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1. INTRODUCTION

Measurements obtained in manufacturing process are used to control the
quality of final product. The sources of variability in the measurement process
are due to the measurement system. In order to determine whether a mea-
surement procedure is adequate for monitoring a manufacturing process, gauge
capability analysis is needed. A gauge is used to obtain replicate measurements
on units by several different operators, setups, or time periods. One of the com-
mon experiments employed in industry is to properly monitor manufacturing
process, e.g., repeatability and reproducibility. The variability is inherent in the
measurement system, which we generally think of as the precision of the gauge.
Gauge repeatability and reproducibility(R & R) study include comparison of
measurement system with manufacturing process. The sources of variability
in gauge R & R study are expressed as variance components and confidence
intervals on variance components are utilized for quality control. Burdick et
al.(2005) define that repeatability represents the gauge variability when it is
used to measure the same unit(with the same operator or setup or in the same
time period). Reproducibility is referred to as the variability arising from dif-
ferent operators, setups, or time periods.

Montgomery and Runger(1993 a, 1993 b) provided complete background on
gauge capability and designed experiments. They compared classical R & R
analysis using X and R charts and ANOVA analysis by illustrating numerical
examples. Burdick and Larsen(1997) proposed alternative confidence inter-
vals on measures of variability in a balanced two-factor crossed random mod-
els. They compared a modified large sample(MLS) method and Restricted

Maximum Likelihood(REML) method. Borror et al.(1997) compared MLS
— 92



method with REML method for confidence intervals on gauge variability in
balanced two-factor crossed random models with interaction. They concluded

that REML method resulted in shorter intervals than MLS method but REML

method did not maintain the stated level of confidence. Dolezal et al.(1998) con-
sidered a balanced two-factor crossed random model with fixed operators and
compared two confidence intervals; operator as a random factor as usual and
operator as a fixed factor. Burdick et al.(2003) provided more recent review
of the methods for conducting and analyzing measurement systems capabili-
ties, focusing on the analysis of variance approach. Adamec and Burdick(2003)
proposed two confidence intervals on a diserimination ratio used to determine
the adequacy of the measurement system considering a traditional two-factor
model. Gong et al.(2005) considered methods for constructing confidence in-
tervals in a two-factor gauge repeatability and reproducibility when there are
unequal replicates. They provided easy and simple EXCEL and SAS codes for
calculating confidence intervals. The classical R & R study gives a downward
biased estimator of the variance component representing gauge reproducibil-
ity. Confidence intervals on variance components are therefore analyzed using
ANOVA approach that leads to a direct and convenient method in an experi-
mental design(Montgomery and Runger, 1993 b).

This thesis proposes confidence intervals on variance components in two fac-
tor crossed mixed model with one covarite for gauge R & R study. Computer
simulation is used to compare the performance of the confidence intervals. A

numerical example is provided and recommendations are presented.



2. CONFIDENCE INTERVALS IN TWO-FACTOR CROSSED
MIXED MODEL WITH ONE COVARIATE

2.1 Two-factor Crossed Mixed Model with One Covaiate

Two-factor crossed mixed model with one covariate for gauge R & R study
employs J operators randomly chosen to conduct measurements on / randomly
selected parts from a manufacturing process. In this R&R study each operator

measures each part £ times. The model that explains this study is written as

Yijik = u+ BXijp + P + Oj + Ejjg (2.1.1)

i=T1, L G210, Jk=1..K

where Y, is the kth measurement of the ith part measured by the jth operator,
w1 and (B are unknown constants, Xj;i is a covariate, P; is the ith randomly
selected part, O; is the jth randomly chosen operator, and FE;;; is the kth
measurement error of the ¢th part measured by the jth operator. P;, O;, and
E;ji, are jointly independent normal random variables with zero means and
variances 0%, 04, and 0%, respectively. Since the X;j; and 3 are fixed and P

and O, are random, model (2.1:1) is a two-factor crossed mixed model with one

covariate.

2.2 Distributional Results

Model (2.1.1) is written in matrix notation,

y = Xa + Zip + Zzo + Zze (2.2.1)

where y is an IJK x 1 vector of observations, X is an IJK matrix of known

values with a column of 1’s in the first column and a column of Xj;;’s in the
_ 4_



second column, « is a 2 x 1 vector of parameters with y and 3 as elements, Z;
is an IJK x I design matrix with 0’s and 1’s, p is an I x 1 vector of random
part effects, Zy is an IJK x J design matrix with 0’s and 1’s, ois a J x 1
vector of random operator effects, Z3 is an IJK x I JK design matrix which is
an identity matrix, and e is an IJK x 1 vector of random measurement errors.

In particular,

Yi11 1 X
y = ; X = | a= {g} ;
YI:]K 1 XI‘JK
P O Ein
. . | A : 7 e: .
]51 OJ EI‘JK



—|

Lol
J@.F
~—

=1,®

Z, =



[1 0 0 0
0O 1 0 0
0 0 1 0
Zs = : : =Disk,
0 0 0 1

1k, 17, and 1, are, respectively, a JK X 1 column vector of 1’s, an I x 1
column vector of 1’s, and a K X 1 column vector of 1’s, @ is the direct sum
operator, ® is the direct product operator, and Dk is an IJK x [ JK identity

matrix. The direct sum of two matrices A and B is defined as

A 0
AGBB—{O B}

and the direct product of two matrices A and B is defined as

alleXn aquan
Ap><q®Bm><n = 1
ap1Brixn o apgBmxn

The variance-covariance matrix of y is

V = V(y) = V(Xg + le + Z20 + de)

= 0212 + 05 L0 7l + 05737

In particular, the covariance of Y;;x, and Yy /4 is obtained as
7.



0 if i £’
o, if i=14,j+#j
0% + o2 if i=d,j=4k#k

o4 +o0d+o0% ifi=i,j=4k=F

COU(Yz‘jk,Yi/g‘/k/) =

The variance-covariance matrix structure of V is

V; 0 0
0 Vy 0
V = ) )
0 0 Vi,
where matrix V; is
Yii W 49000 <N N LAY Xk
Yiiin | Vo .. Vpo @ =:- Vp ... Vp
YLlK VPO o, VPOE c VP . B VP
Vv, =
}/;Jl VP P, VP b VPOE PR VPO
EJK VP PP VP A VPO PR VPOE

VPOE :U%D‘FU%—FO'%, Vpo :0'123—{—0% s and Vp :O'%;.



In order to form confidence intervals on the variance components, an appro-
priate set of sums of squares is needed. The analysis of variance for Y., Xij,

and X;;1Y;;x is shown in Table 2.2.1.

TABLE 2.2.1 ANOVA for Model (2.1.1)

Sums of Squares and Products

SV Y X XY DF
Parts SSPY SSPX SPPXY I—-1
Operators -~ SSoy SSox SPoxy J—1
Error SSgy SSex SPrxy I[JK-—-I1—-J+1
Total SSTY SSTX SPTXY IJK —1

The notation in Table 2.2.1. is defined as
SSpy = JK % (Y. — Y..)%,
SSpx =JK o(Xi — X..)%

SPpxy = JKE(Xl — X)(}/z — Y),
SSoy = IK E(Y] — Y..)27
J
SSox =1IK Z(Xj — X...)2,
J

SPoxy = IK (X — X.) (Y, - Y.),
J

— 0.



SSpy = EZ%(ka ~Y,. =Y, +
ij

!‘< [

SSex =25 (X — X — X+ X.)2,

v 7 k

SPpxy = ZE%(ngk - X;. — Xj + X)(ka -Y;.. — }7] + Y),
)

SSTy = £ 3(Yigr = V..)%,
i g

SSTx = 2L 5 (Xijr — X..)%, and
i J k

SPTXY - 22%()(”16 - X)(Ymk — Y)
)

In order to focus on constructing confidence intervals on the variance com-
ponents, Table 2.2.1 is modified in Table 2.2.2 that presents expected mean

squares.

TABLE 2.2.2 Adjusted ANOVA for Model(2.1.1)

SV SS DF MS EMS
Parts R, I-2 5123 U?E + JKUI%
Operators Rs J=4 5% 0%+ 1Ko}

Replicates Ry [JK —1—J S% 0%

where sums of squares R, Rs, and R3 and mean squares S%, S3, and S% are

defined as

— 10-



2 __
SP_ I_27

R
2 2
SO_J_27

R

2 3
SE_IJK—I—J’

Ry =JK y'W/|(D; — H;)W;y,
Ry = IK yW5(D; — Hy)Way,

R3 = yW4(Dyyx — H3)W3y,

1
V‘/ p— —Z/
7 IK™Y
1
V\/ = —Z/
g ¥

W3 = Z5 =Dk,

H, = X (X[X;) 'X],
H; = X,(X,X;5) XD,
Hjz = X3(X5X3)" X3,
X, = WX,

X, = WX, and

X; = [X Z1 Zs].

A set of jointly independent chi-squared variables is necessary for deriving
confidence intervals on the variance components. The distributional properties

of the sums of squares in Table 2.2.2 are now examined.
~11-



Theorem 2.2.1 : Under the distributional assumptions in (2.1.1), Ry/(c% +

JKo%) is a chi-squared random variable with I — 2 degrees of freedom.

Proof : Consider (2.2.1) and multiply both sides of the equation on the left by

(Dr —Hy)W,

where
D; = an identity matrix of order I,
H, = X;(X)X;)"'X],
X; = WX, and

1
== "Y1

It follows that
(D;—H;))W,y = (D; —H)WXa+ (D; —H;)W;Z,p (2.2.2)

I (DI = Hl)W;[ZQO -+ (D] — Hl)lege.

Let (D — H;)W3y = y;1. Sinee

(D; —H)W;X = (D; - H)X; =X, - H;X; =0,

1 1
W1Z1: J_KZ/IZ1:J_KJKD[: D[, and
1 1
Zy = —7Z\73= ——7
Wits = Ggols = Gt

(2.2.2) is written as

1
Y1 = (D[ — Hl)p + (D[ — H1>W1Z20 + J—K(D] — Hl)Z’le

—12-



Note that

1 1 1
lez :J—KZ/122 = J_KKlIli] = jl]lf] and

1 1
(D —H,)W,Z,Z,W'|(D; —H;) = (D; — Hl)jlflf]jljl}(Dl —H,)

1
= (D; - Hl)ﬁJlJllj(Dl —H;)

1
= (Dr — Hl)jlfl}(DI —H,)

— %(D] —Hy)L,[(Dr —Hy)1,]

since H; is an idempotent matrix and
(D; —H1 )1, = 1; =X (X X,) ' X1,
=, .

= 0.

Considering that
7171 = JKDy,

the variance of y; is

V(y1) = V((D; —Hy)p) + V((D; — H1)W1Z30) + V(—(D; — Hy)Zie)

<
=~

1
O’JQD(DI — Hl) + J—KO'%(D] — Hl)

1
:J—K(a% + JKo%) (D — Hy).

— 13-



The distribution of R; is determined by writing

](DI —Hy)Wiy

|~ H)WiXa

B
J%%—JKU%
JK(D; — H;)
- YW/ (D,-H [
Y 1( I 1) 012,3+JK0123
_ ,[JK(DI—Hl)}
and noting
JK(D[—Hl)}
V
[ 0%+JK0123 (}’1)
JK(D[—HI) 1 5 9
— K D;—H
[0%4—.][(0?3 ]JK<UE+J o) (Dr 7B
= (D; —H,),
1 JK(D; —H,)
ZE(yy) }D _H,)E
9 (Yl) 0%+JKU% ( I 1) (Y1)
1, JK(D; — Hy)
— ~oJX'W,(D; —H [
2o XWa(Dr —Hy o3+ JKo%
= 0, and

r(D;—H)) = I-2.

(2.2.3)

By Theorem 7.3 in Searle(1987, p. 232), R1/(0% + JKo%) is a chi-squared

random variable with I — 2 degrees of freedom. W

— 14-



Theorem 2.2.2 : Under the distributional assumptions in (2.1.1), Rs/(0% +
IKc?) is a chi-squared random variable with J — 2 degrees of freedom.
Proof : Multiplying (2.2.1) both sides of the equation on the left by (D, —

H,)W,, yields that

(D;—H)Way = (D; —Hy)W3Xa+ (D; —H)WeZip  (2.2.4)

+ (DJ - Hg)WngO + (DJ - H2)W2Z3e

where D is an identity matrix of order J. Let (D; — Ho)Wsoy = y2. Since

(Dj —Hy)W,X = (D; — Hy)Xy = X, — HyXy, = 0,

1 1 1
WyZ, = EZ'221= mKlJl}z jl]lljv
3 - 1
W2Z2= RZ2Z2= EIKDJ: DJ, and
1 1
WoZy = ——=Zh73 = —7!
2T IR T T IR ™Y

(2.2.4) is written as

1
(DJ — Hg)ljlljp + (DJ — HQ)O + m(DJ — HQ)Z/QG

~

Y2 =

Note that
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ZIQZQ = IKDJ and

1 1
Fljl/[fl]l{](DJ - H2)

(Dy — H3)W2Z,Z)W45(D; —Hy) = (D; — Hp)
1 /
= (Dy— HQ)ﬁIlJlJ<DJ — Hy)

1
= Dy - HQ)lel/J(DJ —Hy)

(D —Hz)1;[(Dy —Ha)1,)

=)
=

S~k N

since Hy is an idempotent matrix and

(DJ — HQ)lJ - lj — X2(X/2X2)»1X/21J

= lJ = lJ
= 0.
The variance of y5 is
1 1
V(yz2) = V(5(Dy = H)1,17p) + V(D — Ha)o) + V(= (Ds — Hz)Zze)

1
= 05(Dy — Hy) + —=0p(Dy — Hy)

1
= m(a%E +IKo%)(Dy — Hy).

The distribution of R, is determined by writing
~16-



Ry
0123 +IK0%

IK(D; — Hy)

- yYW.(D,—H [ ]D —H,)W 2.2.5

y' W5(Dy 2) o2+ [KoD (Dy 2)Way ( )
_ /[IK(DJ—HQ):|

and noting

IK(D; — Hy)
[ O'%J —|—IK020 ]V(Y2)

[IRIDI =B L (o3 4 1K03)(D, ~ Hy)

O'% —I—IKO'?) f77

= (DJ ol H2)7

1 IK(D; —H,)
—-F L E

IK(D; — H
(D; — Hs) (D, — Hy)W,Xa

1 /
= —oX'W,(D;—H [

QQ 2(Dy 2) O'%‘l“IKUZO
= 0, and

T(DJ—HQ): J —2.

By Theorem 7.3 in Searle(1987, p. 232), Ry/(0% + IKo2) is a chi-squared

random variable with J — 2 degrees of freedom. B
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Theorem 2.2.3 : Under the distributional assumptions in (2.1.1), R3/0% is a
chi-squared random variable with IJK — I — J degrees of freedom.

Proof : Multiplying (2.2.1) both sides of the equation on the left by (D;jx —

H3)W3 yields that
(Dryjx —H3)W3y = (Drjx — H3)WsXa + (Dryx — H3)W3Zip
+ (Drjx —H3)W3Zs0 + (Drjx — H3)W3Zge.

It can be shown that
(Dryjx —H3)W3X = (Dryjx — H3)X

= X —H;X
= 07

H5W3Z, = Z;, and (2.2.6)

HsW3Zo = Zy

since

W3 =235 = Dk,
H;X = X3(X5X3) X5X = X,
H3Z1 = Xg(XgX?,)_XéZ] L3 Zl, and

HgZQ = X3(X3X3)_Xg22 = ZQ.

Let (D;jx — H3)W3y = y3. The variance of yj3 is

V(ys) = V((Dryx — H3)W3Xa) + V((Drjx — H3)W3Z;p)
+V((Drsx — H3)W3Zso) + V((Drjx — H3)W3Zse)
= V((D[JK — H3)Z3e)

= U%(DIJK —Hg).
— 18-



The distribution of Rj3 is determined by writing

R D —H
= = y'W4(Dsx — Ha) [(LQ?’) Dk — H) Wiy  (2.2.7)
O'E UE
- YQ[M}YS
OF
and noting
D —H
[( IJKQ 3)]V(y3)
)
D —H
= [—( IJKQ 3)]0%(]3”}( — Hg)
D)
= Dj;x —Hs,
D —H
L B(ys) [P B gy,
OF
1 D —H
= AXIWLD s Hy) [ s (D)~ H)WiXa
= 0, and

T(D]JK—Hg) = IJK-1-J

By Theorem 7.3 in Searle(1987, p. 232), R3/0% is a chi-squared random variable
with IJK — I — J degrees of freedom. B

Theorem 2.2.4 : Under the distributional assumptions in (2.1.1), R;/(0% +

JKoc#%) and R3/0% are independent and Ry/(0% + [Kc3) and R3/c% are in-
dependent.
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Proof : It can be shown from (2.2.3) and (2.2.7) that

Wi(D; —H))W,V(y)W5(Dyyx — H3)W;3

= 05W/|(D; — H|)W,Z,Z/W;(Dyx — H3) W3

+ 03 W! (D; — H)) W, Z,Z, W5 (Dy i — H3) W3

+ 02 W/ (D; — H))W1Z3Z, W5 (Dyy — H3) W3

=0

since

Z\Wi(Drjx —Hs) =

W1Z3Z,W4(Dyy — Hy)W3 =

Z) — 7 H;
Z, -7,

0,

Z, — Z,H;3
Z, - 7,

0, and

1
ﬁzi(DIJK — Hj)
]' / /
@, -z,
1
J—K(Zi - 7))
0.

