formulations of steady-state vertical displacement responses and their 

derivatives have been derived.  The steady-state vertical displacement responses can 

be considered as observations to estimate the material properties in FWI problems.  
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between two successive layers are assumed to be zero. The observations and 

simulated measurement vectors are: 

�� �� �� �� �� ��
*

1 1

T
a
obs true true nmatrld U m U m 0 � � � u

� ª � º� � ¬ � ¼   (2.22a) 

�� �� �� �� �� ��
*

, 1 1

T
a
cal k k k nmatrlmd U m U m � � � u

� ª � º�  � '� ¬ � ¼   (2.22b) 

where , 1i i im m m���' � �� is the difference in material properties between i+1 and ith 

layers. Then, the covariance matrix in Eq. (2.8d) is extended to include the 

regularization term: 

D
*

D D
a

m

C
C C

C�'

� ª � º
� « � »� � « � »
� « � »� ¬ � ¼

      (2.23). 

To easily tune inversion parameters, vectors of observations and material properties 

are normalized. The maximum magnitude of observations is 1 and the values of 

unknown material properties are considered as 1% of the shear-wave velocities. In 

this example, covariance matrices of observations and material properties for FWI 

are diagonal. In which, the covariance of normalized vertical displacement is 20.05 ; 

covariances of regularization terms are 0.00125, 0.00625, 0.00625,  for Models 1 to 

3; the covariances of normalized material properties are 20.6 for all elements.  

When the initial guess is far from the true minimum, the Gauss-Newton 

update step might be too large, causing the algorithm to overshoot the solution, the 

solution might diverge. In that case, A scale factor 0 1�D� � � dcan be considered in Eq. 

(2.13a) to control the magnitude of the update, preventing instability: 

�� ��

�� �� �� �� �� ���� ��
1 prior

1

M cal, obs prior

1

          

n n

Ha a a a a a
n n n n n

� D � D

�D

��

��

� �� ��

�� �� �� ��

m m m

C G K d d G m m
 (2.24) 

A scale factor of 0.3�D�  is used for all models. The linearly increasing guess 

is assumed as the prior mean for all soil models.  

To quantify the accuracy of the algorithms, the relative error E of the shear-

wave velocities is utilized. 
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In this equation, target
km  and km  are correspondingly the true and estimated material 

properties. The relative error of the inversion is presented in Table 2.2. The inversion 

profiles are compared with the targets and prior guesses in Figure 2.2. It can be 

observed that an inverted profile can capture the unknown shear-wave velocities with 

good accuracy for all cases. The mismatches in the inverted material properties are 

minor near surface elements but increase in the underlying half-space. At the layer 

interfaces, the misfit becomes clear due to the smoothing effects of the regularization 

term. The posterior covariance matrices are shown in Figure 2.3. It can be observed 

that the covariance increases with the depth of the elements. Since the sensors are 

positioned on the surface, the recorded signals are primarily influenced by the 

topmost elements. As a result, the inversion of surface elements yields the highest 

accuracy and the lowest standard deviation. 

 

Table 2.2: Relative errors of inverted of the homogeneous soil models. 

 

Profiles Relative error (%) 

Various layered half-
spaces 

Model 1 8.47 
Model 2 8.76 
Model 3 15.86 

Pavement  7.51 

Real-site Without noise 7.25 
With noise 7.04 
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Figure 2.2: Comparison of inverse, initial guess, and target profiles of various 

layered half-spaces. 
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Figure 2.3: Comparison of prior and posterior covariances of various layered half-

spaces. 

 

2.3.3 PAVEMENT SYSTEM 

 

In this example, a system of pavement that has a very stiff layer at the top 

will be considered to estimate the shear-wave velocities. The layered structure of the 

pavement system is given in Table 2.3. The system includes 44 thin layers: 40 regular 

layers, each 0.05 m thick, and 4 PMDLs at the bottom to model seismic wave 

radiation. 41 unknown shear-wave velocities are estimated using the vertical dynamic 
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Figure 2.4: Inverted, target, and prior guess of the pavement system. 

 

 
 

Figure 2.5: Comparison of prior and posterior covariances of the pavement system. 
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The inverted profiles of two cases of no noise and noise are shown in Figure 

2.6. The relative errors of the inverted profiles are 7.25 and 7.04 % corresponding to 

cases of noise-free and noise, respectively. Although the noises are added to the 

observations, the relative error is reduced for this example. It can be interpreted by 

the assumption of prior distribution and the effect of regularization. In that case, the 

target profile can not be the optimal solution that minimizes the objective function. 

On the other hand, when the noise is added to the observations, the ensemble effect 

can affect the accuracy of the solution, which reduces the relative error of the solution 

in this example. The posterior distributions can be quantified by the achieved 

posterior covariances which are shown in Figure 2.7. As agreed with the posterior 

covariance matrices of previous examples, the distribution of elements near the 

surface exhibits lower values of covariance compared with the bottom elements. The 

comparisons of synthesized and estimated responses for the case of noise are 

presented in Figure 2.8. The proposed method demonstrates its ability to generate 

high-quality responses that align closely with the observed data. This strong 

correlation between the method's output and the observations suggests its 

effectiveness and reliability in addressing the FWI problems.  
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Figure 2.6: Comparison of the target profile, the prior guess, and the inverted 

profiles without noise and with noise for real-world data FWI. 

 

 



-30- 
 

 
Figure 2.7: Prior and posterior covariances of real-world data FWI for cases without 

noise and with noise. 
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Figure 2.8: Comparison of synthesized and estimated responses of real-world data FWI for cases of noise. 
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2.4 APPLICATIONS TO BAYESIAN FWI IN LAYERED HALF-

SPACES WITH HETEROGENEOUS MATERIAL 

PROPERTIES 
 

2.4.1 DYNAMIC RESPONSE OF LAYER MEDIA USING THE FINITE 

ELEMENT METHOD 

 

When applied in real-world scenarios, FWI faces significant challenges 

stemming from the inherent complexities of subsurface characteristics. These 

complexities often include the presence of faults, abrupt changes in material 

properties, geological inclusions, and varying lithologies. These complex 

characteristics are critical to accurately modeling seismic wave propagation and 

interpreting the resulting data, as they can significantly influence the dynamics of 

wave movement through different materials. In the previous section, the application 

of FWI was illustrated using simplified layered half-space soil models, which 

assumed homogeneity in the horizontal direction. While this approach can provide 

valuable insights into seismic wave behavior, it may not fully represent the diverse 

and intricate nature of actual geological formations. To enhance the effectiveness and 

applicability of FWI in real-world scenarios, it is essential to adapt the technique to 

accommodate high-resolution soil profiles that accurately depict the complex 

material properties of the subsurface. When the soil profiles are layered structures, 

the TLM can be utilized to obtain dynamic responses because of its efficiency. 