By Theorem 7.4 in Searle(1987, p. 232), Ri/(0% + JKo%) and R3/0% are

independent.
~920-



Similarly, it can be shown from (2.2.5) and (2.2.7) that
W, (Dy — Hy)WoV (y)W3(Drsx — H3)W3
2 / / /
== UPWZ(DJ - H2)W22121W3(D[JK - H3)W3
+ 02 WhH(Dy — Hy)WoZoZOWE (D — Hy)W3
+ 02 WhH(Dj — Hy )WL Z3Zo W5 (D — Hy) W3
= 0.

By Theorem 7.4 in Searle(1987, p. 232), Rs/(0% + IKco?) and R3/c% are

independent. H

Using the results of Theorems 2.2, the expected mean squares are

E(S%) = 0%+ JKo% = 0p, (2.2.8a)
E(S3) = 0%+ [Kop = 0o, and (2.2.8b)
E(S8%) = 0% =0g. (2.2.8¢)
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2.3 Confidence Intervals on Variance Components Using Ting et al.

Method

We use the distributional results of Section 2.2 to construct confidence in-

tervals on 0%, 03, and 0%. Since R3/0% ~ X7;x_;_;» an exact confidence

interval on 0% is obtained. An exact 100(1 — «)% two-sided confidence interval

2 .
on og 18

[ Sz, S,

2.3.1
Fla/2:10K—1-7,00) ( )

Fa—aj2:17K-1-7J,00)

where F(s.,, ,2) is the F-value for 11 and v degrees of freedom with ¢ area to
the right.

The variance component of 0% can be represented by (2.2.8)

Op — 0

= (2.3.2)

o2 =

Ting, Burdick, Graybill, Jeyaratnam, and Lu (1990) proposed a general method
for constructing confidence intervals on v = 25:1 cqlq— Efj?:lc,ﬁr where ¢4, ¢, >

0, and the sign of 7 is unknown. The intervals are extended to the general

cases where ), P > 2. Their two-sided intervals are very close to the stated
confidence coefficients. Thus a confidence interval on 0% can be constructed
using the method of Ting et al.(1990). An approximate 100(1 — «)% two-sided
confidence interval on ¢% is

1

[ $%— S — (GiSh+ HiSE + GShsh)?

S% — 8% + (H2SH + G3Sh + H12525%)% | (2.3.3)
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where

1
Gi=1— —«——,
Fla.r-2,00)
1
H2 - 17

F-e:rix—1-1700)

(Fr —1)* - GIF? — H3

Gqio =
12 Fl )
1
H=— 1
Fli—a:1-2,00)
1
Gy=1- ,
Fla.rsk—1-7,00)
(1-F)* - H{ES - G3
Hyp =

Fy ’
Fi=Fa.-21k-1-J), and

Fo=Fu-s191iKk-1-J)

Since 0% > 0, any negative bound is defined to be zero. The variance com-

ponent of 02 can be represented by (2.2.8)

bo — 0
IK

o3 =

The same Ting et al. method can be applied to form a confidence interval on

2

on Ué 18

— 23-
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1 1
ﬁ[ S6 — St — (G356 + H; S + G34S55%)7

N

So — St + (H3SH + G3SE + H34555%)2] (2.3.5)

where

1
Gy —1—
’ Fla.j-2,00)
1
Hy — 1= Hos,

Fa_gusk—-1-10)

Gy (Fa— 1) =GR} — i3

F3
1
H, # 1,
F(l—%:J—Q,oo)
1
Gy=1-— = Go,
Fla.r/k—1-70)
(1- Fy)? - HiF} — G}
H34 — )

Fy

Fs=Fia.g21ijk-1-7), and

Fy=Fa-g.g-217Kk-1-1)-

TING method refers to confidence intervals using (2.3.3) and (2.3.5).
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2.4 Generalized Confidence Intervals on Variance Components

Tsui and Weerahandi(1989) introduced the concept on generalized inference
for testing hypotheses in situations where exact method do not exist. Their

method can be applied to form approximate confidence intervals on variance
components. Since an exact 100(1 — )% two-sided confidence interval on o3,
exists, we focus on constructing confidence intervals on 0% and ¢3. Since

R1/(0% + JKo%) ~ x?_,, 0% can be written as a generalized pivotal quantity

as follows:

2—_
JP'_(IKT[ px P b B

Z3)8 (LH(—I—J)Q] (241

where s% and s% are, respectively, observed values of S% and S%, P* = (I —

2)5% /(0% + JKo%), and B* = (IJK — I — J)S%/0%. Define Rp as the solution
for 0%. The distribution of Rp is completely determined by P* and E*. An

approximate 100(1 — «)% two-sided confidence interval on ¢% is

Rp(g) 3 RP e ] (2.4.2)
2 S W

where Rp ., and Rp(l_a) are the percentile of o/2 and 1 — a/2 of the distri-
2 2

bution Rp, respectively.
Similarly, we can form confidence intervals on o2 using generalized pivotal
quantity. Since Ro/(0% + [Ko?) ~ x%_,, 02 can be written as a generalized

pivotal quantity as follows:

(2.4.3)

2 1 [(.]—2)2 (IJK—I—J)Q]
O

“ml oo o
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where s3 is an observed value of S and O* = (J —2)S% /(0% + IKc3). Define
Ro as the solution for ¢2. The distribution of R is completely determined by

O* and E*. An approximate 100(1 — )% two-sided confidence interval on o3
is
Roy, i Ro,. | (2.4.4)
2 (=)
where Ro ,, and RO(l_a> are the percentile of «/2 and 1 — «/2 of the distri-
2 2

bution Ro, respectively. The GEN method refers to confidence intervals using

(2.4.2) and (2.4.4).
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2.5 Confidence Intervals on Variance Components Using SAS PROC
MIXED Procedure

SAS PROC MIXED procedure can be employed to fit a variety of mixed lin-

ear models to data. It enables one to use these fitted models to make statistical

inferences about data. PROC MIXED is a generalization of the GLM procedure

in the sense that PROC GLM fits standard linear models and PROC MIXED
fits wider class of mixed linear models. PROC MIXED fits the data using the

method of restricted maximum likelihood(REML), also known as residual max-
imum likelihood. The procedure permits one to exhibit asymptotic covariances
among variance components by using options of MIXED procedure.

In order to form confidence intervals on % and o2 using REML estimator,

a PROC MIXED statement such as TABLE 2.5.1. can be performed.

TABLE 2.5.1 An Example Statement of PROC MIXED

PROC MIXED DATA=EXAMPLE ASYCOV CL ALPHA=0.10;
CLASSES 'SIGMAP SIGMAO;

MODEL Y = X;

RANDOM SIGMAP 'SIGMAO;

where EXAMPLE is a data set name, ASYCOV requests asymptotic covari-
ances among variance components, and CL and ALPHA=0.10 produce 90 %
confidence intervals using REML estimators of 0% and 02. CLASSES SIGMAP
SIGMAO names classification variables and RANCOM SIGMAP SIGMAO de-

fines random effects in this model.
As a result of executing PROC MIXED, an approximate confidence interval

on 0% is obtained using Wald Statistics. The interval is computed as
— 97



~2 ~2
°> ., _Ip (2.5.1)
F(lfoz/Q:V,oo) F(oz/Q:V,oo)

where 6% is the REML estimate of 0%, v = 272, Z is the Wald Z score,

Z=_2r (2.5.2)

and S.FE. stands for standard error.

Similarly, an approximate confidence interval on o2 is obtained using Wald

Statistics. The interval is computed as

~2 A2
[ % .. 9 (2.5.3)
F(l—a/2:u,oo) F(a/Q:V,oo)

where &?) is the REML estimate of 0%, v = 272 and Z is the Wald Z score.

MIXED method refers to confidence intervals using (2.5.1) and (2.5.3).
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3. SIMULATION AND CONCLUSION
3.1 Simulation Study

We compare the confidence intervals on variance components proposed from
Sections 2.3 to 2.5. Computer simulation is used to compare the confidence
coefficients and expected interval lengths. The criteria for analyzing the per-
formance of the methods are: i) their ability to obtain stated confidence coef-
ficients, and ii) the average length of two-sided confidence intervals. Although
shorter average lengths are preferable, it is necessary that the methods main-
tain the stated confidence coefficients. Dolezal et al.(1998) used eight designs
with several combinations of I, JJ, and K for two-factor R & R study with fixed
operators. Four more designs are added to their designs and the designs shown

in Table 3.1.1 are used for simulation study.

TABLE 3.1.1 Eight Designs Used in Simulation Study

I J K T J K I J K

6 3 2 12 3 2 24 3 2

6 3 4 12 3 4 24 3 4

6 6 2 12 6 2 24 6 2

6 6 4 12 6 4 24 6 4
Let p = ﬁ Without loss of generality 0% = 1—0% —o0%. The values

of 0% and 0% are varied form 0.1 to 0.8 in increments of 0.1. In particular, the

values used in this study are presented in Table 3.1.2
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TABLE 3.1.2 Parameter Values Used in Simulation Study

0% o3 0% | 0% o3  o% | o o3 o
0.1 0.1 0.8 0.2 0.5 0.3 0.4 0.4 0.2
0.1 0.2 0.7 0.2 0.6 0.2 0.4 0.5 0.1
0.1 0.3 0.6 0.2 0.7 0.1 0.5 0.1 0.4
0.1 04 0.5 0.3 0.1 0.6 0.5 0.2 0.3
0.1 0.5 0.4 0.3 0.2 0.5 0.5 0.3 0.2
0.1 0.6 0.3 0.3 0.3 0.4 0.5 0.4 0.1
0.1 0.7 0.2 0.3 0.4 0.3 0.6 0.1 0.3
0.1 0.8 0.1 0.3 0.5 0.2 0.6 0.2 0.2
0.2 0.1 0.7 0.3 0.6 0.1 0.6 0.3 0.1
0.2 0.2 0.6 0.4 0.1 0.5 0.7 0.1 0.2
0.2 0.3 0.5 0.4 0.2 0.4 0.7 0.2 0.1
0.2 0.4 0.4 0.4 0.3 0.3 0.8 0.1 0.1

36 combinations of 0%, ¢4, and 0% in Table 3.1.2 are simulated for 2000

times for each design in Table 3.1.1. Simulated values for S%, S3, and S% are
substituted into TING, GEN, and MIXED methods in Section 2.3 to 2.5 and
the intervals are computed. Confidence coefficients are determined by counting
the number of the intervals that contain the parameters. Using the normal
approximation to the binomial, if the true confidence coefficient is 0.90, there

is less than a 2.5 % chance that an estimated confidence coefficient based on

2000 replications will be less than 0.8866. The average lengths of the two-sided

confidence intervals are calculated.
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3.2 Simulation Results

Tables 3.2.1 to 3.2.12 and Tables 3.2.13 to 3.2.24 present simulated confi-
dence coefficients for stated two-sided 90% confidence intervals on 0% and o,
respectively. Tables 3.2.25 to 3.2.36 and Tables 3.2.37 to 3.2.48 report aver-
age confidence interval lengths for stated two-sided 90% confidence intervals on
0% and o3, respectively. Figures 3.2.1 and 3.2.2 show boxplots for simulated
confidence coefficients for stated two-sided 90% confidence intervals on % and
o2, respectively. Figures 3.2.3 and 3.2.4 show boxplots for average confidence
interval lengths for stated two-sided 90% confidence intervals on 0% and o3,
respectively. The boxplots for MIXED method were not presented because
it generates too much wide average confidence interval lengths when PROC
MIXED executes using the data generated by random numbers for 2000 times
in simulation study.

It is known from Figures 3.2.1 that TING and GEN methods for confidence
intervals on 0% generally maintain the stated confidence coefficients for all com-
binations of I, J, and K. However, MIXED method in general generates conser-
vative confidence intervals; comparing with TING and GEN. The performance
of MIXED slightly improves as JJ and K increase. MIXED dramatically per-
forms better especially as I increases. MIXED produces slightly larger simu-
lated confidence coefficients than TING and GEN especially for I = 24, J = 6,
and K = 4. This is because MIXED uses Wald Z statistics in computing confi-
dence intervals which is valid for large samples.

From Figures 3.2.2 simulated confidence coefficients for o2 show similar trend

to ones for o%. It is known from Figures 3.2.2 that TING and GEN methods for

confidence intervals on o?, generally maintain the stated confidence coefficients
~31-



for all combinations of I, J, and K. However, MIXED method in general
generates conservative confidence intervals, comparing with TING and GEN.
The performance of MIXED slightly improves as J and K increase.

It can be noticed from Figures 3.2.3 and 3.2.4 that TING and GEN methods
for average confidence interval lengths on % and o3 are very similar to each
other for all combinations of I, J, and K. MIXED method was eliminated since

it produces too much wide average confidence interval lengths.
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TABLE 3.2.1 Range of Simulated Confidence

Coefficients for 90% Two-sided Intervals on 012,

when I =6, J =3, and K =2

02 0% o3 TING GEN MIXED o2 o2 o2 TING GEN MIXED
0.1 0.1 0.8 09070 09010 0.7872 0.3 05 0.2 0.8880 0.9015 0.9446
0.1 02 0.7 09060 0.8945 08170 0.3 0.6 0.1 0.8945 0.9040 0.9449
0.1 03 0.6 09135 09065 08653 0.4 0.1 05 0.8940 0.8915 0.9335
01 04 05 09035 09020 08577 04 02 04 09045 0.9100 0.9410
0.1 05 04 08990 09085 0.8663 04 03 03 0.8985 0.9055 0.9415
0.1 0.6 0.3 08935 0.8960 0.8926 04 04 02 09025 0.9065 0.9406
0.1 0.7 0.2 09065 09015 09269 04 05 01 0.8895 0.9030 0.9328
0.1 0.8 0.1 08910 0905509303 0.5 0.1 04 0.9010 0.9080 0.9509
02 0.1 0.7 08995 09135 0.8924 05 02 03 0.8945 0.8960 0.9406
02 02 0.6 09125 09025 08894 05 03 02 08985 09025 0.9477
02 03 05 09025 09130 09149 05 04 0.1 0.8980. 0.9070 0.9379
02 0.4 0.4 09075 0902509150 0.6 0.1 03 09155 0.9055 0.9518
02 05 03 09085 0.8930 09298 06 02 0.2 0.8935 0.9055 0.9453
02 0.6 02 09000 09010 09301 0.6 03 0.1 08915 08990 0.9170
02 0.7 0.1 08945 08930 09437 0.7 0.1 02 0.8980 0.9005 0.9435
03 0.1 0.6 09035 09075 09178 0.7 02 0.1 0.8985 08945 0.9095
03 02 05 08920 0.8985 09238 0.8 0.1 0.1 0.8900 0.9100 0.9130
0.3 0.3 0.4 09025 09060 0.9332 MAX 0.9155 - 0.9135  0.9518
0.3 04 03 08995 0.9025 0.9279 MIN 0.8880 0.8915 0.7872
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TABLE 3.2.2 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =6, J =3, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 0.1 08 09000 0.8950 0.8736 0.3 0.5 0.2 0.9000 0.8940 0.9469
01 02 07 09090 0.8930 0.8866 0.3 0.6 0.1 0.9090 0.9020 0.9244
01 03 0.6 08985 0.9005 09070 04 0.1 05 09015 0.9100 0.9411
01 04 05 09060 0.8925 09092 04 0.2 04 09085 0.8985 0.9483
01 05 04 09045 09035 09180 04 0.3 03 0.8960 0.9025 0.9464
01 0.6 03 08990 0.8940 09258 04 04 0.2 0.8930 0.8955 0.9434
01 07 02 08965 0.8940 09324 04 05 0.1 08990 0.8955 0.9180
01 08 0.1 08915 0.9030 09398 0.5 0.1 0.4 0.9055 0.8990 0.9423
02 0.1 0.7 0.9010 0.9030 09253 0.5 0.2 0.3 0.8990 0.8875 0.9429
02 02 0.6 08995 0.8940 09319 05 03 02 0.8965 0.8990 0.9340
02 03 05 08985 09145 09329 05 04 0.1 09180 0.8980 0.9065
02 04 04 09090 0.9095 09338 0.6 0.1 0.3 0.9050 0.9005 0.9409
02 05 0.3 08955 0.9060 ~0.9396 0.6~ 0.2 0.2 0.9065 0.8940 0.9290
02 06 02 09015 09080 09412 06 0.3 0.1 09110 09115 0.9145
02 07 01 09040 0.9090 09414 0.7 0.1 0.2 0.9055 0.8880 0.9260
03 0.1 06 08975 0.8975 09369 0.7 02 0.1 0.9060 0.9045 0.8975
03 02 05 08945 0.8965 09316 0.8 0.1 0.1 0.9045 0.8995 0.8945
03 03 04 09005 0.8995 0.9411 MAX 0.9180 0.9145 0.9483
03 04 0.3 09045 0.9070 0.9373 MIN 0.8915 /0.8875  0.8736
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TABLE 3.2.3 Range of Simulated Confidence

Coefficients for 90% Two-sided Intervals on 0%

when I =6, J =6, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08975 0.8995 0.8836 0.3 0.5 0.2 0.9070 0.9045 0.9474
01 02 07 09005 09165 08916 0.3 0.6 0.1 0.9070 0.9140 0.9355
01 03 0.6 09020 0.9080 0.8997 04 0.1 0.5 0.9030 0.8960 0.9349
01 04 05 08925 0.9085 09147 04 02 04 0.8925 0.8985 0.9487
01 05 04 08960 0.9070 09177 04 0.3 0.3 0.9075 0.9010 0.9538
01 0.6 03 08890 0.8965 09294 04 04 0.2 09070 0.8845 0.9355
01 07 02 09150 0.8900 09327 04 0.5 0.1 0.9005 0.8925 0.9205
01 08 0.1 09015 0.9000 09443 0.5 0.1 0.4 0.8970 0.9135 0.9402
02 0.1 0.7 0.9010 0.9000 0.9207 0.5 0.2 0.3 09125 0.8965 0.9489
02 02 0.6 0880 0.9045 09247 05 03 0.2 0.8995 0.8920 0.9439
02 03 05 09065 0.8910 09337 05 04 0.1 09035 0.8895 0.9180
02 04 04 09000 0.9045 09354 0.6 0.1 03 08995 0.9075 0.9474
02 05 0.3 08885 0.8950 ~0.9406 0.6+ 0.2 0.2 0.9145 0.9060 0.9385
02 0.6 02 08980 0.9025 09487 06 0.3 0.1 09020 0.8980 0.9065
02 07 01 09045 0.9065 09394 0.7 0.1 0.2 0.9000 0.9025 0.9095
03 0.1 06 08985 0.9045 09290 0.7 02 0.1 0.8995 0.8910 0.9030
03 02 05 08910 0.8920 09377 0.8 0.1 0.1 0.8980 0.9060 0.9145
03 03 04 09015 0.8955 0.9428 MAX 0.9150 0.9165 0.9538
03 04 0.3 08890 0.9045 -0.9417 MIN 0.8860 0.8845 0.8836
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TABLE 3.2.4 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =6, J =6, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08920 0.8965 09227 0.3 0.5 0.2 0.8900 0.8890 0.9205
01 02 07 09095 0.8860 09242 03 0.6 0.1 0.8965 0.8985 0.9019
0.1 03 0.6 09065 0.8990 09297 04 0.1 0.5 0.9015 0.9100 0.9409
01 04 05 08975 0.8990 09285 04 0.2 04 0.9040 0.8995 0.9479
01 05 04 08970 0.8870 09390 04 0.3 0.3 0.8995 0.9115 0.9219
01 0.6 03 08985 0.8975 09464 04 04 02 09010 0.9115 0.9130
01 07 02 09010 0.8970 09424 04 05 0.1 0.8980 0.9030 0.9130
01 08 0.1 0.8980 0.9015 09449 0.5 0.1 04 08965 0.9115 0.9430
02 0.1 0.7 0.8900 0.8980 0.9333 0.5 0.2 0.3 0.8985 0.9035 0.9265
02 02 0.6 08925 09010 09358 05 0.3 0.2 0.8920 0.8985 0.9015
02 03 05 08975 0.9000 09373 05 04 0.1 09205 0.9075 0.9065
02 04 04 08915 0.8900 09448 0.6 0.1 0.3 0.8965 0.9050 0.9164
02 05 0.3 08995 0.8880 ~0.9593 0.6~ 0.2 0.2 0.8960 0.8875 0.9090
02 0.6 02 08995 0.9005 09539 06 0.3 0.1 09075 0.8970 0.9030
02 07 01 08995 0.9080 09189 0.7 0.1 0.2 09105 0.8985 0.8960
03 0.1 06 09060 0.9065 09498 0.7 0.2 0.1 0.8885 0.9050 0.8985
03 02 05 08975 0.9015 09443 08 0.1 0.1 0.9005 0.8990 0.9040
03 03 04 09065 0.8865 0.9524 MAX 0.9205 0.9115 0.9593
03 04 0.3 09035 0.9055 -0.9514 MIN 0.8885 0.8860  0.8960
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TABLE 3.2.5 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =12, J =3, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09010 0.9030 08568 0.3 0.5 0.2 0.8995 0.9075 0.9355
01 02 07 09050 0.9015 08739 0.3 0.6 0.1 0.8900 0.9025 0.9195
01 03 0.6 09000 0.9050 0.8795 04 0.1 05 09075 0.9015 0.9444
01 04 05 09005 0.8910 0.8884 04 0.2 04 0.9005 0.8975 0.9389
01 05 04 08975 0.9050 09067 0.4 0.3 0.3 0.9020 0.8960 0.9325
01 0.6 03 08935 0.8915 09374 04 04 0.2 0.8920 0.8860 0.9225
01 07 02 08995 0.9010 09231 04 05 0.1 09205 0.8920 0.9195
0.1 08 0.1 0.9030 0.8980 09370 0.5 0.1 04 09030 0.9050 0.9504
02 0.1 0.7 09110 0.8980 0.9064 0.5 0.2 0.3 0.9070 0.8975 0.9345
02 02 0.6 08970 0.9075 09220 05 03 0.2 09075 0.9195 0.9175
02 03 05 09010 09035 09178 0.5 04 0.1 09005 0.9075 0.9100
02 04 04 08960 0.8915 09323 0.6 0.1 03 0.9040 0.9060 0.9170
02 05 0.3 09020 0.8980 ~0.9369 0.6~ 0.2 0.2 0.9060 0.9160 0.9170
02 0.6 02 08870 0.9050 09449 06 0.3 0.1 09040 0.9015 0.9055
02 07 01 09030 0.9000 09275 0.7 0.1 0.2 0.8985 0.8880 0.8955
03 01 06 09060 0.9110 09284 0.7 02 0.1 0.8930 0.9050 0.9035
03 02 05 08940 0.9040 09402 0.8 0.1 0.1 0.9080 0.9010 0.9125
03 03 04 0.8940 0.8970. 0.9389 MAX 0.9205 0.9195  0.9504
03 04 0.3 09005 0.8920 0.9335 MIN 0.8870 /0.8860  0.8568
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TABLE 3.2.6 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =12, J =3, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08940 0.9010 09193 03 05 0.2 0.8955 0.9025 0.9140
01 02 07 09060 0.9060 09191 03 0.6 0.1 0.8905 0.9000 0.9085
01 03 0.6 08985 0.8865 09285 04 0.1 0.5 09010 0.9005 0.9250
0.1 04 05 09070 0.8880 09211 04 02 04 09110 0.9030 0.9270
01 05 04 09030 0.8900 09290 04 0.3 0.3 0.9085 0.9040 0.9205
01 0.6 0.3 08965 0.8985 09368 04 04 0.2 0.8935 0.9045 0.9155
0.1 07 02 09000 0.9020 09430 04 0.5 0.1 0.9000 0.8985 0.9015
0.1 08 0.1 0.9085 0.9035 09260 05 0.1 04 08930 0.9005 0.9204
02 0.1 0.7 08970 0.9090 0.9267 0.5 0.2 0.3 0.8995 0.8940 0.9200
02 02 0.6 09025 0.8990 09317 05 03 0.2 0.8945 0.8990 0.9075
02 03 05 08965 0.8945 09354 0.5 04 0.1 08985 0.9070 0.8995
02 04 04 09050 0.8990 09455 0.6 0.1 0.3 0.9005 0.8980 0.9135
02 05 0.3 09125 0.9060 ~0.9385 0.6+ 02 0.2 09115 0.9015 0.9065
02 0.6 02 08930 0.9080 09230 06 0.3 0.1 08875 0.9020 0.9010
02 07 01 09095 0.9080 09010 0.7 0.1 02 0.8965 0.9030 0.9160
03 0.1 06 08975 0.8990 09445 0.7 02 0.1 0.9010 0.9000 0.9060
03 02 05 08880 0.9010 09399 0.8 0.1 0.1 0.8970 0.8900 0.8905
03 03 04 0.8995 0.9060 0.9370 MAX 0.9125 0.9105 0.9455
03 04 0.3 09080 0.9105 -0.9130 MIN 0.8875 0.8865  0.8905
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TABLE 3.2.7 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =12, J =6, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09105 0.9035 08940 0.3 0.5 0.2 0.9050 0.8915 0.9245
01 02 07 08940 0.8945 09116 03 0.6 0.1 0.8970 0.9005 0.9110
01 03 0.6 09040 09115 09256 04 0.1 0.5 0.9070 0.9130 0.9360
01 04 05 08980 0.8995 09253 04 0.2 04 0.9070 0.9090 0.9185
01 05 04 08990 0.8970 09331 04 0.3 0.3 0.8945 0.8940 0.9115
01 0.6 03 08970 0.9030 09433 04 04 0.2 0.9005 0.9010 0.9065
01 07 02 09025 0.8975 09419 04 05 0.1 09180 0.9045 0.9030
0.1 08 0.1 0.8950 0.8980 09154 0.5 0.1 04 08970 0.9090 0.9250
02 0.1 0.7 09075 0.9070 0.9403 0.5 0.2 0.3 0.8905 0.9075 0.9105
02 02 0.6 08980 0.8965 09333 05 03 0.2 0.8965 0.9060 0.9060
02 03 05 08990 0.9050 09479 0.5 0.4 0.1 0.9030 0.8930 0.9035
02 04 04 09060 0.9035 09489 0.6 0.1 0.3 0.9010 0.8995 0.9130
02 05 0.3 08910 0.9090 09395 0.6+ 0.2 0.2 0.8915 0.9080 0.8985
02 0.6 02 09055 0.9060 09105 06 0.3 0.1 09045 09015 0.9110
02 07 01 09070 0.8930 0.8995 0.7 0. 0.2 0.8995 0.9005 0.9065
03 0.1 06 09085 0.8970 09419 0.7 02 0.1 0.9030 0.8960 0.8985
03 02 05 08960 0.9075 09474 08 0.1 0.1 0.9035 0.8940 0.9100
03 03 04 0.9060 0.9030 0.9279 MAX 0.9180 0.9130  0.9489
03 04 0.3 08935 0.8995 -0.9150 MIN 0.8905 /0.8915  0.8940
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TABLE 3.2.8 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =12, J =6, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09040 0.9115 09305 03 05 0.2 0.8980 0.9000 0.9100
01 02 07 08960 0.8975 09362 03 0.6 0.1 0.8990 0.9025 0.9005
01 03 0.6 08935 0.9025 09278 04 0.1 0.5 0.9090 0.8985 0.9125
01 04 05 08890 0.8840 09478 04 0.2 04 0.9030 0.8975 0.9015
01 05 04 09005 0.8965 09370 04 0.3 0.3 0.9015 0.9025 0.9095
01 0.6 03 09060 0.9050 09464 04 04 0.2 0.9010 0.8970 0.9055
01 07 02 08905 0.9040 09210 04 0.5 0.1 0.8995 0.9045 0.8725
0.1 08 0.1 0.8835 0.9055 09000 05 0.1 04 08870 0.9155 0.9130
02 0.1 0.7 0.8985 0.8840 0.9404 0.5 0.2 0.3 09035 0.9045 0.9045
02 02 0.6 09065 09045 009335 05 03 0.2 09045 0.8820 0.9045
02 03 05 08995 0.8960 09445 0.5 04 0.1 08995 0.9045 0.8990
02 04 04 08965 0.8990 09524 0.6 0.1 0.3 0.9060 0.8915 0.9120
02 05 0.3 08970 0.8975 -0.9485 0.6~ 0.2 0.2 0.8975 0.9100 0.9150
02 06 02 08950 0.8965 09045 06 0.3 0.1 0.8955 0.8945 0.9085
02 07 01 08900 0.8995 09110 0.7 0. 0.2 0.8960 0.8965 0.8985
03 01 06 08980 0.9030 09205 0.7 02 0.1 0.9030 0.8900 0.8825
03 02 05 08925 0.8985 09380 0.8 0.1 0.1 0.9025 0.8925 0.9060
03 03 04 0.8975 0.9000 0.9150 MAX 0.9090 0.9155  0.9524
03 04 0.3 08975 0.8990 0.9045 MIN 0.8835 /0.8820 0.8725
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TABLE 3.2.9 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =24, J =3, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08930 0.8905 0.8791 0.3 0.5 0.2 0.8925 0.8985 0.9155
01 02 07 09065 0.9005 08927 03 0.6 0.1 0.8980 0.8825 0.9055
01 03 0.6 09010 0.9030 0.8996 04 0.1 0.5 0.8890 0.9020 0.9330
01 04 05 08990 0.9050 09086 0.4 0.2 0.4 0.8955 0.9060 0.9195
01 05 04 08985 0.8890 09199 04 0.3 0.3 0.9065 0.9090 0.9085
01 0.6 03 08915 0.8995 09333 04 04 02 08990 0.8940 0.9054
01 07 02 08955 0.8995 09450 04 0.5 0.1 09100 0.9135 0.8915
01 08 0.1 09015 0.9050 09035 0.5 0.1 0.4 0.8955 0.8995 0.9105
02 0.1 0.7 0.9000 0.8920 0.9157 0.5 0.2 0.3 0.9055 0.8985 0.9100
02 02 0.6 09025 0.8960 09314 05 03 02 09085 0.9100 0.9030
02 03 05 08855 09055 09465 0.5 04 0.1 09130 0.8950 0.9105
02 04 04 09115 09000 09294 0.6 0.1 03 08955 0.9035 0.9090
02 05 0.3 08995 0.9000 ~0.9365 0.6~ 0.2 0.2 0.8925 0.9140 0.9000
02 0.6 02 09050 0.9085 09200 06 0.3 0.1 09070 0.9075 0.9075
02 07 01 08875 0.9080 09110 0.7 0.1 0.2 0.8950 0.8935 0.8905
03 01 06 08930 0.9170 09350 0.7 0.2 0.1 0.8965 0.8905 0.8975
03 02 05 08965 0.9090 09375 0.8 0.0 0.1 0.9035 0.9140 0.9025
03 03 04 0.8930 0.9040 0.9155 MAX 0.9130 0.9170  0.9465
03 04 0.3 09035 0.9095 -0.9290 MIN 0.8855 0.8825 0.8791
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TABLE 3.2.10 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =24, J =3, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09100 0.9135 09285 0.3 0.5 0.2 0.8925 0.9025 0.9085
01 02 07 08960 0.9110 09248 03 0.6 0.1 0.9030 0.8990 0.9170
01 03 0.6 09050 0.9015 09134 04 0.1 0.5 0.9000 0.8935 0.9165
01 04 05 09015 09110 09385 04 02 04 08980 0.9155 0.9100
01 05 04 08925 0.8990 09405 0.4 0.3 0.3 0.8980 0.9055 0.9160
01 0.6 03 09000 0.9050 09305 04 04 02 08935 0.8920 0.9000
01 07 02 09035 0.9045 09165 04 05 0.1 08910 0.9070 0.9100
01 08 0.1 08915 0.9035 09100 0.5 0.1 04 09110 0.9100 0.9035
02 0.1 0.7 08925 0.8970 09355 0.5 0.2 0.3 09055 0.8940 0.9075
02 02 0.6 09085 0.8930 09285 05 0.3 0.2 0.8940 0.8935 0.9005
02 03 05 09010 0.8970 09185 0.5 04 0.1 09005 0.8955 0.9030
02 04 04 09025 0.8970 09090 0.6 0.1 0.3 0.8990 0.8975 0.8990
02 05 0.3 /09010 0.9070 ~0.9170 0.6~ 0.2 0.2 0.9065 0.8940 0.9070
02 0.6 02 09065 0.8950 09140 06 0.3 0.1 0.8985 0.8895 0.9030
02 07 01 08950 0.9015 0.8950 0.7 0. 0.2 0.8875 0.9020 0.9011
03 01 06 09175 09035 09125 07 02 0.1 09115 0.8985 0.9045
03 02 05 08990 0.9010 09150 0.8 0.1 0.1 0.8965 0.9035 0.8965
03 03 04 0.8865 0.9030 0.9145 MAX 0.9175 0.9155  0.9405
03 04 0.3 09025 0.9050 -0.9125 MIN 0.8865 0.8895  0.8950
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TABLE 3.2.11 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =24, J =6, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09025 0.9090 09215 03 05 0.2 0.8965 0.8965 0.9135
01 02 07 08920 0.8975 09216 03 0.6 0.1 0.8940 0.8905 0.9110
01 03 0.6 08950 0.8955 09335 04 0.1 0.5 0.8835 0.8965 0.9075
01 04 05 09110 0.9020 09294 04 02 04 09175 0.8930 0.9175
01 05 04 09000 0.8890 09319 04 03 0.3 0.8990 0.8945 0.8975
01 0.6 03 09145 09005 09320 04 04 0.2 0.8960 0.8995 0.9115
01 07 02 08955 09105 09170 04 0.5 0.1 0.8950 0.9075 0.8905
01 08 0.1 0.9025 0.8965 09030 0.5 0.1 04 0.8955 0.8930 0.8945
02 0.1 0.7 08975 0.8985 09354 0.5 0.2 03 08945 0.9015 0.9105
02 02 0.6 08985 0.9010 09340 05 0.3 0.2 0.9000 0.9035 0.8925
02 03 05 08980 0.8970 09250 0.5 0.4 0.1 0.8940 0.8975 0.8995
02 04 04 08940 0.8935 09190 0.6 0.1 0.3 0.9025 0.8950 0.8985
02 05 0.3 08985 0.8935 -0.9045 0.6- 0.2 0.2 0.9020 0.8990 0.9020
02 06 02 09050 0.8955 09100 06 0.3 0.1 09125 09040 0.9015
02 07 01 08855 0.9065 09105 0.7 0.1 0.2 09070 08960 0.8950
03 01 06 08955 0.9105 09120 0.7 02 0.1 09120 0.8975 0.9005
03 02 05 08940 0.9025 09070 0.8 0.1 0.1 0.9055 0.9130 0.8895
03 03 04 09060 0.9050 0.9210 MAX 0.9175 0.9130  0.9354
03 04 0.3 08995 0.8965 -0.9070 MIN 0.8835 0.8890  0.8895
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TABLE 3.2.12 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on 0%

when I =24, J =6, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 0.8940 0.8880 09385 0.3 0.5 0.2 0.8890 0.9075 0.9030
01 02 07 09080 0.8985 09344 03 0.6 0.1 0.9000 0.9005 0.8940
0.1 03 0.6 09000 0.8980 09385 04 0.1 0.5 0.9005 0.8940 0.9130
01 04 05 09055 0.8935 09135 04 02 04 08930 0.9005 0.9050
01 05 04 09005 09035 09230 04 0.3 0.3 0.9005 0.8905 0.9015
01 0.6 03 09015 0.9005 09055 04 04 0.2 0.8960 0.9035 0.9095
01 07 02 08950 0.9005 09020 04 0.5 0.1 09110 0.9065 0.8985
0.1 08 0.1 0.9030 0.8950 0.8975 0.5 0.1 04 09075 0.9005 0.8940
02 0.1 0.7 0.9005 0.8975 0.9165 0.5 0.2 0.3 0.9080 0.9020 0.9000
02 02 0.6 09010 09000 09220 05 03 02 08995 0.8970  0.9000
02 03 05 09010 09150 09045 0.5 04 0.1 09025 0.8950 0.9050
02 04 04 08995 0.8940 0.8990 0.6 0.1 0.3 0.9045 0.8970 0.8910
02 05 0.3 09030 0.8940 ~0.9015 0.6~ 0.2 0.2 0.9085 0.9015 0.9015
02 0.6 02 09065 0.8975 09085 06 0.3 0.1 09105 0.9220 0.9110
02 07 01 08950 0.9025 0.8940 0.7 0.1 0.2 0.8955 0.9055 0.8945
03 01 06 09035 09115 09050 0.7 02 0.1 0.9030 0.8945 0.8985
03 02 05 09015 0.8885 0.8980 0.8 0. 0.1 0.9030 0.8975 0.9045
03 03 04 0.8960 0.9010 0.9045 MAX 09110 0.9220 0.9385
03 04 0.3 09010 0.8975 0.9000 MIN 0.8890 /0.8880  0.8910
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TABLE 3.2.13 Range of Simulated Confidence