However, if the soil models are non-homogeneous in the horizontal direction, the 

FEM approach becomes a popular choice as the forward solver. FEM is well-suited 

to handling the intricacies of non-homogeneous media because it can model 

variations in material properties both horizontally and vertically, providing greater 

flexibility in accommodating the real-world complex FWI. The basic equations to 

obtain dynamic response using the FEM concept are presented in this section. 

To consider energy radiation to infinity, the PMDL elements are assigned to the 
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(b) Model 2: Layered half-space with soft layer sandwiched between stiff layers. 

 
(c) Model 3: Layered half-space with a sandwiched soft layer and inclusion. 

Figure 2.9: Heterogeneous layered half-spaces (continued). 



 
36 

 

In these examples, 33 shots of harmonic vertical point forces are applied evenly 

at the locations of 0.24 km, 0.225 km, ,  0.24 kmx � �� �� ��  on the surface. 

Fifteen groups of exciting frequencies are considered in these examples. The first 

group includes the frequencies of 1 and 2 Hz, the second group those of 3 and 4 Hz, 

and the other groups those up to 30 Hz successively. The forward problems of elastic-

wave propagation are solved by the finite-element method. The resulting responses 

are recorded at 17 locations of 0.24 km, 0.21 km,  ,  0.24 kmx � �� ��  on the 

surface. The displacements are normalized with the largest responses from the target 

profiles. 

The FWI problems are solved with two initial profiles: a profile with linearly 

increasing shear-wave velocities with depth and a smoothed profile by applying a 

Gaussian filter to the target profile. The covariance matrices MC  and DC  are 

assumed to be diagonal. The prior standard deviations of the shear-wave velocities 

are assumed to have a uniform coefficient of variation (CV) of 10%. The standard 

deviation of normalized observations is assumed to be 0.2%. 

The Bayesian frequency-domain FWI is performed to estimate the shear-wave 

velocities of the considered half-spaces. The iteration in Eq. (2.13a) is terminated 

when the maximum difference of parameters is less than 0.001, i.e., 

1, ,max 0.001n i n ii
m m�� � � � � where 1,n im ��  is the estimated shear-wave velocity for the ith 

element after the (n+1)th iteration.  

Figures 2.10 and 2.11 present the means and CVs of prior and posterior shear-

wave velocities for three layered half-spaces, respectively. It can be observed that the 

Bayesian approach for frequency-domain FWI can successfully estimate the shear-

wave velocities. The posterior CVs are influenced by the complexity of considered 

domains although the prior CVs are assumed uniform to be 10%. The examples 

demonstrate the effects of model complexity on the uncertainty in the results of FWI. 

The evolution of the relative errors 1nE ��  is shown in Figure 2.12. When the linearly 

increasing prior shear-wave velocities are employed, the relative errors 1nE ��  after the 

final iterations are 1.66%, 2.27%, and 3.20% for Models 1, 2, and 3, respectively. The 
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Figure 2.10: Means of prior and posterior shear-wave velocities for the examples of heterogeneous layered half-spaces.
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Figure 2.11: Coefficients of variation of prior and posterior shear-wave velocities 

for the example of heterogeneous layered half-spaces. 
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Figure 2.12: Evolution of relative errors 1nE ��  for the examples of heterogeneous 

layered half-spaces. 
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Figure 2.13: Profiles of inverted shear-wave velocities for the examples of 

heterogeneous layered half-spaces. 
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(a) At x = 0 

Figure 2.14: Prior and posterior PDFs of shear-wave velocities for the example of 

heterogeneous layered half-spaces.  
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and standard deviation of the estimated parameters can be utilized in a variety of 

probabilistic engineering problems. For example, a probabilistic analysis of site 

responses and/or soil-structure interaction can be performed using the estimated 

material properties of a soil site (ASCE, 2017). 
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Figure 2.16: Means of prior and posterior shear-wave velocities for the Marmousi benchmark model. 
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Figure 2.17: Coefficients of variation of prior and posterior shear-wave velocities for the Marmousi benchmark model. 
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Figure 2.18: Evolution of relative errors 1nE ��  for the Marmousi benchmark model. 

 

 

 
 

Figure 2.19: Profiles of inverted shear-wave velocities for the Marmousi benchmark 

model. 
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Figure 2.20: Prior and posterior PDFs of shear-wave velocities for the Marmousi 

benchmark model. 

 

2.4.4 COMPUTATIONAL COST 

 

The accuracy of the augmented FWI formulation was validated in the previous 

sections. The inversions of the conventional approach are not presented because they 
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are identical to the augmented FWI formulation, as interpreted by the equivalent 

objective function between the two methods. However, the computational costs differ 

significantly and are demonstrated in this section. 

As described in Section 2.2.2, in Eqs. (2.6a) and (2.11a), the most time-

consuming time calculations are the process of solving the linear system Ax b� for 

large-scale FWI problems. Using the Cholesky decomposition algorithm and 

denoting the number of material properties to be estimated as mn and the number of 

observations as on , the computational complexity of solving the linear system is 

�� ��3 / 3mO n  and �� ��34 / 3oO n  for the conventional and proposed approaches, 

respectively. For the applications of various layered half-spaces in Section 2.4.2,  the 

number of measurements considered is 1,122, whereas the number of material 

properties to be estimated is 10,000. On the other hand, the Marmousi model in 

Section 2.4.3 has 19,355 material parameters to be estimated using 5,184 

measurements on a half-space surface. The calculations were performed using an 

Intel(R) Xeon(R) Gold 6448Y processor. The comparison of the performance of the 

two methods is presented in Table 2.6. 

 

Table 2.6: Comparison of computational time for solving a system of linear 

equations between conventional and augmented FWI formulations. 

 

Model Number of 
unknowns 

Number of 
observations 

Computation time for solving a 
system of linear equations (s) 

Conventional 
FWI 

Augmented 
FWI 

1,2,3 10,000 1,122 0.68 0.02 
The Marmousi 

benchmark 19,355 5,184 2.76 0.77 

 

The comparison in Table 2.6 demonstrates that the augmented FWI method is 

more efficient than the conventional methods in terms of computational complexity. 

The advantage of the proposed method becomes even more significant when 

increasing the size of the soil model, such as soil models with higher-resolution 



 
52 

 

material properties in two dimensions or soil models in three-dimensional. 

Theoretically, it can be concluded that the computational cost can be reduced 

significantly using augmented FWI formulation if the number of measurements is 

smaller than 32% of the number of material properties. 