Coefficients for 90% Two-sided Intervals on o2

when I =6, J =3, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09160 0.8965 0.8370 0.3 0.5 0.2 0.8840 0.9115 0.9528
01 02 07 08945 0.9055 0.8890 0.3 0.6 0.1 09020 0.8975 0.9441
01 03 0.6 09145 0.8975 09105 04 0.1 05 09035 0.9055 0.8750
0.1 04 05 09025 0.8990 09195 04 02 04 09025 0.8955 0.9214
01 05 04 08890 09115 09380 04 0.3 0.3 0.8975 0.9025 0.9336
01 0.6 03 09020 0.9000 09392 04 04 0.2 0.8935 0.8960 0.9466
01 07 02 08920 0.8940 09486 04 0.5 0.1 0.9065 0.9070 0.9458
01 08 0.1 09055 0.8820 09540 0.5 0.1 0.4 09120 0.8955 0.8819
02 0.1 0.7 08995 0.9135 0.8924 0.5 0.2 03 09105 0.9070 0.9296
02 02 0.6 08965 0.8975 09011 05 0.3 0.2 0.9035 0.8985 0.9342
02 03 05 08980 0.9000 09204 05 04 0.1 09085 0.8850 0.9447
02 04 04 09000 09090 09333 0.6 0.1 03 0.8895 09125 0.8926
02 05 0.3 08960 0.8990 ~0.9381 0.6~ 0.2 0.2 0.8955 0.8935 0.9388
02 06 02 08955 0.8905 09452 06 0.3 0.1 09035 0.8885 0.9554
02 07 01 09000 0.9025 09523 0.7 0.1 0.2 09015 0.9020 0.9279
03 0.1 06 09020 0.9080 08515 0.7 0.2 0.1 0.9000 0.9045 0.9499
03 02 05 08945 09025 09131 0.8 0.1 0.1 0.9030 0.8995 0.9313
03 03 04 09065 0.9020 0.9406 MAX 0.9160 0.9125  0.9554
03 04 0.3 09120 0.9080 0.9369 MIN 0.8840 /0.8820  0.8370
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TABLE 3.2.14 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =6, J =3, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 0.1 08 0.9000 0.8925 0.8800 0.3 0.5 0.2 09040 0.9120 0.9480
01 02 07 09070 0.8965 09244 03 0.6 0.1 0.9085 0.9040 0.9516
01 03 0.6 08960 0.8905 09401 04 0.1 0.5 0.8980 0.9010 0.9165
01 04 05 09020 0.9025 09345 04 0.2 04 09060 0.8915 0.9182
01 05 04 08930 0.8920 09470 04 0.3 0.3 0.8940 0.9110 0.9438
01 0.6 03 09035 09015 09372 04 04 02 09000 0.8995 0.9444
01 07 02 08935 0.8980 09451 04 0.5 0.1 09015 0.8950 0.9486
01 08 0.1 08990 0.8865 09562 0.5 0.1 0.4 0.9010 0.9050 0.9215
02 0.1 0.7 0.8980 0.8940 0.8887 0.5 0.2 0.3 0.8940 0.8945 0.9358
02 02 0.6 09030 09105 09271 05 03 02 08935 0.8940 0.9440
02 03 05 09110 09005 09348 0.5 04 0.1 09155 0.9025 0.9478
02 04 04 09035 0.8990 09266 0.6 0.1 0.3 0.9085 0.9050 0.9136
02 05 0.3 09080 0.9060 ~0.9537 0:6- 0.2 0.2 0.9000 0.8930 0.9371
02 0.6 02 09085 0.9005 09490 06 0.3 0.1 09005 0.8885 0.9499
02 07 01 09075 0.8930 09446 0.7 0.1 0.2 0.9055 08965 0.9274
03 0.1 06 09000 0.9040 09088 0.7 0.2 0.1 0.9080 0.9075 0.9458
03 02 05 09115 09055 09324 08 0. 0.1 09110 0.9045 0.9471
03 03 04 08940 0.8950 0.9426 MAX 0.9155 0.9120 0.9562
03 04 0.3 09020 0.8960 ~0.9411 MIN 0.8930 /0.8865  0.8800
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TABLE 3.2.15 Range of Simulated Confidence

Coefficients for 90% Two-sided Intervals on o2

when I =6, J =6, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 0.8830 0.8980 0.8838 0.3 0.5 0.2 0.8930 0.9005 0.9385
01 02 07 09065 0.9000 09231 03 06 01 08910 0.9005 0.9200
01 03 0.6 09055 0.9070 09372 04 0.1 0.5 0.9030 0.9075 0.9045
0.1 04 05 09000 0.8930 09441 04 02 04 0.9035 0.8965 0.9427
01 05 04 09005 0.9045 09468 04 0.3 03 0.8955 0.8865 0.9427
01 0.6 03 09055 0.9030 09424 04 04 0.2 0.9025 0.9080 0.9455
01 07 02 08920 0.9020 09254 04 05 0.1 0.9000 0.9000 0.9180
01 08 0.1 09220 0.8855 09025 0.5 0.1 04 0.9050 0.8935 0.9229
02 0.1 0.7 0.8960 0.9035 0.8940 0.5 0.2 0.3 0.8910 0.8945 0.9449
02 02 0.6 09070 0.9030 09368 0.5 03 0.2 0.8980 0.9005 0.9564
02 03 05 08995 0.9060 09392 05 04 01 08855 0.9040 0.9174
02 04 04 08885 0.9005 09427 0.6 0.1 03 0.8850 0.9070 0.9264
02 05 0.3 08965 0.9075 ~0.9473 0.6~ 02 0.2 09130 0.8985 0.9393
02 0.6 02 09045 09055 09245 06 0.3 0.1 08945 0.8925 0.9309
02 07 01 08885 0.8985 0.8990 0.7 0.1 0.2 09010 09160 0.9411
03 01 06 08890 0.9110 08892 0.7 02 0.1 0.8930 0.8940 0.9458
03 02 05 08890 0.8915 09291 0.8 0.1 0.1 0.9030 0.8850 0.9443
03 03 04 09040 0.9070. 0.9408 MAX 0.9220 0.9160  0.9564
0.3 04 0.3 09080 0.8905 -0.9474 MIN 0.8830 0.8850  0.8838

— 47-



TABLE 3.2.16 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =6, J =6, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09020 0.8975 09181 0.3 0.5 0.2 0.9020 0.9000 0.9035
01 02 07 09025 0.8985 09400 0.3 0.6 0.1 0.9075 0.8995 0.9050
01 03 0.6 08960 0.9105 09532 04 0.1 0.5 0.8895 0.9045 0.9346
01 04 05 09140 0.8975 09439 04 0.2 04 0.8900 0.9235 0.9478
01 05 04 08985 0.8990 09400 0.4 0.3 0.3 09025 0.8945 0.9524
01 0.6 03 08960 0.9035 09200 04 04 02 09120 0.8965 0.9174
01 07 02 08935 0.8975 0.8989 04 05 0.1 08935 0.9010 0.9120
01 08 0.1 09015 0.9020 09040 0.5 0.1 0.4 0.9040 0.9025 0.9422
02 0.1 0.7 0.9015 0.9005 09135 0.5 0.2 03 09125 0.9035 0.9473
02 02 0.6 08985 0.9060 09443 05 0.3 0.2 0.9020 0.9010 0.9119
02 03 05 09070 0.9000 09513 05 04 01 09115 0.8990 0.9140
02 04 04 09065 0.8945 09534 0.6 0.1 0.3 0.9025 0.8990 0.9393
02 05 0.3 08920 0.9110 09255 0.6+ 0.2 0.2 0.9050 0.9110 0.9434
02 0.6 02 08845 09065 09065 06 0.3 0.1 08965 0.8985 0.9140
02 07 01 09005 0.9030 09080 0.7 0.1 02 08940 0.8980 0.9537
03 01 06 08975 0.8955 09313 0.7 02 0.1 0.8945 0.8945 0.9255
03 02 05 09070 0.8920 09290 0.8 0.1 0.1 0.8995 0.8915 0.9429
03 03 04 09025 0.8955 0.9534 MAX 0.9140 0.9235 0.9537
03 04 0.3 09080 0.8930 0.9282 MIN 0.8845 /0.8915  0.8989
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TABLE 3.2.17 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =12, J =3, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08990 0.8920 0.8874 0.3 0.5 0.2 0.9075 0.9075 0.9463
01 02 07 09090 0.8995 09337 03 0.6 0.1 0.8960 0.8930 0.9486
0.1 03 0.6 09080 0.9030 09390 04 0.1 05 08810 0.9060 0.8984
01 04 05 08845 0.9065 09376 04 02 04 08960 0.8940 0.9341
01 05 04 08975 0.9065 09436 04 0.3 0.3 09110 0.8965 0.9432
01 0.6 03 09050 0.8990 09045 04 04 0.2 0.8995 0.9060 0.9468
01 07 02 08960 0.8975 09483 04 0.5 0.1 0.8910 0.8875 0.9455
0.1 08 0.1 0.9010 0.9040 09490 0.5 0.1 04 0.8940 0.8920 0.9180
02 0.1 0.7 0.9065 0.9040 0.9037 0.5 0.2 0.3 0.9080 0.8940 0.9438
02 02 0.6 09005 0.8965 09216 05 03 0.2 09050 0.9115 0.9513
02 03 05 09000 0.9005 09354 05 04 01 09050 0.9000 0.9530
02 04 04 09065 0.8985 09354 0.6 0.1 03 0.9060 0.9050 0.9221
02 05 0.3 09075 0.9055 ~0.9454 0.6 02 0.2 0.8925 0.8985 0.9503
02 06 02 08915 0.8955 09424 06 0.3 0.1 09030 0.8980 0.9458
02 07 01 08940 0.8960 09593 0.7 0.1 0.2 0.8815 0.9065 0.9311
03 0.1 06 08990 0.9030 0.8968 0.7 0.2 0.1 0.9090 0.9050 0.9349
03 02 05 09005 0.8960 09232 08 0.1 0.1 0.8935 09110 0.9490
03 03 04 09130 0.9075 0.9452 MAX 0.9130 0.9115  0.9593
03 04 0.3 08980 0.8995 0.9446 MIN 0.8810 /0.8875  0.8874
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TABLE 3.2.18 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =12, J =3, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08935 0.9005 09137 03 05 0.2 0.8905 0.8980 0.9441
01 02 07 08895 0.8930 09289 0.3 0.6 0.1 09075 0.8990 0.9418
01 03 0.6 08855 0.9075 09377 04 0.1 0.5 0.9060 0.9065 0.9366
01 04 05 08955 0.8804 09376 04 0.2 04 0.8905 0.9095 0.9529
01 05 04 08975 09110 09558 0.4 0.3 0.3 0.9000 0.9035 0.9510
01 0.6 03 08975 0.9065 09505 04 04 0.2 0.9065 0.9080 0.9490
0.1 07 02 09000 0.8835 09467 04 0.5 0.1 0.8975 0.9005 0.9518
0.1 08 0.1 0.9090 0.9005 09172 0.5 0.1 0.4 0.8975 0.9060 0.9372
02 0.1 0.7 09025 0.9065 09146 0.5 0.2 0.3 09050 0.8980 0.9491
02 02 0.6 09050 0.8975 09332 05 03 0.2 09015 0.8945 0.9492
02 03 05 09095 09035 09431 05 04 0.1 09020 0.8945 0.9472
02 04 04 08970 0.9130 09349 0.6 0.1 0.3 0.8945 0.8965 0.9298
02 05 0.3 09015 0.8935 09523 0.6+ 0.2 0.2 0.9050 0.8980 0.9508
02 0.6 02 09045 09055 09496 06 0.3 0.1 0.8905 0.9005 0.9477
02 07 01 09055 0.8940 09376 0.7 0.1 0.2 09120 0.9025 0.9383
03 01 06 08970 0.8920 09272 0.7 02 0.1 0.8875 0.8960 0.9495
03 02 05 08920 0.8980 09399 0.8 0.1 0.1 0.9015 09115 0.9489
03 03 04 08955 0.9020 0.9453 MAX 0.9120 0.9130 0.9558
03 04 0.3 08955 0.9070 -0.9513 MIN 0.8855 /0.8804 0.9137
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TABLE 3.2.19 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =12, J =6, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 0.8930 0.9030 09214 03 05 02 0.8960 0.8980 0.9050
01 02 07 09015 0.8890 09442 0.3 0.6 0.1 0.8980 0.9055 0.9085
01 03 0.6 08990 0.9045 09462 04 0.1 05 0.8985 0.9020 0.9337
0.1 04 05 09080 0.8815 09469 04 0.2 04 0.8950 0.9045 0.9437
01 05 04 09025 09030 09359 04 03 0.3 0.9030 0.9010 0.9499
01 0.6 03 08955 0.9020 09209 04 04 0.2 0.8980 0.9000 0.9209
01 07 02 09015 09085 09035 04 05 01 09015 0.8925 0.9040
0.1 08 0.1 0.9055 0.9015 09025 05 0.1 04 09040 0.8920 0.9400
02 0.1 0.7 0.8955 0.8960 0.9200 0.5 0.2 0.3 09015 0.9005 0.9528
02 02 0.6 08950 0.9015 09430 05 0.3 0.2 0.9060 0.9015 0.9209
02 03 05 09035 09045 09528 0.5 04 0.1 09085 0.8930 0.9140
02 04 04 08900 0.8950 09474 0.6 0.1 0.3 08905 0.9075 0.9404
02 05 0.3 08965 0.8975 ~0.9100 0.6~ 0.2 0.2 0.9095 0.9020 0.9434
02 0.6 02 08870 0.8970 0.9055 0.6 0.3 0.1 0.9045 0.8930 0.9030
02 07 01 09130 0.9040 09040 0.7 0.1 0.2 0.9015 0.8930 0.9426
03 0.1 06 08995 0.9005 09425 0.7 02 0.1 0.9040 0.9015 0.9205
03 02 05 09000 0.8970 09353 0.8 0.1 0.1 0.9075 0.8970 0.9439
03 03 04 09030 0.8875 0.9418 MAX 0.9130 0.9130 0.9528
0.3 04 0.3 09090 0.9130 -0.9354 MIN 0.8870 /0.8815  0.9025
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TABLE 3.2.20 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =12, J =6, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 0.8895 0.8920 09405 0.3 05 0.2 0.8935 0.9095 0.9110
01 02 07 09060 0.9065 09553 0.3 0.6 0.1 0.8995 0.9030 0.9010
01 03 0.6 08950 0.8925 09414 04 0.1 0.5 0.9040 0.9055 0.9366
01 04 05 08970 0.9075 09279 04 0.2 04 0.8990 0.9035 0.9498
01 05 04 09065 0.8915 09115 04 0.3 0.3 09065 0.8855 0.9024
01 0.6 03 09130 0.8950 09060 0.4 04 0.2 09020 0.9010 0.9110
0.1 07 02 0.9005 0.9080 0.8980 0.4 0.5 0.1 0.8980 0.8960 0.9080
01 08 0.1 0.8980 0.9050 0.8960 0.5 0.1 0.4 0.8915 0.8980 0.9463
02 0.1 0.7 08970 0.8865 0.9337 0.5 0.2 03 0.9070 0.8935 0.9324
02 02 0.6 09060 09065 09371 05 03 02 08850 0.8970 0.8950
02 03 05 08915 0.8970 09294 05 04 0.1 09005 0.8935 0.9080
02 04 04 09085 0.9095 09550 0.6 0.1 0.3 0.9050 0.9055 0.9478
02 05 0.3 09065 0.9040 ~0.9199 0.6~ 02 0.2 09115 0.8970 0.9500
02 0.6 02 08965 0.8975 09025 06 0.3 0.1 0.9080 0.9070 0.8980
02 07 01 08870 0.9005 09015 0.7 0.1 0.2 0.8940 0.8890 0.9529
03 0.1 06 08980 0.9025 09347 07 02 0.1 0.8980 0.9005 0.9210
03 02 05 08925 0.8995 09470 0.8 0.1 0.1 0.8860 0.9015 0.9115
03 03 04 09035 0.9075 0.9290 MAX 0.9130 0.9095 0.9553
03 04 0.3 08990 0.8980 0.9200 MIN 0.8850 0.8855  0.8950
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TABLE 3.2.21 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =24, J =3, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09100 0.9040 09128 0.3 05 0.2 0.8985 0.8950 0.9491
01 02 07 08940 09115 09363 03 0.6 0.1 0.9020 0.8985 0.9453
01 03 0.6 08980 0.8970 09459 04 0.1 0.5 0.8980 0.8960 0.9293
01 04 05 08965 0.9050 09492 04 0.2 04 0.8875 0.9070 0.9392
01 05 04 09115 0.8925 09430 04 0.3 0.3 0.9080 0.8990 0.9461
01 0.6 03 08930 0.9080 09447 04 04 0.2 09015 0.8945 0.9499
01 07 02 09095 0.8875 09482 04 0.5 0.1 0.8975 0.8940 0.9478
01 08 0.1 08955 0.8895 09244 0.5 0.1 0.4 0.9000 0.8980 0.9386
02 0.1 0.7 0.9035 0.8980 09252 0.5 0.2 0.3 08815 0.9020 0.9477
02 02 0.6 08915 0.8945 09430 05 0.3 0.2 0.9050 0.8990 0.9506
02 03 05 08935 0.8940 09424 05 04 0.1 08920 0.8980 0.9410
02 04 04 09015 0.9025 09455 0.6 0.1 0.3 0.9040 0.9055 0.9408
02 05 0.3 08805 0.8905 ~0.9520 0.6~ 0.2 0.2 0.9145 0.9010 0.9562
02 0.6 02 08985 09065 09577 06 0.3 0.1 09045 0.8970 0.9577
02 07 01 08980 0.9050 09323 0.7 0.1 02 08885 08875 0.9401
03 0.1 06 08885 0.8995 09214 07 02 0.1 0.8965 0.9080 0.9500
03 02 05 09005 0.8970 09385 0.8 0.1 0.1 09110 09115 0.9542
03 03 04 08960 0.8920 0.9501 MAX 0.9145 0.9115  0.9577
03 04 0.3 09050 0.9050 -0.9421 MIN 0.8805 /0.8875 0.9128
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TABLE 3.2.22 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =24, J =3, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09070 0.9055 09355 0.3 0.5 0.2 0.8950 0.8890 0.9396
01 02 07 08965 0.9005 09445 0.3 0.6 0.1 0.9015 0.9085 0.9168
01 03 0.6 08915 0.8920 09576 04 0.1 0.5 0.9010 0.9020 0.9338
01 04 05 08910 0.9005 09502 04 0.2 04 0.8995 0.8945 0.9408
01 05 04 09010 0.8920 09471 04 0.3 0.3 0.9095 0.8960 0.9508
01 0.6 03 09015 09030 09527 04 04 02 09015 0.9000 0.9400
01 07 02 08990 0.8950 09283 04 0.5 0.1 0.9065 0.9015 0.9193
01 08 0.1 0.8880 0.9015 09189 0.5 0.1 04 0.8985 0.9035 0.9308
02 0.1 0.7 08845 0.9035 0.9476 0.5 0.2 0.3 09055 0.8925 0.9442
02 02 0.6 08950 0.8940 0.9408 0.5 0.3 0.2 0.9040 0.8940 0.9535
02 03 05 09055 0.8990 09482 0.5 04 0.1 0.8955 0.9080 0.9253
02 04 04 08975 0.9025 09489 0.6 0.1 0.3 0.8850 0.8960 0.9399
02 05 0.3 /09000 0.9015 -0.9460 0.6~ 0.2 0.2 0.8925 0.9080 0.9494
02 0.6 02 08930 0.8955 09502 06 0.3 0.1 09005 09125 0.9462
02 07 01 09005 0.9050 09164 0.7 0.1 0.2 0.8995 0.8940 0.9402
03 0.1 06 09025 0.9090 09323 07 02 01 0.8990 0.9015 0.9581
03 02 05 09055 0.8965 09492 0.8 0.1 0.1 09115 09125 0.9499
03 03 04 09020 0.8995 0.9511 MAX 09115 0.9125 0.9581
03 04 0.3 09065 0.8885 0.9456 MIN 0.8845 /0.8885  0.9164
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TABLE 3.2.23 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =24, J =6, and K =2