 

2.5 CONCLUSION AND DISCUSSION 
 

In this section, the rigorous augmented formulation of FWI in the frequency 

domain has been derived. By expanding the conjugate complex responses into the 

observation, another formulation of FWI was established in this study. The approach 

was applied to various layered half-space models with different levels of complexity 

to verify the accuracy of the augmented FWI formulation. The accuracy of the 

augmented FWI has been proven by successfully capturing the target profile with 

satisfying accuracy. By assuming that material properties follow Gaussian 

distribution, the formulation of the covariance matrix was derived. It was shown that 

the covariance matrix is different from the Hessian matrix, which is usually employed 

in other frequency-domain FWI studies. The posterior distribution obtained by this 

method has valuable insight into other probabilistic evaluations of geophysical 

engineering such as seismic hazard or site response analysis. 

The proposed approach was applied to estimate shear-wave velocities of 

different types of soil models. For the simplified problem, the material properties are 

assumed to be homogeneous in the horizontal. The dynamic responses can be 

simulated using the concept of TLM. On the other hand, for the heterogeneous 

material properties, the dynamic responses can be obtained using the concept of FEM. 

The numerical examples considered various types of soil profiles that present for wide 

range of realistic soil media. The inverse profiles could capture the target soil model 

for all cases in this study. Additionally, the posterior distribution could be obtained. 

Numerical results indicated that the posterior distribution is influenced by the location 

of the elements and the complexity of the soil profile. For elements located near the 

receivers, the estimated material properties were associated with a lower level of 
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uncertainty compared to elements located farther away. At the same elevation, 

elements with higher material property values exhibit a higher level of uncertainty. 

In augmented FWI formulation, the posterior distribution is assumed to be 

Gaussian-distributed. However, the forward model to obtain the dynamic response, 

which was the TLM in this study, is nonlinear. The actual posterior distribution 

therefore is non-Gaussian. Obtaining the true posterior distribution requires other 

sampling methods such as Markov Chain Monte Carlo (MCMC) simulation. 

Augmented FWI formulation can be used to improve the performance of the MCMC 

method. The application will be presented in Chapter 3. 
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posterior distribution follows the Gaussian distribution. However, it is not true to 

constrain Gaussian distribution for material properties in all cases because inherently 

material properties can follow any distribution. Therefore, it is beneficial to solve the 

frequency-domain FWI with different algorithms that can describe the actual 

posterior distribution. 

The true posterior distribution can be obtained by the Markov Chain Monte 

Carlo (MCMC) method. In the original MCMC (Metropolis et al., 1953), candidates 

are generated from a symmetric proposal distribution, the method is referred to as the 

random walk Metropolis MCMC (RM-MCMC). Subsequently, the decision to accept 

or reject the candidate is made by evaluating the acceptance ratio. Another well-

known version of MCMC is the Metropolis-Hastings method, in which the proposal 

is revised to be non-symmetric (Hastings, 1970). The efficiency of the algorithm 

depends on the selection of proposal distributions. If a poor proposal is defined, the 

MCMC method requires many samples to converge to the true posterior distribution. 

To improve the performance of the MCMC approach, several sampling techniques 

have been developed such as the Gibb sampling algorithm (Ching et al., 2006), 

transitional MCMC (Ching and Chen, 2007; Lee and Song, 2017), and Hamiltonian 

MCMC (Cheung and Beck, 2009). In addition to the mentioned methods, a hybrid 

approach called Gradient MCMC (GMCMC) (Zhao and Sen, 2019; Fang et al., 2014) 

has been introduced for FWI. The GMCMC method uses gradient information from 

a target objective function to improve the efficiency of sampling. By guiding 

proposals in the direction of increasing a posterior probability density function, the 

method enables the faster convergence of a probability distribution. The selection of 

a covariance matrix for the proposal is as crucial in the GMCMC method as in RM-

MCMC. The studies of GMCMC in (Zhao and Sen, 2019; Fang et al., 2014) 

employed the inverse of a Hessian matrix as the covariance matrix. However, it has 

been shown in Chapter 2 that the actual posterior covariance matrix is different from 

the inverse of the Hessian matrix in the frequency domain FWI.  Therefore, a rigorous 

formulation of GMCMC should be derived. 
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This study solves the FWI problems in the frequency domain using the 

GMCMC method. The augmented formulation of an objective function, which was 

demonstrated to be accurate and efficient in Chapter 2, will be considered. Elastic soil 

medium subjected to vertical excitation on the surface will be investigated. Dynamic 

responses are obtained by the thin-layer method (TLM), which has demonstrated its 

effectiveness in modeling wave propagation in layered media (Kausel, 1974; Kausel, 

1981, Kausel, 1996). Those simulated responses are compared with observations 

recorded by sensors located on the surface. The study will assess the efficiency and 

accuracy of the GMCMC approach by applying it to several test cases, particularly 

focusing on its ability to estimate shear-wave velocities in layered half-spaces. By 

examining these examples, the performance of GMCMC in capturing the posterior 

distribution of material properties will be thoroughly evaluated, providing insight into 

its applicability for geotechnical and seismic analysis. 

 

3.2. METHODOLOGY 
 

3.2.1 BAYESIAN INFERENCE WITH AN AUGMENTED FORMULATION 

 

For the convenience of deriving the GMCMC formulation, the augmented 

FWI formulation will be summarized in this section. In the framework of Bayesian 

inference, uncertainties can be explored by examining the posterior distribution. In 

the frequency-domain FWI, the observations obsd  and simulated responses 

�� ��cald g m�  and are complex-valued variables, m is the vector of material properties 

to be estimated, �� ��.g  is the forward solver to calculate the wave fied from the 

estimated material properties. Alternatively, the augmented complex formulation 

method can be employed for FWI problems. The advantage of using augmented 

formulation is the improvement of computational cost for large-scale FWI problems 

in which the number of measurements is significantly smaller than the number of 

unknowns. The vectors of augmented simulated responses and observations become 
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where priorm  and MC  are the prior mean and covariance for the estimated parameter; 

DC  is the covariance for the observation; the superscript H means the Hermitian 

operator for a complex vector or matrix. Finding an optimal solution that maximizes 

the posterior distribution in Eq. (3.1a) is equivalent to minimizing the objective 

function �� ��aJ m . When the nth approximation nm  is available, the (n+1)th solution 

1nm ��  has been derived as follows: 
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where �D is a step-length to adjust a iterative interval and 0 1�D� � � �. Under the 

assumption of Gaussian distribution, the posterior covariance MC  for the estimated 

parameter is given as 

�� �� �� �� �� ��M M D2
T Ha a a a a a a aC I F G C I F G F C F� �� �� �� ,  (3.3a). 

where �� �� �� �� 1

M

Ha a a aF C G K
��

�       (3.3b)  

 

3.2.2 GRADIENT-BASED MARKOV CHAIN MONTE CARLO APPROACH 

 

The Bayesian inference in Section 3.2.1 assumes posterior Gaussian 

distributions for the parameters to be estimated. The posterior mean and covariance 

are determined as Eqs. (3.2a) and (3.3a), respectively. If the forward solver is 

nonlinear, the projection of random variables through the forward process can result 

in non-Gaussian distributions for the estimated parameters. Acquiring the non-

Gaussian posterior distributions involves employing methodologies that can consider 

general non-Gaussian probability distributions.  

RM-MCMC can be a solution to the Bayesian inference with non-Gaussian 

probabilistic distributions. In the RM-MCMC method, a candidate is drawn from a 

proposal distribution �� ��2,nN mm C�E  such as: 

�� ��1/2
' n mm m C r�E�  � � ,      (3.4), 

where �� ��~ ,Nr 0 I . The candidate is then examined to be accepted or rejected by 

using the acceptance ratio: 
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The algorithm of the RM-MCMC method is presented in Table 3.1. It is important to 

note that while RM-MCMC has some advantages in terms of simplicity, it may not 

be the most efficient method, especially in cases where the number of unknowns is 
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large. In such cases, RM-MCMC exhibits a low probability of accepting a candidate 

and requires a large number of samples to be generated. 

 

 

Table 3.1: Algorithm of RM-MCMC method. 

  

Initialize the material properties 0m , define the covariance of the proposal mC  and the 
coefficient �E 
for 1,2,...,n N�  

Draw a candidate: �� ��1/2
' n �E�  � �mm m C r  

Compute the acceptance ratio �� ��
�� ��
�� ��

obs

obs

' |
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n a
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Draw a random number �> �@�� ��~ 0,1u �P  

If  �� ��, 'nu �J�� m m , accept the candidate, 1 'n�� � m m  

If  �� ��, 'nu �J�t m m , reject the candidate, 1n n�� � m m  
end for 

 

In this study, the GMCMC method incorporates the Gauss-Newton solution 

in Eqs. (3.2a) and (3.3a) to improve the efficiency of sampling. The candidate is 

drawn as: 
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  (3.6), 

where �Önm  is the mean of the proposal, M
nm

C  is the theoretical posterior distribution 

evaluated at nm  as in Eq. (3.3a), �� ��~ ,Nr 0 I . The candidate proposed by Eq. (3.6) 

follows the normal distribution  �� ��2
M�Ö,

n
nN

m
m C�E . Compared to the proposal from 

Eq. (3.4), the candidate generated by Eq. (3.6) has a mean that is closer to the posterior 
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mean, resulting in higher sampling efficiency. The proposal distribution can be 

formulated: 
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(3.7). 

The acceptance ratio of GMCMC by the Metropolis-Hasting criterion is: 
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The algorithm of the GMCMC method is given in Table 3.2. There are two variants 

of GMCMC methods have been introduced to solve the FWI (Zhao and Sen, 2019; 

Fang et al., 2014). The mentioned studies have different implantation compared with 

the method proposed in this study. In Zhao and Sen (2019), the candidate is drawn 

using the diagonal of the Hessian matrix. In Fang et al., (2014), the Hessian matrix is 

obtained using the local 1-BFGS method. On the other hand, the two previous 

methods used the inverse of the Hessian matrix as the posterior covariance. It has 

been mathematically derived that the posterior covariance is different from the 

inverse Hessian matrix in Chapter 2. Therefore, using the GMCMC method that 

employs Eq. (3.6) is more rigorous than previous proposed GMCMC approaches. 

 

Table 3.2: Algorithm of GMCMC method. 

 

Initialize the material properties 0m , define the coefficients �D and �E 
for 1,2,...,n N�  

Draw a candidate: �� ��1/2

M�Ö'
n

n �E�  � �
m

m m C r  

Compute the acceptance ratio �� ��
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Draw a random number �> �@�� ��~ 0,1u �P  

If  �� ��, 'nu �J�� m m , accept the candidate, 1 'n�� � m m  

If  �� ��, 'nu �J�t m m , reject the candidate, 1n n�� � m m  
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end for 
 

3.3. APPLICATIONS TO BAYESIAN FWI IN LAYERED HALF-

SPACES WITH HORIZONTALLY HOMOGENEOUS 

MATERIAL PROPERTIES 
 

3.3.1 VARIOUS TYPES OF SOIL PROFILE 

 

In this section, the GMCMC method will be applied to quantify the 

uncertainty of shear-wave velocities of 3 layered half-space subjected to vertical disk 

load on the surface as described in Figure 2.1. The soil models investigated in Section 

4.3.1 are studied again in this section. The system is characterized by 44 thin layers, 

comprising 40 mid-point integrated regular layers with a thickness of 0.5 m each, and 

4 PMDLs are assigned to the bottom elements to precisely represent the radiation of 

seismic waves. A total of 41 unknown shear-wave velocities are to be estimated. 

Material properties of the target profiles are given in Table 2.1. The soil models have 

the same location of the recorded sensors and excitations as same as examples in 

section 2.3.1. Vertical displacements by 15 recorded sensors placed at 

5,6, ,19 mr �  by the 10 excited frequencies 5,10, ,50 Hzf �  with the radius 

0.1 mR�  and intensity of disk load 231.83 N/mq �  are observed. The 

regularization is added to the observations to enhance the capability of obtaining a 

converged solution. The prior mean, prior covariance, and measurement covariance  

are given in previous examples in section 2.3.1 

Values of 0.1 and 0.5  for �D and �E are selected in this example. To verify 

the accuracy of the GMCMC method, the inversion by Gauss-Newton method by Eq. 

(2.14) and the RM-MCMC method by Table 3.1 are investigated. To skip the long 

burn-in phase, solutions of the Gauss-Newton method are considered as the guess in 

the RM-MCMC approach. The proposal covariance of the RM-MCMC is assumed as 

posterior covariance evaluated at the prior mean. Values of �D in �E in Eq. (3.6) are 
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0.1 and 0.5 , value of �E in Eq. (3.4) is 0.5 . A total of 59,000 and 249,000 

samples are generated for the GMCMC and RM-MCMC methods, respectively. 

Because of the low acceptance rate of the RM-MCMC method, a higher number of 

samples should be considered. For all approaches, the first 1000 samples are 

considered as the burn-in phase.  
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Table 3.3: Comparison of performance of the Gauss-Newton, RM-MCMC, and 

GMCMC methods. 