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 09050 0.8975 09323 03 05 02 09020 0.8745 0.9100
01 02 07 09030 09070 09418 03 0.6 0.1 0.9020 0.9075 0.9000
01 03 0.6 08965 0.8975 09494 04 0.1 05 0.8995 0.8980 0.9427
0.1 04 05 09010 0.8985 09350 04 02 04 09105 0.8970 0.9524
01 05 04 09040 0.9070 09020 04 0.3 03 09075 0.8940 0.9134
01 0.6 03 09025 0.8925 09105 04 04 02 08970 0.9015 0.9160
01 07 02 09110 09125 09010 04 05 01 08975 0.9025 0.8920
01 08 0.1 0.9045 0.8975 0.8880 0.5 0.1 0.4 0.9035 0.9060 0.9486
02 0.1 0.7 08970 0.8905 0.9376 0.5 0.2 0.3 0.9125 0.9040 0.9354
02 02 0.6 08925 0.8995 09453 0.5 0.3 0.2 0.8905 0.8795 0.9125
02 03 05 08975 0.8975 09419 05 04 0.1 09000 0.8875 0.9070
02 04 04 09075 09045 09230 0.6 0.1 0.3 0.9045 0.8950 0.9558
02 05 0.3 08995 0.9095 ~0.8990 0.6~ 0.2 0.2 0.8870 0.9085 0.9079
02 0.6 02 09045 0.8970 09035 06 0.3 0.1 09095 0.9025 0.8965
02 07 01 09030 09125 08965 0.7 0.1 0.2 0.9085 0.8990 0.9435
03 0.1 06 09030 0.8995 09414 07 02 0.1 08975 0.9075 0.9060
03 02 05 08890 0.9045 09509 08 0.1 0.1 0.8950 0.8855 0.9144
03 03 04 09065 0.9050 0.9280 MAX 09125 0.9125 0.9558
03 04 0.3 09055 0.8940 0.9509 MIN 0.8870 /0.8745  0.8880
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TABLE 3.2.24 Range of Simulated Confidence
Coefficients for 90% Two-sided Intervals on o2

when I =24, J =6, and K =4

0% 0% o2 TING GEN MIXED o2 o2 o% TING GEN MIXED
01 01 08 08945 0.9025 09512 0.3 0.5 0.2 0.9045 0.8865 0.9005
01 02 07 08940 0.9030 09424 03 0.6 0.1 0.9010 0.8945 0.8895
01 03 0.6 08985 0.9080 09225 04 0.1 0.5 0.9085 0.9025 0.9478
0.1 04 05 08905 0.9060 09030 04 02 04 09050 0.9080 0.9190
01 05 04 09110 0.9085 09030 04 0.3 0.3 0.9065 0.8980 0.9065
01 0.6 03 08870 0.8875 09045 04 04 0.2 09075 0.8945 0.9055
01 07 02 09070 0.8920 0.8970 04 05 0.1 09115 0.8965 0.9110
01 08 0.1 0.8895 0.8945 0.8940 0.5 0.1 0.4 0.9145 0.9080 0.9539
02 0.1 0.7 0.8990 0.8835 0.9418 0.5 0.2 03 09115 0.8870 0.9130
02 02 0.6 08960 0.9030 09389 05 03 0.2 09075 0.9065 0.9010
02 03 05 09010 0.8970 09055 0.5 04 01 09150 0.8970 0.9030
02 04 04 08940 0.9060 09025 0.6 0.1 0.3 0.8960 0.9070 0.9263
02 05 0.3 09010 0.8975 ~0.9020 0.6~ 0.2 0.2 0.8935 0.9005 0.9015
02 0.6 02 09035 0.8950 09025 06 0.3 0.1 08920 0.8950 0.9000
02 07 01 09090 0.9015 0.8970 0.7 0.1 0.2 08940 08990 0.9124
03 01 06 09020 0.8995 09429 0.7 02 0.1 0.9020 0.8960 0.9070
03 02 05 08920 0.8920 09175 08 0.1 0.1 0.8945 0.9055 0.9080
03 03 04 0.8855 0.9060 0.9130 MAX 0.9150 0.9105  0.9539
03 04 0.3 08990 0.9105 -0.9100 MIN 0.8855 0.8835  0.8895
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TABLE 3.2.25 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =6, J =3, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 1.1262 1.1460 0.3 0.5 0.2 1.7132 1.6978
0.1 0.2 0.7 1.0601 1.1089 0.3 0.6 0.1 1.6253 1.6331
0.1 03 0.6 1.0163 0.9922 04 0.1 0.5 25179 2.4996
0.1 04 05 0.9339 09247 04 0.2 04 24328 24076
0.1 05 04 0.8474 0.8290 0.4 0.3 0.3 2.2953 2.3254
0.1 0.6 0.3 0.7598 0.7649 04 0.4 0.2 22911 2.2928
0.1 0.7 0.2 0.6877 0.6984 0.4 05 0.1 21744 2.1580
0.1 0.8 0.1 0.6200 0.6064 0.5 0.1 04 2.9832 2.9482
0.2 0.1 0.7 1.6787 .1.6088 0.5 0.2 0.3 28803 29150
0.2 0.2 0.6 -1.5198 1.5357 0.5 0.3 0.2 2.8137 2.7727
0.2 0.3 05 14796 14629 0.5 0.4 0.1 2.6849 2.6597
02 04 04 13743 13793 0.6 0.1 0.3 3.2913 3.3660
0.2 /0.5 0.3 1.293L.-1.3437 0.6 . 0.2 0.2 3.3513 3.2406
0.2 06 0.2 1.2074 1.2236 0.6 0.3 0.1 3.2318 3.2366
0.2 0.7 0.1 1.1204 1.1385 0.7 0.1 0.2 3.9461 3.8537
0.3 0.1 0.6 20503 2.078 0.7 0.2 0.1 3.7367 3.7273
0.3 02 0.5 1.9672 1.9690 0.8 0.1 0.1 4.3023 4.2727
0.3 0.3 0.4 1.9139 1.8609 MAX 4.3023 4.2727
0.3 04 0.3 1.7874.1.8308 MIN 0.6200 0.6064
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TABLE 3.2.26 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =6, J =3, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.8489 0.8715 0.3 0.5 0.2 1.6354 1.6691
0.1 0.2 0.7 0.8012 0.8012 0.3 0.6 0.1 1.5952 1.6152
0.1 03 0.6 0.7635 0.7589 0.4 0.1 0.5 2.2548 2.2801
0.1 04 05 0.9345 0.7224 04 0.2 04 2.1952 2.2485
0.1 05 04 0.6867 0.6917 0.4 0.3 0.3 2.1831 2.2602
0.1 0.6 0.3 0.6560 0.6582 0.4 04 0.2 21780 2.1948
0.1 0.7 0.2 0.6093 0.6217 04 0.5 0.1 21104 2.1622
0.1 0.8 0.1 0.5752 0.5551 0.5 0.1 0.4 2.7140 2.7444
0.2 0.1 0.7 13199 13714 05 0.2 03 27360 2.7795
0.2 0.2 0.6 -1.3138 1.2801 0.5 0.3 0.2. 2.6933 2.6976
0.2 03 05 1.2663 1.2550 0.5 0.4 0.1 25901 2.6117
0.2 04 04 1.2039 1.2075 0.6 0.1 0.3 3.2218 3.1447
0.2 /05 03 1.2111-1.1407 0.6 0.2 0.2 3.1824 3.2126
0.2 06 0.2 1.1123 1.1606 0.6 0.3 0.1 3.1398 3.1563
0.2 0.7 0.1 1.0878 1.0996 0.7 0.1 0.2 3.6908 3.7148
0.3 0.1 0.6 17907 1.8806 0.7 0.2 0.1 3.6514 3.6651
0.3 0.2 05 17740 1.7825 0.8 0.1 0.1 4.2062 4.2487
0.3 03 04 1.7156 1.7179 MAX 4.2062 4.2487
0.3 04 0.3 1.7133 .1.6674 MIN 0.5752 0.5551
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TABLE 3.2.27 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =6, J =6, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.8508 0.8383 0.3 0.5 0.2 1.6025 1.6570
0.1 0.2 0.7 0.7830 0.8057 0.3 0.6 0.1 1.5881 1.5725
0.1 03 0.6 0.7899 0.7624 0.4 0.1 0.5 2.3088 2.2571
0.1 04 05 0.7277 0.7254 04 0.2 0.4 22425 2.2332
0.1 05 04 0.6917 0.7132 04 0.3 0.3 2.2592 2.1384
0.1 0.6 0.3 0.6379 0.6631 04 0.4 0.2 21749 2.1462
0.1 0.7 0.2 0.5940 0.6072 0.4 0.5 0.1 21150 2.1448
0.1 0.8 0.1 0.5578 0.5784 0.5 0.1 04 2.8589 2.7558
0.2 0.1 0.7 1.3285 1.3379 0.5 0.2 0.3 2.7084 2.7267
0.2 0.2 06 1.3196 1.2925 0.5 0.3 0.2 2.6523 2.7369
0.2 03 05 1.2612 1.2511 0.5 0.4 0.1 26438 2.6737
0.2 04 04 1.1981 1.2074 06 0.1 0.3 3.2162 3.1791
0.2 05 03 1.1836.1.1755 0.6 0.2 0.2 3.1647 3.1806
0.2 06 0.2 1.1243 1.1135 0.6 0.3 0.1 3.1363 3.1557
0.2 0.7 0.1 1.0783 1.0714 0.7 0.1 0.2 3.6981 3.7417
0.3 0.1 0.6 18027 1.7598 0.7 0.2 0.1 3.7953 3.5948
0.3 0.2 05 1.8013 1.7862 0.8 0.1 0.1 4.1315 4.1805
0.3 03 04 1.7210 1.7837 MAX 4.1315 4.1805
0.3 04 0.3 1.7349 .1.7014 MIN 0.5578 0.5784
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TABLE 3.2.28 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =6, J =6, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.6856 0.6994 0.3 05 0.2 1.6187 1.6479
0.1 0.2 0.7 0.6577 0.6718 0.3 0.6 0.1 1.5872 1.5873
0.1 0.3 0.6 0.6625 0.6562 0.4 0.1 0.5 21623 2.1605
0.1 04 05 0.6316 0.6106 04 0.2 04 21626 2.1880
0.1 05 04 0.6176 0.6128 0.4 0.3 0.3 2.1362 2.1148
0.1 0.6 0.3 0.5757 0.5857 0.4 04 0.2 2.1480 2.0860
0.1 0.7 0.2 0.5565 0.5621 0.4 0.5 0.1 2.1074 2.0822
0.1 0.8 0.1 0.5539 0.5329 0.5 0.1 04 26991 2.7021
0.2 0.1 0.7 1.2075 1.2039 0.5 0.2 0.3 2.6475 2.6507
0.2 0.2 0.6 -1.1877 1.1883 0.5 0.3 0.2. 2.7089 2.6345
0.2 03 05 1.1588 1.1493 0.5 0.4 0.1 25572 2.5863
02 04 04 1.1093 1.1666 0.6 0.1 0.3 3.1689 3.0689
0.2 0.5 03 1.0893.1.0911 0.6. 0.2 0.2 3.1532 3.1717
0.2 0.6 0.2 1.0752 1.0800 0.6 0.3 0.1 3.1307 3.0856
0.2 0.7 0.1 1.0358 1.0460 0.7 0.1 0.2 3.6902 3.7087
0.3 0.1 0.6 1.7433 1.6839 0.7 0.2 0.1 3.7953 3.6354
0.3 02 0.5 1.6505 1.6605 0.8 0.1 0.1 4.1976 4.1821
0.3 0.3 04 1.6624 1.6819 MAX 4.1976 4.1821
0.3 04 0.3 1.5716 1.6746 MIN 0.5539 0.5329
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TABLE 3.2.29 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =12, J =3, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.4382 0.4434 0.3 05 0.2 0.6465 0.6598
0.1 0.2 0.7 0.4202 04170 0.3 0.6 0.1 0.6422 0.6275
0.1 03 06 0.3831 0.3736 0.4 0.1 0.5 0.9651 0.9847
0.1 04 0.5 0.3522 0.3619 04 0.2 04 0.9289 0.9289
0.1 05 04 0.3316 0.3303 0.4 0.3 0.3 0.9007 0.9051
0.1 0.6 0.3 0.2970 0.2946 0.4 04 0.2 0.8690 0.8595
0.1 0.7 0.2 0.2613 0.2645 04 0.5 0.1 0.8162 0.8246
0.1 0.8 0.1 0.2341 0.2332 0.5 0.1 04 1.1471 1.1356
0.2 0.1 0.7 0.6279 0.6383 0.5 0.2 0.3 1.1031 1.1030
0.2 0.2 0.6 -0.6033 0.5918 0.5 0.3 0.2. 1.0619 1.0580
0.2 0.3 .0.5 0.5767 0.5650 0.5 04 0.1 1.0237 1.0297
0.2 04 04 0.5302 0.5315 0.6 0.1 0.3 1.3237 1.3202
0.2 0.5 0.3 0.4937..0.5057 0.6 0.2 0.2 1.2601 1.2582
0.2 0.6 0.2 0.4680 0.4634 0.6 0.3 0.1 1.2342 1.2132
0.2 0.7 0.1 0.4293 04347 0.7 0.1 0.2 1.4781 1.4720
0.3 0.1 0.6 0.7921 0.7976 0.7 0.2 0.1 1.4455 1.4215
0.3 02 0.5 0.7693 0.7435 0.8 0.1 0.1 1.6322 1.6153
0.3 0.3 0.4 0.7342 0.7370 MAX 1.6322 1.6153
0.3 04 0.3 0.6993.0.7007 MIN 0.2341 0.2332
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TABLE 3.2.30 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =12, J =3, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.3293 0.3287 0.3 0.5 0.2 0.6280 0.6236
0.1 0.2 0.7 0.309 0.31564 0.3 0.6 0.1 0.6148 0.6095
0.1 03 0.6 0.2979 0.2964 0.4 0.1 0.5 0.8790 0.8925
0.1 04 0.5 0.2833 0.2807 04 0.2 04 0.8558 0.8674
0.1 05 04 0.2639 0.2667 0.4 0.3 0.3 0.8567 0.8452
0.1 0.6 0.3 0.2489 0.2520 0.4 04 0.2 0.8259 0.8290
0.1 0.7 0.2 0.2350 0.2298 04 05 0.1 0.8018 0.8131
0.1 0.8 0.1 0.2148 0.2150 0.5 0.1 04 1.0665 1.0734
0.2 0.1 0.7 0.5127 05161 0.5 0.2 0.3 1.0581 1.0546
0.2 0.2 0.6 -0.5028 0.4995 0.5 0.3 0.2. 1.0375 1.0290
0.2 0.3 .0.5 04753 0.4877 0.5 04 0.1 1.0121 1.0072
0.2 04 04 04606 04643 06 0.1 0.3 1.2315 1.2440
0.2 0.5 0.3 0.4547..0.4598 0.6 0.2 0.2 1.2309 1.2316
0.2 0.6 0.2 04354 0.4348 0.6 0.3 0.1 1.2190 1.2114
0.2 0.7 0.1 0.4148 041838 0.7 0.1 0.2 1.4114 1.4443
0.3 0.1 0.6 0.7054 0.6892 0.7 0.2 0.1 1.4095 1.4008
0.3 02 0.5 0.6909 0.6794 0.8 0.1 0.1 1.6047 1.5720
0.3 0.3 0.4 0.6707 0.6655 MAX 1.6047 1.5720
0.3 04 0.3 0.6347.0.6398 MIN 0.2148 0.2150