 

  Gauss-
Newton 

RM-
MCMC GMCMC 

Model 1 

Minimized objective function 154.48 142.00 141.96 
Error (%) 8.47 8.56 8.62 

Number of samples  249,000 59,000 
Acceptance rate (%)  2.85 13.93 

Model 2 

Minimized objective function 168.20 166.80 166.81 
Error (%) 8.76 8.99 9.04 

Number of samples  249,000 59,000 
Acceptance rate (%)  3.51 16.6 

Model 3 

Minimized objective function 405.32 393.96 393.93 
Error (%) 15.86 15.68 15.62 

Number of samples  249,000 59,000 
Acceptance rate (%)  3.15 11.9 

Pavement 

Minimized objective function 325.09  299.41 
Error (%) 7.51  8.83 

Number of samples   59,000 
Acceptance rate (%)   8.14 

Real site 
without noise 

Minimized objective function 32.6  30.5 
Error (%) 7.25  9.12 

Number of samples   59,000 
Acceptance rate (%)   14.01 

Real site  with 
noise 

Minimized objective function 1251.03  1243.05 
Error (%) 7.04  8.63 

Number of samples   59,000 
Acceptance rate (%)   14.13 
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Figure 3.1: The target, prior guess, and inverse profiles for various soil profiles. 

 

The detailed comparisons of the Gauss-Newton, RM-MCMC, and GMCMC 

methods are shown in Table 3.3. The inverse profiles of the approaches are presented 

in Figure 3.1 with acceptable accuracy. The minimized values of the objective 

functions in Table 3.3 demonstrate that all methods are suitable for solving FWI. 

However, sampling-based approaches like RM-MCMC and GMCMC outperform the 

Gauss-Newton method by achieving the lowest objective function values. The 

superior performance of the sampling approach is due to its ability to explore the 

solution space through stochastic processes. In contrast, the Gauss-Newton method 

heavily relies on the gradient vector at the current solution, making it susceptible to 

getting trapped in local minima, particularly in highly ill-posed problems. The 

covariance matrices for the three methods are shown in Figure 3.2. For all three 

approaches, it can be observed that the values of the diagonal elements on the 

covariances are approximate to each other. On the other hand, the shape of the off-
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diagonal elements shows a slight difference when comparing the Gauss-Newton 

method with the GMCMC and RM-MCMC methods. The difference can be observed 

more clearly for Models 2 and 3. 

 

 
 

Figure 3.2: Covariance matrix by the Gauss-Newton, RM-MCMC, GMCMC 

methods, unit: �� ��2100 /m s . 

 

The difference between the mean values and covariance matrices of the 

Gauss-Newton and MCMC methods can be interpreted by the type of posterior 

distributions. The assumed Gaussian distribution by the Gauss-Newton is replaced by 

the actual distribution by sampling approaches. The actual distribution of the material 

properties can be obtained by the histogram of samples, which is presented in Figures 

3.3 to 3.5. The examples indicate that the results of the GMCMC and RM-MCMC 

methods are identical and the methods can be applied to solve the FWI. The advantage 

of the GMCMC method is the higher acceptance rate, therefore the lower number of 
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samples is required for this approach. On the other hand, the sampling approach can 

obtain the true posterior distribution of the material properties, which is assumed to 

be Gaussian by the Gauss-Newton method. The Gauss-Newton method can 

adequately approximate the actual posterior distributions of Models 1 and 2, obtained 

through GMCMC, to Gaussian posterior distributions, as shown in Figures 3.3 and 

3.4. However, for Model 3, the Gauss-Newton method may not yield an accurate 

approximation of the actual posterior distribution, as illustrated in Figure 3.5.  
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Figure 3.3: Posterior distribution of Model 1 by GMCMC and Gauss-Newton methods. 
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Figure 3.4: Posterior distribution of Model 2 by GMCMC and Gauss-Newton methods. 
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Figure 3.5: Posterior distribution of Model 3 by GMCMC and Gauss-Newton methods. 
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3.3.2 PAVEMENT SYSTEM 

 

In this example, a system of pavement with very stiff layers at the top in 

section 2.3.2 will be considered to estimate the shear-wave velocities. The layered 

structure of the pavement system is given in Table 2.3. The system includes 44 thin 

layers: 40 regular layers, each 0.05 m thick, and 4 PMDLs at the bottom to model 

seismic wave radiation. The GMCMC method is applied to estimate 41 unknown 

shear-wave velocities from the vertical dynamic responses at 0,0.05,...,5 mr �  by 

the excited frequency 10,20,...,150 Hzf � . Value of disk load 0.1 mR�  and 

intensity 231.83 N/mq �  in section 2.3.2 is considered again. The initialization of 

the prior mean, prior covariance, and measurement covariance are the same as in the 

previous example. Solution by the Gauss-Newton method and GMCMC with the 

number of generated samples and assumed burn-in phase taken as 60,000 and 1,000  

are obtained. The values of the coefficients  �D and �E are 0.1 and 0.5 .  

Comparisons of inversions by the Gauss-Newton and GMCMC approaches 

are shown in Table 3.3. The inversion of both methods is presented in Figure 3.6. The 

Gauss-Newton approach achieves a higher objective function value than the 

GMCMC method, despite having a better inversion of elements near the surface. This 

phenomenon is due to inaccuracies in the prior distribution and the effect of 

regularization. The Gauss-Newton solution is trapped in local minima, which 

coincidentally may be closer to the target profile but does not guarantee the objective 

function can be minimized. Figure 3.7 presents the posterior covariances for both the 

Gauss-Newton and GMCMC methods. The Gauss-Newton posterior distribution is 

assumed to be Gaussian, whereas the actual distribution is captured by the GMCMC 

method, with the sample histograms displayed in Figure 3.8. The comparison of 

posterior distributions in Figure 3.8 reveals that the Gauss-Newton method fails to 

capture the true distribution by the GMCMC method in this example, especially for 

the top elements. 
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Figure 3.6: Inverse profiles of the pavement system. 

 
Figure 3.7: Posterior covariance of the pavement system by the Gauss-Newton and 

GMCMC approaches.
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Figure 3.8: Posterior distribution of the pavement system by GMCMC and Gauss-Newton methods. 
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3.3.3 REAL-WORLD GEOPHYSICAL DATA 

 

In this section, the GMCMC method is applied to the complex real-world 

profile of geophysical data from Borehole FD92-4  (Xia et al., 2000). The same 

problem definition in section 2.3.3 is investigated in this example. The layered 

structure is given in Table 2.4. There are 38 mid-point integrated elements and 4 

PMDLs at the underlying half-space.  Therefore, a number total of 39 shear-wave 

velocities are estimated in this example. The same harmonic excitation, prior mean, 

prior covariance and measurement covariance employed in section 2.3.3 are 

considered in this example. Also, two cases of observation with noise-free and 1%  

noise-contaminated are considered for the real-world data. For the GMCMC, 60,000 

samples are generated, in which the first 1,000 samples are assumed as the burn-in 

phase. Values of coefficient �D and �E are 0.1 and 0.5 , respectively.  

The minimized values and relative errors are presented in Table 3.3. The 

results indicate that the GMCMC approach successfully finds the optimal solution 

that minimizes the objective function in both cases. Due to the added noise, the misfit 

between the observed and synthesized responses increases, leading to a higher 

minimized value of the objective function in the noisy case compared to the noise-

free case.  The inversions by the Gauss-Newton solution and the mean of samples by 

the GMCMC method for the real-world geophysical data are shown in Figure 3.9. 

Both approaches effectively capture the target profile with acceptable accuracy. A 

detailed comparison of the posterior distributions produced by these two approaches 

is presented in Figures 3.10 to 3.12. These figures highlight a notable difference in 

the posterior covariance values near the surface, where the Gauss-Newton and 

GMCMC methods diverge significantly. However, as the depth of the elements 

increases, these discrepancies diminish, and the covariance values converge. This 

analysis suggests that, to accurately model the uncertainty inherent in FWI, a 

sampling-based approach such as GMCMC is essential, as it provides a more 

comprehensive characterization of uncertainty, especially in the near-surface regions. 
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Figure 3.9: Inversion of the real-site problem by the Gauss-Newton and MCMC 

methods. 
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Figure 3.10: Posterior covariances of real-world geophysical data by the Gauss-

Newton and GMCMC approaches.
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Figure 3.11: Posterior distribution of real-world geophysical data by the Gauss-Newton and GMCMC approaches for the noise-

free case. 
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Figure 3.12: Posterior distribution of real-world geophysical data by the Gauss-Newton and GMCMC approaches for the noise-

contaminated case. 
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3.4. CONCLUSION AND DISCUSSION 
 

In this chapter, a GMCMC method was proposed. The GMCMC method was 

derived to incorporate augmented FWI solutions to improve the proposal distribution 

and accelerate convergence. Firstly, the mean of the proposal distribution was 

adjusted based on the mean of the objective function. The gradient-based solution 

moves the mean closer to the most probable solutions, improving the efficiency of 

the sampling by not proposing candidates far from the true solution. Secondly, the 

covariance of the proposal distribution was set to the theoretical posterior covariance, 

which provides a more accurate description of the uncertainty in the model 

parameters.  

The GMCMC method was employed to explore the true posterior distribution 

of various layered half-spaces. When compared to the augmented FWI formulation, 

which is based on the Gauss-Newton method, the GMCMC approach demonstrated 

a superior capability in minimizing the objective function. In the augmented FWI 

formulation, the solution is obtained by moving along the gradient vector's direction. 

However, this solution is only optimal if the objective function is linear. Due to the 

nonlinear nature of the forward solver, FWI is often ill-posed, leading the objective 

function to possess multiple local minima. Consequently, searching for the optimal 

solution along the gradient direction can result in the solution being trapped in a local 

minimum. On the other hand, sampling approaches such as GMCMC or RM-MCMC 

can obtain the optimal solution of the objective function. By randomly proposing and 

evaluating a sufficiently large number of candidates, the posterior distribution of 

material properties can be effectively explored. In this study, the optimal solution 

derived from sampling approaches was assumed to be the mean of the posterior 

distribution. Comparisons of the minimized objective function between the 

augmented FWI formulation and sampling approaches, such as GMCMC and RM-

MCMC, have verified the accuracy of the sampling methods. 

A comparison between the traditional sampling approach, RM-MCMC, and 

the GMCMC method in this study has confirmed the efficiency of the proposed 
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GMCMC approach. The GMCMC method exhibited a higher acceptance rate, 

requiring fewer generated candidates. In contrast, the RM-MCMC method, due to its 

unconstrained mean in the proposal, had a lower acceptance rate, resulting in lower 

sampling efficiency. The posterior distributions of the two methods were identical as 

presented in the application of this study. 

The limitation of discovering the true posterior distribution using the 

augmented FWI formulation can be addressed by the GMCMC approach. In the 

augmented FWI formulation, the posterior distribution is assumed to be Gaussian, 

which is valid only for linear inverse analysis. Numerical studies have demonstrated 

that the values of theoretical covariance obtained from the augmented FWI 

formulation and the actual covariance derived from the GMCMC approach are similar 

for the bottom elements but differ at the surface layers. 

The validation of the GMCMC method has been confirmed for layered half-

spaces in this study, with both its accuracy and efficiency being verified. This 

research provideed valuable insights into the potential application of GMCMC in 

uncovering the posterior distribution of more realistic and complex soil models in 2-

dimensional FWI, which will be the focus of future studies.  
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CHAPTER 4: CONCLUSION AND FUTURE STUDY 
 

4.1 CONCLUSION 
  

The purpose of this thesis is to develop advanced (Full Waveform Inversion) 

FWI approaches using the Bayesian concept. To this end, the augmented FWI 

formulation, and the GMCMC (Gradient-based Markov Chain Monte Carlo) 

approach were derived and applied to the FWI problems of layered half-spaces in 

time and frequency domains. The development of each method was described in the 

corresponding chapters. The findings of this thesis are summarized below. 

 In Chapter 2, the augmented FWI formulation in the frequency domain has 

been derived. The conventional frequency-domain FWI method uses the Gauss-

Newton approach to minimize an objective function by linearizing the forward solver. 

However, solving large-scale problems with high-resolution material properties 

requires inverting the Hessian matrix, which becomes computationally intensive as 

the number of unknowns grows. Chapter 2 introduced a new augmented formulation 

to reduce computational costs for large-scale FWI problems. By incorporating the 

complex conjugate of the observations, the posterior mean and covariance matrix 

were derived. This approach replaces the Hessian matrix inversion with the inversion 

of another matrix, whose dimensions are twice the number of observations. For large-

scale FWI problems, receivers and excitations are typically placed on the surface, 

limiting the number of observations. When observations are less than 32% of the 

material properties to be estimated, the augmented FWI formulation significantly 

reduces computational time. Section 2.2 rigorously derived the posterior distribution, 

represented by the mean and covariance matrix, under the assumption of a Gaussian 

distribution. The derivation showed that the posterior covariance matrix cannot be 

approximated by the Hessian of the objective function, which is a common 

assumption in many previous FWI studies. 
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The first applications in Section 2.3 employed the augmented FWI 

formulation to solve various layered half-spaces FWI using the (Thin-Layer Method) 

TLM. The soil models were assumed to be homogeneous in the horizontal direction. 

The method was applied to estimate shear-wave velocities of various soil profiles. 