— 62-



TABLE 3.2.31 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =12, J =6, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.3248 0.3245 0.3 05 0.2 0.6360 0.6222
0.1 0.2 0.7 0.3110 0.3113 0.3 0.6 0.1 0.6136 0.6233
0.1 03 0.6 0.2972 0.2975 04 01 0.5 0.8763 0.8710
0.1 04 05 0.2744 0.2839 04 0.2 0.4 0.8849 0.8488
0.1 05 04 0.2601 0.2658 0.4 0.3 0.3 0.8562 0.8491
0.1 0.6 0.3 0.2507 0.2448 04 0.4 0.2 0.8220 0.8251
0.1 0.7 0.2 0.2314 0.2343 04 0.5 0.1 0.8053 0.8124
0.1 0.8 0.1 0.2109 0.2159 0.5 0.1 04 1.0709 1.0670
0.2 0.1 0.7 0.5068 .0.5200 0.5 0.2 0.3 1.0436 1.0403
0.2 0.2 0.6 -0.4917 0.4908 0.5 0.3 0.2. 1.0357 1.0344
0.2 0.3 .05 04770 0.4735 0.5 04 0.1 1.0170 1.0024
0.2 04 04 0.4678 0.4659 0.6 0.1 0.3 1.2538 1.2596
0.2 /0.5 0.3 0.4483.0.4520 0.6 0.2 0.2 1.2389 1.2171
0.2 0.6 0.2 0.4299 0.4258 0.6 0.3 0.1 1.2082 1.2040
0.2 0.7 0.1 0.4113 04174 0.7 0.1 0.2 1.4421 1.4005
0.3 0.1 0.6 0.6939 0.6963 0.7 0.2 0.1 1.4331 1.4412
0.3 02 0.5 0.6742 0.6872 0.8 0.1 0.1 1.6483 1.6099
0.3 0.3 0.4 0.6518 0.6693 MAX 1.6483  1.6099
0.3 04 0.3 0.6466 0.6466 MIN 0.2109 0.2159
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TABLE 3.2.32 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =12, J =6, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.2605 0.2635 0.3 0.5 0.2 0.6158 0.6123
0.1 0.2 0.7 0.2584 0.2552 0.3 0.6 0.1 0.6052 0.6076
0.1 0.3 0.6 0.2473 0.2454 04 0.1 0.5 0.8452 0.8424
0.1 04 0.5 0.2426 0.2388 0.4 0.2 04 0.8394 0.8309
0.1 05 04 0.2308 0.2323 04 03 0.3 0.8161 0.8263
0.1 06 0.3 0.2250 0.2182 04 0.4 0.2 0.8112 0.8061
0.1 0.7 0.2 0.2189 0.2177 04 05 0.1 0.7868 0.7981
0.1 0.8 0.1 0.2103 0.2070 0.5 0.1 0.4 1.0402 1.0267
0.2 0.1 0.7 0.4495 04552 0.5 0.2 0.3 1.0266 1.0287
0.2 0.2 0.6 04434 04510 0.5 0.3 0.2. 0.9928 1.0287
0.2 0.3 05 04402 04442 0.5 0.4 0.1 1.0051 0.9920
0.2 04 04 04305 04295 06 0.1 0.3 1.1955 1.2161
0.2 /0.5 0.3 0.4293.0.4261 06 0.2 0.2 1.2033 .1.2160
0.2 0.6 0.2 0.4140 04171 06 0.3 0.1 1.2127 1.2295
0.2 0.7 0.1 0.4114 04039 07 0.1 0.2 1.4049 1.4312
0.3 0.1 0.6 0.6504 0.6397 0.7 0.2 0.1 1.3963 1.3820
0.3 02 0.5 0.6440 0.6376 0.8 0.1 0.1 1.5969 1.6171
0.3 0.3 0.4 0.6300 0.6248 MAX 1.5969 1.6171
0.3 04 0.3 0.61200.6163 MIN 0.2103 0.2070
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TABLE 3.2.33 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =24, J =3, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.2573 0.2549 0.3 05 0.2 0.3769 0.3816
0.1 0.2 0.7 0.2441 0.2438 0.3 0.6 0.1 0.3632 0.3586
0.1 0.3 0.6 0.2257 0.2232 04 01 0.5 0.5499 0.5516
0.1 04 0.5 0.2100 0.2077 04 0.2 04 0.5266 0.5287
0.1 05 04 0.1898 0.1916 0.4 0.3 0.3 0.5128 0.5140
0.1 06 0.3 0.1732 0.1713 04 0.4 0.2 0.4915 0.4859
0.1 0.7 0.2 0.1515 0.1549 04 0.5 0.1 0.4676 0.4723
0.1 0.8 0.1 0.1337 0.1324 0.5 0.1 04 0.6509 0.6453
0.2 0.1 0.7 0.3592 0.3619 0.5 0.2 0.3 0.6280 0.6278
0.2 0.2 0.6 -0.3421 0.3450 0.5 0.3 0.2. 0.6024 0.5991
0.2 0.3 .0.5 0.3208 0.3208 0.5 04 0.1 0.5889 0.5862
0.2 04 04 0.3066 0.3065 0.6 0.1 0.3 0.7437 0.7283
0.2 0.5 0.3 0.2848.0.2895 0.6 0.2 0.2 0.7192 0.7176
0.2 0.6 0.2 0.2630 0.2644 0.6 0.3 0.1 0.6997 0.6996
0.2 0.7 0.1 0.2472 0.2458 0.7 0.1 0.2 0.8452 0.8361
0.3 0.1 0.6 0.4520 0.4533 0.7 0.2 0.1 0.8084 0.8150
0.3 02 0.5 0.4358 0.4387 0.8 0.1 0.1 0.9246 0.9261
0.3 0.3 0.4 0.4204 0.4200 MAX 0.9246 0.9261
0.3 04 0.3 0.39810.3963 MIN 0.1337 /0.1324
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TABLE 3.2.34 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =24, J =3, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.1901 0.1905 0.3 0.5 0.2 0.3578 0.3559
0.1 0.2 0.7 0.1803 0.1818 0.3 0.6 0.1 0.3499 0.3560
0.1 03 0.6 0.1707 0.1707 04 0.1 0.5 0.5006 0.5032
0.1 04 0.5 0.1596 0.1633 04 0.2 04 0.4969 0.4898
0.1 05 04 0.1522 0.1536 0.4 0.3 0.3 0.4832 0.4834
0.1 06 0.3 0.1411 0.1435 04 0.4 0.2 04706 0.4781
0.1 0.7 0.2 0.1316 0.1324 04 0.5 0.1 0.4651 0.4644
0.1 0.8 0.1 0.1232 0.1225 0.5 0.1 0.4 0.6064 0.6020
0.2 0.1 0.7 0.2940 0.2946 0.5 0.2 0.3 0.5978 0.5980
0.2 0.2 0.6 02829 0.2858 0.5 0.3 0.2. 0.5920 0.5755
0.2 0.3 .05 0.2752 0.2737 0.5 04 0.1 0.5738 0.5778
0.2 04 04 0.2634 0.2660 0.6 0.1 0.3 0.7047 0.7095
0.2 0.5 0.3 0.2569..0.2540 0.6 0.2 0.2 0.7041 0.7059
0.2 06 0.2 0.2411 0.2469 06 0.3 0.1 0.6895 0.6912
0.2 0.7 0.1 0.2352 0.2398 0.7 0.1 0.2 0.8116 0.8194
0.3 0.1 0.6 0.3906 0.4007 0.7 0.2 0.1 0.8004 0.8101
0.3 02 0.5 0.389 0.3894 0.8 0.1 0.1 0.9224 0.9135
0.3 0.3 04 0.3772 0.3816 MAX 0.9224 0.9135
0.3 04 0.3 0.3711.0.3652 MIN 0.1232 0.1225
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TABLE 3.2.35 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =24, J =6, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.1896 0.1898 0.3 0.5 0.2 0.3598 0.3617
0.1 0.2 0.7 01793 0.1818 0.3 0.6 0.1 0.3517 0.3497
0.1 03 0.6 0.1680 0.1713 04 0.1 0.5 0.5064 0.5005
0.1 04 05 0.1624 0.1603 04 0.2 04 04918 0.4981
0.1 05 04 0.1508 0.1522 0.4 0.3 0.3 0.4855 0.4833
0.1 06 0.3 0.1393 0.1418 04 0.4 0.2 0.4673 04744
0.1 0.7 0.2 0.1313 0.1324 04 0.5 0.1 0.4584 0.4643
0.1 0.8 0.1 0.1224 0.1249 0.5 0.1 04 0.6106 0.6012
0.2 0.1 0.7 0.2977 _.0.2964 0.5 0.2 0.3 0.5957 0.5901
0.2 0.2 0.6 02819 0.2810 0.5 0.3 0.2. 0.5901 0.5830
0.2 0.3 .0.5 0.2747 0.2751 0.5 04 0.1 0.5800 0.5808
0.2 04 04 0.2665 0.2652 0.6 0.1 0.3 0.7104 0.7125
0.2 0.5 0.3 0.2534.0.2571 0.6 0.2 0.2 0.7045 0.6836
0.2 0.6 0.2 0.2467 0.2454 0.6 0.3 0.1 0.6855 0.6794
0.2 0.7 0.1 0.2382 0.2379 0.7 0.1 0.2 0.8183 0.8114
0.3 0.1 0.6 0.3944 0.3991 0.7 0.2 0.1 0.8055 0.8010
0.3 02 0.5 0.3900 0.3844 0.8 0.1 0.1 0.9131 0.9106
0.3 0.3 0.4 0.3745 0.3800 MAX 0.9131 0.9106
0.3 04 0.3 0.36750.3720 MIN 0.1224 0.1249
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TABLE 3.2.36 Range of Average Interval Lengths

for 90% Two-sided Intervals on o%

when I =24, J =6, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.1518 0.1504 0.3 0.5 0.2 0.3500 0.3474
0.1 0.2 0.7 0.1469 0.1461 0.3 0.6 0.1 0.3422 0.3471
0.1 03 0.6 0.1410 0.1420 04 0.1 0.5 04760 0.4741
0.1 04 0.5 0.1365 0.1370 04 0.2 04 0.4760 0.4733
0.1 05 04 0.1326 0.1326 0.4 0.3 0.3 0.4709 0.4665
0.1 0.6 0.3 0.1262 0.1295 04 0.4 0.2 0.4638 0.4633
0.1 0.7 0.2 0.1231 0.1217 04 0.5 0.1 04579 0.4571
0.1 0.8 0.1 0.1180 0.1157 0.5 0.1 04 0.5828 0.5875
0.2 0.1 0.7 0.2590 0.2589 0.5 0.2 0.3 0.5824 0.5818
0.2 0.2 0.6 -0.2567 0.2545 0.5 0.3 0.2. 0.5730 0.5698
0.2 0.3 .0.5 0.2534 0.2500 0.5 04 0.1 0.5711 0.5683
0.2 04 04 0.2483 0.2449 0.6 0.1 0.3 0.7023 0.6885
0.2 0.5 0.3 0.2449..0.2441 0.6 0.2 0.2 0.6893 0.6867
0.2 0.6 0.2 0.2363 0.2357 0.6 0.3 0.1 0.6855 0.6840
0.2 0.7 0.1 0.2314 0.2307 0.7 0.1 0.2 0.8007 0.8087
0.3 0.1 0.6 0.3698 0.3695 0.7 0.2 0.1 0.8007 0.7879
0.3 02 0.5 0.3586 0.3617 0.8 0.1 0.1 0.9117 0.9074
0.3 0.3 0.4 0.3632 0.3590 MAX 0.9117 0.9074
0.3 04 0.3 0.3526 +0.3541 MIN 0.1180 /0.1157
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TABLE 3.2.37 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =6, J =3, and K =2

o cr% o%  TING GEN o cr% o%  TING GEN

0.1 0.1 0.8 41.2280 39.9970 0.3 0.5 0.2 128.6260 133.6180
0.1 0.2 0.7 66.7740 64.4340 03 0.6 0.1 160.3300 166.4220
0.1 0.3 0.6 84.7690 89.1080 04 0.1 0.5 35.0400 36.2870
0.1 04 0.5 118.6260 112.5690 04 0.2 0.4 56.2780 60.5430
0.1 0.5 04 138.6160 138.7830 0.4 0.3 0.3 84.4010 81.8600
0.1 0.6 0.3 155.6330 161.2230 0.4 04 0.2 104.0160 107.6760
0.1 0.7 0.2 175.0060 173.9400 0.4 0.5 0.1 124.7860 125.1090
0.1 0.8 0.1 206.3010 199.6560 0.5 0.1 0.4 34.8120 34.5300
0.2 0.1 0.7 39.8220 42.1850 0.5 0.2 0.3 54.6980 58.0090
0.2 0.2 06 64.6690 61.2710 05 03 0.2 81.5130 80.2250
0.2 0.3 0.5 -86.6470 87.5220 0.5 04 0.1 100.0820 108.1530
0.2 04 04 109.6170 112.6760 0.6 0.1 0.3 31.5960 29.5770
0.2 0.5 03 129.9920 144.2040 0.6 0.2 0.2  58.9650.  56.8200
0.2 0.6 0.2 159.8200 175.6120 0.6 0.3 0.1 77.4030 = 79.3600
0.2 0.7 0.1 178.1340 172.2840 0.7 0.1 0.2 29.0740  27.9340
0.3 0.1 0.6 39.4330 38.5810 0.7 0.2 0.1 524770 52.1490
0.3 0.2 0.5 63.2580 58.7850 0.8 0.1 0.1 26.9850  25.8890
0.3 0.3 04 87.0310 85.6460 MAX 206.3010 -+ 199.6560
0.3 0.4 0.3 108.3340 109.2060 MIN 26.9850  25.8890
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TABLE 3.2.38 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =6, J =3, and K =4

o cr% o%  TING GEN o cr% o%  TING GEN

0.1 0.1 0.8 349660 34.1150 0.3 0.5 0.2 128.7660 124.3280
0.1 0.2 0.7 614870 583610 0.3 0.6 0.1 157.3990 154.1850
0.1 0.3 0.6 82.6490 829950 04 0.1 0.5 31.9690 30.3390
0.1 04 0.5 111.0430 105.0830 04 0.2 0.4 56.1160 55.3820
0.1 05 04 137.3810 133.8720 0.4 0.3 0.3 83.1180 80.9270
0.1 0.6 0.3 156.9460 158.7980 0.4 0.4 0.2 102.1030 104.1390
0.1 0.7 0.2 183.3230 184.5570 0.4 0.5 0.1 128.3220 128.1520
0.1 0.8 0.1 190.2220 205.0110 0.5 0.1 0.4 29.8150 30.7960
0.2 0.1 0.7 33.9000 32.1030 0.5 0.2 0.3 56.2670 56.1730
0.2 0.2 0.6 59.0870 56.6090 0.5 0.3 0.2 80.4930 78.2860
0.2 03 0.5 792270 80.5710 0.5 04 0.1 96.5560 108.3320
0.2 04 04 99.8950 106.7420 0.6 0.1 0.3 28.1470 27.4130
0.2 0.5 03 126.6320 131.05680 0.6 0.2 0.2  51.1990  56.1010
0.2 0.6 0.2 149.0080 152.7570 0.6 0.3 0.1 77.6700 = 77.9640
0.2 0.7 0.1 181.0060 181.8180 0.7 0.1 0.2 26.6460  28.3690
0.3 0.1 0.6 31.5170 30.4120 0.7 0.2 0.1 48.2520 51.4130
0.3 0.2 0.5 54.6210 52.5150 0.8 0.1 0.1 25.3970 @ 26.1900
0.3 0.3 04 80.5730 82.4390 MAX 190.2220 = 205.0110
0.3 04 0.3 103.7140 107.9850 MIN 25.3970°  26.1900
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TABLE 3.2.39 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =6, J =6, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.8802 0.8496 0.3 0.5 0.2 2.7586 2.6532
0.1 0.2 0.7 13039 1.3295 0.3 0.6 0.1 3.2640 3.1628
0.1 03 06 1.8046 1.8823 04 0.1 0.5 0.7252 0.7344
0.1 04 05 22831 23246 04 0.2 04 1.2052 1.2277
0.1 05 04 27097 2.8030 04 03 03 1.7190 1.6729
0.1 06 0.3 3.1840 3.2328 04 0.4 0.2 2.1499 2.1697
0.1 0.7 0.2 3.8538 3.7468 0.4 05 0.1 2.6532 2.6220
0.1 0.8 0.1 4.2047 4.2895 0.5 0.1 04 0.6933 0.7029
0.2 0.1 0.7 0.8337 08072 05 0.2 03 11735 1.1775
0.2 0.2 0.6 -1.2829 1.3029 0.5 0.3 0.2 1.6598 1.6898
0.2 0.3 .05 1.7607 1.7249 0.5 04 0.1 21970 2.0730
0.2 04 04 22660 22629 06 0.1 0.3 0.6486 0.6517
0.2 /0.5 0.3 2.6810-2.7209 0.6 0.2 0.2 1.1241 1.0951
0.2 0.6 0.2 3.1897 3.2032 0.6 0.3 0.1 1.5885 1.5944
0.2 0.7 0.1 3.6999 3.6668 0.7 0.1 0.2 0.6122 0.5902
0.3 0.1 0.6 0.7683 0.7628 0.7 0.2 0.1 1.0755 1.1022
0.3 0.2 05 1.2476 1.2453 0.8 0.1 0.1 0.5826 0.5604
0.3 0.3 04 1.6864 1.7232 MAX 4.2047 4.2895
0.3 04 0.3 2.2280 2.2085 MIN 0.5826 0.5604
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TABLE 3.2.40 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =6, J =6, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.6912 0.6968 0.3 0.5 0.2 2.6518 2.6503
0.1 0.2 0.7 1.1958 1.2137 0.3 0.6 0.1 3.1121 3.1406
0.1 03 06 1.6794 1.6995 04 0.1 0.5 0.6163 0.6271
0.1 04 05 21703 2198 04 0.2 04 1.1347 1.1003
0.1 05 04 27144 26531 04 03 03 1.6010 1.6362
0.1 0.6 0.3 3.2157 3.1804 04 0.4 0.2 21057 2.1140
0.1 0.7 0.2 3.5585 3.7412 04 05 0.1 2.5862 2.5754
0.1 0.8 0.1 4.1661 4.2859 0.5 0.1 04 0.5888 0.6199
0.2 0.1 0.7 0.6831 .0.6654 0.5 0.2 0.3 1.1027 1.1020
0.2 0.2 06 1.1782 1.1966 0.5 0.3 0.2 1.5560 1.6127
0.2 0.3 .05 1.6276 1.7187 0.5 04 0.1 2.0594 2.1038
02 04 04 21932 2.1579 0.6 0.1 0.3 0.5916 0.5796
0.2 0.5 0.3 2.7086.+2.6640 0.6 0.2 0.2 1.0926 1.1068
0.2 06 0.2 3.1815 3.1943 0.6 0.3 0.1 1.6288 1.5678
0.2 0.7 0.1 3.5845 3.6426 0.7 0.1 0.2 0.5778 0.5540
0.3 0.1 0.6 0.6441 0.6501 0.7 0.2 0.1 1.0818 1.0655
0.3 0.2 05 1.1612 1.1510 0.8 0.1 0.1 0.5574 0.5398
0.3 0.3 0.4 1.6360 1.6926 MAX 4.1661 4.2859
0.3 04 0.3 2.0746 2.1283 MIN 0.5574 0.5398
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TABLE 3.2.41 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =12, J =3, and K =2

o cr% o%  TING GEN o cr% o%  TING GEN

0.1 0.1 0.8 34.2360 34.6380 0.3 0.5 0.2 128.7850 129.3130
0.1 0.2 0.7 57.6980 582530 0.3 0.6 0.1 157.9580 152.1130
0.1 0.3 0.6 83.5680 81.0600 04 0.1 0.5 33.0630 29.0530
0.1 04 0.5 111.9440 102.0030 04 0.2 0.4 56.1230 57.8670
0.1 0.5 0.4 128.0870 130.3090 0.4 0.3 0.3 78.9920 79.4960
0.1 0.6 0.3 151.8230 157.8610 0.4 04 0.2 103.5410 99.2340
0.1 0.7 0.2 174.5010 181.8950 0.4 0.5 0.1 125.8790 134.9990
0.1 0.8 0.1 207.3970 211.8480 0.5 0.1 0.4 31.0470 28.2320
0.2 0.1 0.7 325940 33.1180 0.5 0.2 0.3 51.9080 56.6400
0.2 0.2 0.6 58.8100 59.0010 0.5 03 0.2 76.9310 74.8750
0.2 0.3 0.5 -80.6940 81.8940 0.5 04 0.1 104.0590 98.2220
0.2 04 04 108.9360 106.5810 0.6 0.1 0.3 27.4060 27.4840
0.2 0.5 03 126.3520 123.8040 0.6 0.2 0.2 51.7690  56.0890
0.2 0.6 0.2 156.5070 153.0520 0.6 0.3 0.1 77.3460 = 75.0640
0.2 0.7 0.1 180.9660 179.8620 0.7 0.1 0.2 28.8710  25.7870
0.3 0.1 0.6 325660 31.7720 0.7 0.2 0.1 51.5540 50.7930
0.3 0.2 0.5 582670 56.7880 0.8 0.1 0.1 26.2830  24.9890
0.3 0.3 04 81.8020 @ 81.9000 MAX 207.3970 © 211.8480
0.3 04 0.3 104.2830 103.8270 MIN 26.2830°  24.9890
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TABLE 3.2.42 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =12, J =3, and K =4

o cr% o%  TING GEN o cr% o%  TING GEN

0.1 0.1 0.8 29.5520 29.7570 0.3 0.5 0.2 139.3480 130.4570
0.1 0.2 0.7 53.1010 57.8540 0.3 0.6 0.1 145.1240 148.0940
0.1 03 0.6 79.3340 76.0030 04 0.1 0.5 28.6110 26.9420
0.1 04 0.5 102.5410 106.9470 04 0.2 0.4 53.9970 52.7470
0.1 0.5 04 135.1940 126.8820 0.4 0.3 0.3 79.7700 78.8660
0.1 0.6 0.3 156.9340 159.6790 0.4 04 0.2 99.4980 102.3800
0.1 0.7 0.2 178.0260 191.2700 0.4 0.5 0.1 127.6320 126.5050
0.1 0.8 0.1 197.8040 203.7820 0.5 0.1 0.4 27.9790 26.8280
0.2 0.1 0.7 28.2740 30.0160 0.5 0.2 0.3 53.0480 51.4480
0.2 0.2 0.6 52.0030 55.1680 0.5 03 0.2 76.7250 77.7970
0.2 03 0.5 775070 774770 0.5 04 0.1 98.9830 96.0550
0.2 04 04 106.1150 97.6990 06 0.1 0.3 26.6620 26.1740
0.2 0.5 03 127.8760 1329160 0.6 0.2 0.2  50.2850. 53.4620
0.2 0.6 0.2 146.9840 150.3130 0.6 0.3 0.1 78.2460 = 75.2920
0.2 0.7 0.1 170.1280 181.4810 0.7 0.1 0.2 25.6230 @ 26.3460
0.3 0.1 0.6 27.8920 28.3180 0.7 0.2 0.1 51.8640 53.4990
0.3 0.2 0.5 52.8650 54.3430 0.8 0.1 0.1 26.0170 @ 25.7650
0.3 03 04 76.9570 78.5890 MAX 197.8040 = 203.7820
0.3 0.4 0.3 102.4960 105.0220 MIN 25.6230  25.7650

— 74-



TABLE 3.2.43 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =12, J =6, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.6971 0.6895 0.3 0.5 0.2 2.6554 2.6170
0.1 0.2 0.7 1.1915 1.1863 0.3 0.6 0.1 3.1686 3.1372
0.1 03 0.6 1.6620 1.7220 04 0.1 0.5 0.6253 0.6349
0.1 04 05 21783 22143 04 0.2 04 1.1412 1.1442
0.1 05 04 26066 2.6390 0.4 0.3 0.3 1.6307 1.6405
0.1 0.6 0.3 3.1918 3.2009 04 0.4 0.2 21313 2.1109
0.1 0.7 0.2 3.5913 3.7158 0.4 05 0.1 2.6183 2.5723
0.1 0.8 0.1 4.1242 4.2819 0.5 0.1 0.4 0.6037 0.6039
0.2 0.1 0.7 0.6773 06729 05 0.2 03 1.1116 1.1070
0.2 0.2 0.6 -1.1897 1.1577 0.5 0.3 0.2. 1.5919 1.6073
0.2 0.3 .05 1.6679 1.6712 0.5 04 0.1 2.1348 2.0885
02 04 04 21859 2.1870 0.6 0.1 0.3 0.5832 0.5762
0.2 0.5 0.3 2.6830-2.6749 0.6 02 0.2 1.0764 1.0940
0.2 0.6 0.2 3.0723 3.1910 0.6 0.3 0.1 1.5967 1.6170
0.2 0.7 0.1 3.5987 3.6025 0.7 0.1 0.2 0.5636 0.5601
0.3 0.1 0.6 0.6379 0.6738 0.7 0.2 0.1 1.0784 1.0433
0.3 02 0.5 1.1530 1.1579 0.8 0.1 0.1 0.5403 0.5517
0.3 0.3 04 1.6816 1.6852 MAX 4.1242 4.2819
0.3 04 0.3 2.1269 .2.1440 MIN 0.5403 0.5517
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TABLE 3.2.44 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =12, J =6, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.5996 0.6150 0.3 0.5 0.2 2.6491 2.6087
0.1 0.2 0.7 1.0942 1.1161 0.3 0.6 0.1 3.0902 3.1345
0.1 03 0.6 1.6222 1.6620 04 0.1 0.5 0.5782 0.5733
0.1 04 05 21383 21092 04 0.2 04 1.0971 1.0932
0.1 05 04 25889 26310 04 03 0.3 1.5684 1.6301
0.1 0.6 0.3 3.1887 3.1113 04 04 0.2 2.0939 2.0955
0.1 0.7 0.2 3.5777 3.5740 04 05 0.1 2.5857 2.6041
0.1 0.8 0.1 4.1022 4.0877 0.5 0.1 04 0.5625 0.5772
0.2 0.1 0.7 0.5989 .0.6047 0.5 0.2 0.3 1.0819 1.1155
0.2 0.2 06 1.1216 1.1243 0.5 0.3 0.2 1.6372 1.6048
0.2 03 05 1.6409 1.6360 0.5 0.4 0.1 20774 2.1342
0.2 04 04 21032 21265 0.6 0.1 0.3 0.5412 0.5653
0.2 0.5 0.3 2.6589.2.6416 0.6. 0.2 0.2 1.0562 1.0817
0.2 0.6 0.2 3.1740 3.1414 0.6 0.3 0.1 1.5593 1.5667
0.2 0.7 0.1 3.6724 3.6737 0.7 0.1 0.2 0.5500 0.5448
0.3 0.1 0.6 0.5755 0.5880 0.7 0.2 0.1 1.0966 1.0558
0.3 02 0.5 1.0959 1.1118 0.8 0.1 0.1 0.5352 0.5277
0.3 0.3 0.4 1.6297 1.5976 MAX 4.1022 4.0877
0.3 04 0.3 2.1644.2.0909 MIN 0.5352 0.5277
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TABLE 3.2.45 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =24, J =3, and K =2

o cr% o%  TING GEN o cr% o%  TING GEN

0.1 0.1 0.8 27.4860 28.6610 0.3 0.5 0.2 133.5450 126.3010
0.1 0.2 0.7 534370 51.4770 0.3 0.6 0.1 160.3030 149.6080
0.1 03 0.6 752240 77.1490 04 0.1 0.5 27.8870 29.7940
0.1 04 0.5 105.6260 109.9170 04 0.2 0.4 54.9520 50.4320
0.1 0.5 04 131.0810 132.3230 0.4 0.3 0.3 74.1450 76.0780
0.1 0.6 0.3 164.1510 148.4710 0.4 0.4 0.2 103.3260 102.8240
0.1 0.7 0.2 172.6020 181.5040 0.4 0.5 0.1 132.0460 129.3730
0.1 0.8 0.1 205.1960 211.2450 0.5 0.1 0.4 28.2570 28.5490
0.2 0.1 0.7 288070 30.3300 0.5 0.2 0.3 525110 55.6220
0.2 0.2 0.6 53.6660 55.6890 0.5 03 0.2 80.7900  77.0920
0.2 0.3 0.5 -78.8980 84.8860 0.5 0.4 0.1 105.9270 100.3460
0.2 04 04 100.8070 103.4990 0.6 0.1 0.3 25.4230 25.9830
0.2 0.5 0.3 134.9150 130.6110 0.6 0.2 0.2  49.2190. 51.6510
0.2 0.6 0.2 159.4260 147.3140 0.6 0.3 0.1 78.7470 = 76.5410
0.2 0.7 0.1 179.0820 181.5500 0.7 0.1 0.2 27.6110 @ 25.2810
0.3 0.1 0.6 29.0230 28.9950 0.7 0.2 0.1 51.1270 48.4810
0.3 0.2 0.5 54.1230 52.3180 0.8 0.1 0.1 254910  24.7330
0.3 03 04 82.7330 82.0180 MAX 205.1960 © 211.2450
0.3 04 03 98.3360 104.4720 MIN 25.4230° 24.7330

—77-



TABLE 3.2.46 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =24, J =3, and K =4

o cr% o%  TING GEN o cr% o%  TING GEN

0.1 0.1 0.8 27.0070 27.3250 0.3 0.5 0.2 126.6620 130.0570
0.1 0.2 0.7 53.1470 529450 0.3 0.6 0.1 159.4130 155.5530
0.1 0.3 0.6 76.5400 80.8150 04 0.1 0.5 26.8090 26.7110
0.1 04 0.5 102.7540 105.1570 04 0.2 0.4 54.0760 52.3040
0.1 0.5 04 127.6640 123.2050 0.4 0.3 0.3 77.6300 79.6960
0.1 0.6 0.3 165.6880 150.4870 0.4 04 0.2 105.0850 106.0740
0.1 0.7 0.2 182.5380 170.0140 0.4 0.5 0.1 134.0360 130.9680
0.1 0.8 0.1 216.4460 206.6890 0.5 0.1 0.4 27.1090 26.5270
0.2 0.1 0.7 28.0110 27.4400 0.5 0.2 0.3 52.2250 53.2230
0.2 0.2 0.6 53.9890 51.3830 0.5 03 0.2 77.9930 76.7690
0.2 03 0.5 -77.0940 785240 0.5 04 0.1 103.2420 102.5400
0.2 04 04 109.4740 103.6290 0.6 0.1 0.3 26.4440 26.1880
0.2 0.5 03 128.5670 129.1990 0.6 0.2 0.2 52.4730  48.8490
0.2 0.6 0.2 161.9280 151.7190 06 0.3 0.1 76.9280 = 74.7030
0.2 0.7 0.1 171.8740 173.4900 0.7 0.1 0.2 24.9920 @ 25.7320
0.3 0.1 0.6 27.0030 27.4190 0.7 0.2 0.1 47.2500 51.1660
0.3 0.2 0.5 51.6950 51.9850 0.8 0.1 0.1 24.9220 @ 25.2500
0.3 0.3 04 71.9060 77.6490 MAX 216.4460 © 206.6890
0.3 0.4 0.3 104.1280 108.8730 MIN 24.9220°  25.2500
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TABLE 3.2.47 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =24, J =6, and K =2