Numerical results indicated that the posterior distribution of material properties varies 

with element location. Elements near the bottom half-space exhibit higher uncertainty 

due to limited information from surface-collected dynamic responses, while top 

elements have lower levels of uncertainty. The accuracy of the proposed method was 

verified; however, its advantage in computational efficiency was not demonstrated 

due to the simplified soil models. In that case, the large-scale FWI problems with 

more complex soil profiles should be investigated. 

 Real-world soil models often exhibit irregularities such as faults, geological 

inclusions, and varying lithologies. In such cases, the Finite Element Method (FEM) 

is more effective for obtaining dynamic responses, as it handles the complexities of 

non-homogeneous two-dimensional soil profiles. The capability of solving large-

scale complex soil models while enhancing computational efficiency through the 

augmented FWI formulation was demonstrated in Section 2.4. The investigated soil 

models covered a wide range of realistic heterogeneous soil profiles. The proposed 

augmented formulation was applied to various elastic inverse problems to estimate 

shear-wave velocities in layered half-spaces, yielding excellent inverted profiles and 

posterior probability distributions through a Bayesian approach. The dependence of 

material uncertainties on the location of elements, as observed in the applications 

using the TLM, was reconfirmed. This chapter highlighted that soil model complexity 

significantly impacts the posterior distribution. At the same elevation, elements with 

higher material properties show greater uncertainty. The method's efficiency was 

demonstrated by comparing computational costs between the conventional and 

augmented approaches in scenarios with limited observations, typical of real-world 

applications. The augmented method proved more efficient while maintaining 

accuracy, supporting its potential for multi-parameter or three-dimensional FWI 

applications. 
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The posterior distribution could be obtained with the assumption of Gaussian 

distribution in Chapter 2. However, because of the non-linear forward solver, the 

posterior distribution can follow any kind of distribution and might be different from 

the Gaussian distribution. The probabilistic solution of FWI analysis should consider 

the true distribution of material properties. The traditional Markov Chain Monte 

Carlo (MCMC) simulation method, known as RM-MCMC (Random-walk 

Metropolis MCMC), can be applied in this case. In the RM-MCMC approach, a 

candidate solution is drawn at each iteration using a predefined proposal equation, 

where the mean and covariance of the proposal distribution correspond to the 

previous solution and a predefined covariance, respectively. However, due to its 

inefficient sampling process, the method has limited applicability for large-scale FWI 

problems. In Chapter 3, the GMCMC method was proposed to solve the FWI problem 

using the concept of sampling approach. In the GMCMC approach, a candidate is 

defined from a proposal distribution, then the newly generated candidate is evaluated 

by examining the acceptance probability based on the Metropolis-Hasting criterion. 

In Section 3.2, the augmented FWI formulation from Chapter 2 was incorporated to 

derive a rigorous proposal distribution for generating new candidates. The mean of 

the candidate is aligned with the direction of the optimal solution, and the theoretical 

posterior covariance is used as the covariance for the proposal. By utilizing gradient-

based information from the augmented FWI formulation, the GMCMC method 

generates candidate solutions by the theoretical solution, which provides insights into 

the material property distribution. This approach improves sampling efficiency 

compared to traditional methods, making it more effective for large-scale FWI 

problems. 

In Section 3.3, the proposed method was applied to solve the FWI problems 

for layered half-spaces, as previously discussed in Section 2.3. Numerical 

investigations indicated that the solutions of GMCMC and RM-MCMC are identical 

and slightly different from the solution obtained from the Gauss-Newton method 

using augmented FWI formulation. Compared with the augmented FWI formulation, 

the GMCMC had better accuracy in terms of minimizing the objective function. On 
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the other hand, the minimized values of the objective function between the GMCMC 

and the traditional RM-MCMC were the same because of the identical posterior mean 

and covariance. However, the GMCMC method outperformed the traditional RM-

MCMC approach in terms of sampling efficiency. The GMCMC method achieved a 

higher acceptance rate, thereby requiring fewer samples to be generated. Without the 

assumption of Gaussian distribution, the posterior obtained by GMCMC is the actual 

distribution that can provide the most realistic information to further probabilistic 

engineering problems such as seismic site response analysis or seismic hazard 

analysis. 

 

4.2 FUTURE STUDY 
  

In the previous section, the methods developed in this thesis were 

summarized. The proposed methods are successfully applied and discussed to various 

types of FWI problems. Future works could expand upon the findings of this thesis 

to enhance the accuracy and robustness of FWI research topics. 

 Firstly, in this study, only the shear-wave velocity is estimated under the 

assumption of other material properties. In reality, the other parameters such as 

Poisson's ratio, P-wave velocity, density, damping ratio, etc., are required to be 

estimated. The current approaches can be extended to multi-parameter FWI. 

 Secondly, the large-scale two-dimensional FWI has been studied. The soil 

model in reality can have material properties varying with space. Therefore, it is 

necessary to study three-dimensional FWI. In that case, due to the advantages of 

the computational cost, the proposed augmented formulation in Chapter 2 provides 

some promising insights for the three-dimensional FWI studies. 

Thirdly, Chapter 2 theoretically addresses two-dimensional FWI problems 

using augmented formulation under the assumption of a Gaussian posterior 

distribution for material properties. It demonstrates that the actual posterior 

distribution may differ from this assumption in Chapter 3. Therefore, obtaining the 
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actual posterior distribution for two-dimensional FWI problems is essential. Future 

research can integrate the augmented formulation with advanced sampling techniques, 

such as parallel tempering (Sambridge, 2014) or reversible jump Markov Chain 

Monte Carlo simulation (Sen and Biswas, 2017). 

Fourthly, the probabilistic inverse analysis presented here can quantify 

uncertainties in the estimated shear-wave velocity profiles of half-spaces and can be 

applied to various probabilistic engineering problems. For instance, these 

uncertainties can be incorporated into probabilistic site response analyses and soil-

structure interaction analyses for nuclear facilities (ASCE, 2017; Astroza et al., 2017). 

Another example is the risk analysis of a soil-structure interaction system. Future 

studies can explore extensions to other probabilistic engineering challenges. 

These discussed topics will be the focus of future research. 
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APPENDIX A. DERIVATION OF EQ. (2.6b) 
 

Eq. (4.6b) is derived here. The observation obsd  can be expressed using the 

complex observation noise vector v  as follows: 

 �� ��obs prior prior( ) ( )� �� �| �� �� ��d g m v g m G m m v .   (A.1) 

The deviation of parameter m  from the posterior mean �Öm  can be written as follows: 

�� ��
�� ���� �� �� ��

�� �� �� �� �� ��

1 1
prior D prior obs

1 1 1 1
prior D prior D

1 1 1 1
D prior D

�Ö Re ( )

Re Re

Re Re

H

H H

H H

� � � �

�� �� �� ��

�� �� �� ��

� ª � º�� � �� �� ��� ¬ � ¼

�| �� �� �� ��

� ª � º� �� �� ��� ¬ � ¼

m m m m H G C g m d

m m H G C G m m H G C v

I H G C G m m H G C v

. 

         (A.2) 

The approximation in Eq. (2.6b) can then be derived straightforwardly because the 

noise vector v  is independent from the parameter m . 

The noise vector v  can be represented as Re( ) Im( )i i�� � ��v v x y . Because v  

is a circular symmetric complex random vector, �� �� �� �� �� ��D

1
Re

2
T TE E�  �  xx yy C  and 

�� �� �� �� �� ��D

1
Im

2
T TE E� �� � ��xy yx C  for the real-valued vectors x  and y  (Lapidoth, 

2009). Then, it can be shown that 

�� �� �� �� �� ��1 1 1
D D DRe Re ImH H H�� �� ���  � �G C v G C x G C y ,   (A.3a) 

�� �� �� ��

�� �� �� �� �� �� �� ��
�� �� �� ��

�� ��
�� ��

1 *
D D

1
DD D1 1

D D
1D D

D
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ReRe Im1
Re Im

Im Re2 Im

H T T

TH

H H

TH

E � � � �

��

� � � �

��

� ª � º
� ¬ � ¼

� ª � º� ª � º� « � »� ª � º� � « � »� ¬ � ¼� « � »��� ¬ � ¼� « � »� ¬ � ¼

G C v v C G

G CC C
G C G C

C C G C

.

         (A.3b) 

Because �� �� �� ��1 1 1
D D DRe ImH H Hi�� �� ���  � �G C G C G C , �� �� �� ��D D DRe Imi�  � �C C C , and 

�� �� �� �� �� ��1 1 1 1
D D D DRe Im

H T TH H Hi�� �� �� ��� � ��C G G C G C G C , the following can be derived: 
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�� �� �� ��

�� �� �� �� �� �� �� ��
�� �� �� ��

�� ��
�� ��

1 1 1
D D D D
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� 

� ª � º� ª � º� « � »� ª � º� � « � »� ¬ � ¼� « � »��� ¬ � ¼� « � »� ¬ � ¼
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G CC C
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. 

         (A.4) 

As shown in Eqs. (A.3b) and (A.4), 

�� �� �� �� �� ��1 * 1
D D D

1
Re Re Re

2
H T T HE �� �� ��� ª � º� � ¬ � ¼G C v v C G G C G . Therefore, the equality between 

the third and fourth expressions in Eq. (2.6b) is verified. 
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APPENDIX C. DERIVATION OF EQ. (2.11b) 
 

Eq. (2.11b) is derived here. The augmented observation obs
ad  is expressed as 

follows: 

 �� ��obs prior prior( ) ( )a a a a a a� �� �| �� �� ��d g m v g m G m m v   (B.1) 

where *
a � ª � º

� � « � »
� ¬ � ¼

v
v

v
is an augmented observation noise vector. The deviation of the 

parameter m  from the posterior mean �Öm  can be written as follows: 

�� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� �� �� �� �� �� �� ��
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� � � �

�� �� �� ��

�� �� �� ��

�� � �� �� ��

�| �� �� �� ��

� ª � º� �� �� ��� « � »� ¬ � ¼

m m m m H G C g m d

m m H G C G m m H G C v

I H G C G m m H G C v

.         (B.2) 

Because �� �� D

Ha a aE� ª � º� � « � »� ¬ � ¼
v v C , Eq. (2.11b) can be derived in a straightforward manner 

using Eq. (2.8e). 
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APPENDIX C. DERIVATION OF EQ. (2.13a) 
 

The nonlinear function ( )ag m  can be linearized about the nth approximation 

nm . 

 ( ) ( ) ( )a a a
n n n� �� ��g m g m G m m .     (C.1) 

Eq. (2.10a) must be satisfied at the (n+1)th approximation 1n��m . This requirement 

can be expressed with the linearization in Eq. (C.1). 

�� �� �� �� �� �� �� �� �� ��
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� � � �
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� 
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� �� �� �� �� �� � 
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m m

G C G m m g m d C m m 0
m

.         (C.2) 

The following expressions for 1n��m  can then be obtained: 

�� �� �� �� �� �� �� �� �� �� �� ��
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� ª � º� �� �� �� ��� « � »� ¬ � ¼

� �� �� �� �� �� ��
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m m H G C g m d C m m
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m H G C g m d I H C m m

.         (C.3) 

Eq. (2.11c) is evaluated at n� m m  to obtain �� �� �� �� �� ��1 1

D M

Ha a a a a
n n n

� � � �
�  � �H G C G C . This 

equation is pre-multiplied by �� �� 1a
n

��
H , then 

 �� �� �� �� �� �� �� �� �� ��1 1 1 1

M D

Ha a a a a a
n n n n

�� �� �� ��
� � �  I H C H G C G .   (C.4) 

Using this relation, Eq. (C.3) is written as : 

�� �� �� �� �� �� �� ��1 1

1 prior D obs prior( )
Ha a a a a a

n n n n n n

� � � �

��
� ª � º� �� �� �� ��� ¬ � ¼m m H G C g m d G m m . 

         (C.5) 

With the expression �� �� �� �� �� �� �� �� �� ��1 1 1

M

H Ha a a a a a
D

�� �� ��
� H G C C G K , Eq. (2.13a) can be 

obtained. 
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APPENDIX D: SYSTEM MATRIX IN THE THIN-

LAYER METHOD USING MID-POINT INTEGRATED 

FINITE ELEMENTS AND PERFECTLY MATCHED 

DISCRETE LAYERS 
 

When the layered media is discretized into homogenous thin layers in the 

horizontal direction, the half-space can be modeled by mid-point integrated finite 

elements (Astaneh and Guddati, 2016). On the other hand, under-laying layered half 

space can be presented by Perfectly Matched Discrete Layers (PMDLs) (Lee and 

Tassouslas, 2011) to describe the radiation of seismic waves in finite media. The 

expressions for those matrices can be found in (Lee and Lee, 2021) and are given in 

this Appendix. System matrices mA , mB , mG , and mM  for mth mid-point integrated 

finite element are: 
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where 2 /pe i� E � Z�  � �  and �� ��22 / 1m� Z � D��  for propagating and evanescent waves, 

�� �� �� ��2 1 / 1 2pe m m�E �Q �Q� �� ��  and 1 for P and S waves, respectively. Value of m�D  is 

defined in Lee and Tassoulass (2011). 
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