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.5953 0.6034 0.3 0.5 0.2 2.6400 2.6372
0.1 0.2 0.7 1.1105 1.1176 0.3 0.6 0.1 3.1089 3.1461
0.1 03 0.6 1.6202 1.6091 04 01 0.5 0.5622 0.5755
0.1 04 0.5 2.0854 20567 04 0.2 04 1.0435 1.0855
0.1 05 04 25841 26898 0.4 03 03 1.5793 1.6253
0.1 0.6 0.3 3.15639 3.2110 04 0.4 0.2 21097 2.0743
0.1 0.7 0.2 3.5694 3.6434 04 05 0.1 25776 2.6866
0.1 0.8 0.1 4.1620 4.0718 0.5 0.1 0.4 0.5722 0.5548
0.2 0.1 0.7 0.5894 0.6050 0.5 0.2 0.3 1.0477 1.0787
0.2 0.2 06 1.1204 1.1141 0.5 0.3 0.2 1.6052 1.5245
0.2 03 05 1.6110 1.6034 0.5 0.4 0.1 21582 2.0721
0.2 04 04 21201 2.0978 0.6 0.1 0.3 0.5596 0.5604
0.2 0.5 0.3 2.6830.2.5645 0.6 02 0.2 1.0789 1.0479
0.2 06 0.2 3.1731 3.1560 0.6 0.3 0.1 1.5856 1.5559
0.2 0.7 0.1 3.6258 3.5766 0.7 0.1 0.2 0.5509 0.5492
0.3 0.1 0.6 0.5828 0.5925 0.7 0.2 0.1 1.0427 1.0873
0.3 0.2 0.5 1.1061 1.0700 0.8 0.1 0.1 0.5321 0.5339
0.3 0.3 0.4 1.5929 1.5846 MAX 4.1620 4.0718
0.3 04 0.3 21730 2.1615 MIN 0.5321 0.5339
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TABLE 3.2.48 Range of Average Interval Lengths

for 90% Two-sided Intervals on o}

when I =24, J =6, and K =4

o cr% o2 TING GEN o% cr% 0% TING GEN
0.1 0.1 0.8 0.5559 0.5664 0.3 0.5 0.2 2.6311 2.6410
0.1 0.2 0.7 1.0805 1.1029 0.3 0.6 0.1 3.2010 3.1442
0.1 0.3 0.6 1.5343 1.6080 0.4 0.1 0.5 0.5584 0.5482
0.1 04 0.5 2.0939 21470 04 0.2 0.4 1.0550 1.0675
0.1 05 04 26083 2.585 04 03 03 1.5761 1.6048
0.1 0.6 0.3 3.1946 3.0974 04 0.4 0.2 21019 2.0531
0.1 0.7 0.2 3.8067 3.6484 0.4 05 0.1 2.6268 2.5773
0.1 0.8 0.1 4.180 4.1526 0.5 0.1 0.4 0.5421 0.5326
0.2 0.1 0.7 0.5557 05688 0.5 0.2 0.3 1.0709 1.0758
0.2 0.2 0.6 -1.0520 1.0727 0.5 0.3 0.2 1.5399 1.5848
0.2 0.3 0.5 1.5754 1.5669 0.5 04 0.1 2.0340 2.0714
0.2 04 04 20792 2.0928 0.6 0.1 0.3 0.5318 0.5469
0.2 0.5 0.3 2.5827.2.7061 0.6. 02 0.2 1.0676 1.0864
0.2 0.6 0.2 3.1827 3.2555 0.6 0.3 0.1 1.5508 1.6257
0.2 0.7 0.1 3.6921 3.7204 0.7 0.1 0.2 0.5363 0.5255
0.3 0.1 0.6 0.5703 0.5451 0.7 0.2 0.1 1.0587 1.0498
0.3 02 0.5 1.0725 1.0493 0.8 0.1 0.1 0.5264 0.5277
0.3 0.3 0.4 1.6222 1.5900 MAX 4.1850 4.1526
0.3 04 0.3 2.06832.1199 MIN 0.5264 0.5255
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Figure 3.2.1.a Boxplots for Simulated Confidence Coefficients
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Figure 3.2.1.b  Boxplots for Simulated Confidence Coefficients

for 90% Two-sided Intervals on 0%
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Figure 3.2.1.c Boxplots for Simulated Confidence Coefficients

for 90% Two-sided Intervals on 0%
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Figure 3.2.2.a Boxplots for Simulated Confidence Coefficients
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Figure 3.2.2.b Boxplots for Simulated Confidence Coefficients

for 90% Two-sided Intervals on o3
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Figure 3.2.2.c Boxplots for Simulated Confidence Coefficients

for 90% Two-sided Intervals on o3
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Figure 3.2.3.b Boxplots for Average Interval Lengths

for 90% Two-sided Intervals on 0%
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3.3 A Numerical Example

The confidence intervals on variance components are now applied to a data
set. Milliken and Johnson (2002 p.370) published a data set from an experiment
designed to evaluate the effect of the speed in rpm of a circular bar of steel and
the feed rate into a cutting tool on the roughness of the surface finish of the
final turned product, where the depth of cut was set to 0.02 in. The treatment
structure is a two-way with four levels of speed(rpm) and four levels of feed
rate. Eight replications were performed for each combination of speed and feed
rate. There is variation in the hardness of the bar stock used in the experiment;
thus the hardness of each piece of bar was measured to be used as a possible
covariate. There is a linear relationship between roughness and hardness.

In order to apply to this data set, the speed and feed rate are assumed to
be operator effects and part effects, respectively. The data set was constructed
by selecting first three speed rates(operators) and four feed rate(parts) with
first two observations of each combination of speed and feed rate to represent
replicated measurements. Roughness(Y') is linearly related to hardness(X). The

selected data set is listed in Table 3.3.1. The SAS. code is written to calculate

confidence intervals on the variance for parts, operators, and measurement error.
The SAS code used is listed in the Appendix. The mean squares in Table 2.2.2,
S%/(JK), S3/(IK), and S% can be obtained in MEAN SQUARE ERRORS of
ANOVA Tables by executing following PROC GLM statements.
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TABLE 3.3.1 Data Set Used

Operators

Parts Y X Y X Y X
1 50 61 65 59 84 64
53 65 55 44 104 70

2 64 54 81 65 108 41
61 58 81 53 118 67

3 97 62 103 61 123 41
79 48 105 53 137 41

4 141 66 158 56 192 69
142 61 154 49 195 57

TABLE3.3.2 An Example Statement of
PROC GLM for Calculating Mean Squares

PROC GLM DATA = TWO;
MODEL YMEAN = XMEAN;

PROC GLM DATA = THREE;
MODEL YMEAN2 = XMEAN?2;

PROC GLM DATE = ONE;
CLASS PART OPERATOR;
MODEL Y = X PART OPERATOR,;
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The results of PROC GLM are shown in Table 3.3.3.

TABLE 3.3.3 Results of PROC GLM

SV DF MS EMS

Parts 2 1541725 0% + JKo%
Operators 1 6688.86 0% + IKo2

Replicates 17 28.89 0%

The ANOVA estimators of 0%, 03, and 0% are computed using the results

of PROC GLM and (2.2.8). In particular,

The calculated

5% — 82 15417.25 — 28.89

S e = 2564.7
S%Z - S5%2  6688.86 — 28.89
=3 = — 24: . .1
IK 4x2 e e (3:3-1)
= 28.89

values of S%, S3, and S% are substituted in (2.3.3) and

(2.3.5) for computing TING method. The values are used as observed values

to construct the distribution in'(2.4.2) and (2.4.4) for GEN method . PROC

MIXED automatically generates confidence intervals based on MIXED method.

The resulting confidence intervals are reported in Table 3.3.4.

Since

~2
op 2564.7
= = 0.7 3.3.2
0% 4+ 6% + 0%  3425.1 ’ (3:32)
~2
e _ 83249 0.2,




the estimates are assumed to be 6?3 = 0.7, 6?) = 0.2, and 0% = 0.1 without

loss of generality. By simulation study it is shown that the confidence interval

based on PROC MIXED does not keep the stated confidence coefficients when
6% or 6(2) is approximately below 0.3. Thus the confidence interval based on &?)

is not recommended in this example although it is shorter than ones based on

TING and GEN methods.

TABLE 3.3.4 90% Confidence Intervals on Variance Components

Effects Method Lower Bound Upper Bound Interval Length

Part TING 852.8 50089.9 49237.1
GEN 865.1 50362.0 49496.9

MIXED 654.8 14705.0 14050.2

Operator TING 214.0 212630.3 212416.3
GEN 217.2 213030.4 212813.2

MIXED 197.1 11923.0 11725.9

Measurement ~ TING 17.8 56.6 38.8
Error GEN 17.8 56.7 38.9
MIXED 17.8 56.6 38.8
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3.4 Concluding Remarks

In this thesis two-factor crossed mixed model with one covariate for gauge
R & R study is considered. This model employs J operators randomly chosen
to conduct measurements on I randomly selected parts from a manufacturing
process. In this R&R study each operator measures each part £ times. The
measurement is assumed to be linearly related to one covariate in this R&
R study. The variabilities of the parts, operators, and measurements can be

measured in terms of confidence intervals. Confidence intervals of the variance

of part effects, operator effects, and measurement errors are useful tools to
determine whether the variability is appropriate in a manufacturing process.
Three confidence intervals proposed are based on Ting et al.(1990) method
(TING), generalized p-values concept (GEN), and SAS PROC MIXED (MIXED).
Eight different designs of I, J, and K are considered for simulation study to see
if the proposed intervals maintain the stated confidence coefficients and to com-
pare the average interval lengths of three methods. Two-sided 90% confidence
intervals are computed 2000 times for eight designs with 36 combinations of the
values of 0%, 02, and o%. Based on the simulation study TING and GEN meth-
ods generally maintain the stated confidence coefficients for all combinations of
I, J, and K. Their average interval lengths are similar and comparable. How-
ever, MIXED method does not keep the stated confidence coefficient especially
for small values of 0% and ¢2. In particular, when the values of ¢% and 0% are
small, the simulated confidence coefficients dramatically fall below the stated

confidence coefficient 0.9. Thus TING and GEN methods are recommended

for calculating confidence intervals on the variance of part and operator effects
for all combinations of I, J, and K. MIXED method is an alternative for
computing confidence intervals if the values of I, J, and K are large enough.
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Appendix

SAS Code for constructing confidence intervals on variance components

OPTIONS LS=75 PS=55;

data one;

input y x part operator replicate @Q;

datalines;

50 6111153651 1265591215544 122

84 641311047013 264542116158212

81 65 2218153222108 41231118 67 23 2
97 62 3117948 312 103 61 3 2110553322
123 41 3 31 137 41 3 3 2 14166 4 11 14261 4 1 2
1568 56 4 2 1 154 49 4 2 2 192 694 3 1 195 57 4 3 2

proc sort data=one;
by part;
proc means;
by part;
var y X;
output out=two mean= ymean xmean,
PROC GLM DATA = two;
MODEL ymean = xmean /solution ;
proc sort data=one;
by operator;
proc means;
by operator;
var y X;
output out=three mean= ymean2 xmean2;
PROC GLM DATA = three;
MODEL ymean2 = xmean2 /solution;
PROC GLM data=one ;
class part operator ;
MODEL y = x part operator /solution;
proc mixed data=one asycov cl alpha=0.1 method=reml;
classes part operator;
model y = x;
random part operator;
*-—-F values to calculate confidence intervals
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using TING method;
proc iml;
SP2 15417.25483;

S02 = 6688.860576;

SE2 = 28.89106;
ALPHA=.10;

print SP2 S02 SE2 alpha;
I =4;

J = 3;

K= 2;

N1 =1- 2;

N2 = J - 2;

N3 = IxJxK - I - J;

print I J K N1 N2 N3;

F1 = FINV( 1 - alpha/2, N1, N3);

F2 = FINV( alpha/2, N1, N3);

Gl =1 - 1/(CINV(1 - ALPHA/2, N1)/N1);

H2 = 1/(CINV(ALPHA/2, N3)/N3) - 1;
H1 = 1/(CINV(ALPHA/2, N1)/N1) - 1;
G2 =1 - 1/(CINV(1 - ALPHA/2, N3)/N3);

G12 = ((F1 - 1)*x2 = (G1 * F1)*x2 - H2x*2)/F1;
H12 = ((1 - F2)*x2 - (H1 * F2)**2 - G2*x2)/F2;
PRINT ALPHA F1 F2;
PRINT G1 H2 H1 G2 G12 H12;
*---Calculation of Confidence Intervals on SigPsq
using TING method;
SigPlb = ( SP2 - SE2 = SQRT(G1%*2 * SP2**2

+ H2**2 * SE2%%2 + G12*xSP2*xSE2))/(J*K) ;
SigPub = ( SP2 - SE2 + SQRT(H1%*2 * SP2%*2

+ G2%%2 * SE2%*2 + H12xSP2%SE2))/(J*K) ;
SigPint = max(0, SigPub) - max(0, SigPlb);
PRINT SigPlb SigPub SigPint;
F3 = FINV( 1 - alpha/2, N2, N3);
F4 FINV( alpha/2, N2, N3);
G3 =1 - 1/(CINV(1 - ALPHA/2, N2)/N2);
H4 = 1/(CINV(ALPHA/2, N3)/N3) - 1;
H3 = 1/(CINV(ALPHA/2, N2)/N2) - 1;
G4 =1 - 1/(CINV(1 - ALPHA/2, N3) /N3);
G34 = ((F3 - 1)*%x2 - (G3 * F3)*x2 — H4x*x2)/F3;
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H34 = ((1 - F4)*x2 - (H3 * F4)*x2 - G4**2)/F4;
PRINT ALPHA F3 F4;
PRINT G3 H4 H3 G4 G34 H34;
*---Calculation of Confidence Intervals on SigQsq
using TING method;
Sig0lb = ( S02 - SE2 - SQRT(G3**2 * S02%*2
+ H4x*x2 *x SE2%%2 + G34*xS02*SE2))/(I*K);
SigOub = ( S02 - SE2 + SQRT(H3**2 * S02%*2
+ G4*x2 * SE2x*2 + H34%S02*SE2))/(I*K) ;
Siglint = max(0, SigOub) - max(0, Sig0lb);
PRINT SigO0lb SigOub SigQOint;
*---Calculation of Confidence Intervals on SigEsq
using TING method;
SigElb = SE2/(CINV(1 - ALPHA/2, N3)/N3);
SigEub = SE2/(CINV(ALPHA/2, N3)/N3);
SigEint = max(0, SigEub) - max(0, SigElb);
PRINT SigElb SigEub SigEint;
proc iml;
y = {60, B3, 65, 55, 84, 104, 64, 61, 81, 81,
108, 118, 97, 79, 103, 105, 123, 137, 141,
142, 158, 154, 192, 195};
x = {61, 65, 59, 44, 64, 70, 54, 68, 65, 53,
41, 67, 62, 48, 61, 53,41, 41, 66, 61, 56,
49, 69, 57};
one = j(24, 1, 1);
x = onel |x;

print y x;

z1t={1000,1000,1000, 1000, 1000, 1000,
60100,0100,0100,0100,0100, 0100,
606010,0010,0010,0010,0010, 0010,
0001,0001, 0001, 0001, 0001, 000 1};

z2={100,100,010,010,001, 001,
100,100,010, 010,001, 001,
100,100,010, 010,001, 001,
100,100,010, 010, 001, 00 1};

I = ncol(zl);

J = ncol(z2);

K= 2;

print I J K;
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z3 = I(I*xJ*K);

wl = (1/(J*K))*z1°¢;

w2 = (1/(I*K))*z2°¢;

w3 = z3¢;

x1 = wi*x x;

X2 = w2* X;

x3 = x| 1z1l|12z2;

print x1 x2;

hl = x1*inv(xl‘*x1)*x1°¢;
h2 = x2*inv(x2‘*x2)*x2°;

h3 = x3*ginv(x3‘*x3)*x3°;
i4 = i(D);
i3 = i(3);

i24 = i(I*J*K);

rl = J*¥K * y‘*wl‘x(i4 - hl)*wlxky;
r2 = I*xK * y‘*w2‘*x(i3 = h2)*w2x*y;
r3 = y‘*w3‘*x(i24 - h3)*w3*y;

print rl r2 r3;

*——- (Observed values-———---— H

sp2 = rl1 / (I - 2);

so2 =12/ (J - 2);

se2 = r3 / (IxJ*xK = I - J);

print sp2 so2 se2;

DF3 = IxJxK = I - J;

DF1 =1 - 2;

DF2 = - 2;

ALPHA 0.10;

SEED1 239480;

SEED2 189790;

SEED3 3344393;

SEED4 9007889;

IT2 = 10000;

IT1 = 1;

KKK = IT1;

GPQ=J(IT2, IT1);

DO LL =1 TO IT2 ;
USS = 2 * RANGAM(SEED3, DF3/2);
UTS = 2 * RANGAM(SEED4, DF1/2);
ESTIMATEP = (1/(J*K)) *

N«
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( (DF1 / UTS) * SP2 - (DF3 / USS) * SE2);
GPQ(ILL, KKK|) = ESTIMATEP ;
END;
R Sort GPQ and find PERCENTILES;
FINAL=J(IT2, IT1, 0); DO MM = 1 TO IT1;
X = GPQCl, MM[);
B = X;
X[RANK(X),] = B;
FINAL(C|,MM|) = X;

END;
LOWERBDP = FINAL(|IT2 * ALPHA/2,1);
UPPERBDP = FINAL(|IT2*(1-ALPHA/2),1);

PRINT LOWERBDP UPPERBDP;

DO LL =1 TO IT2 ;
USS = 2 * RANGAM(SEED3, DF3/2);
UTS = 2 * RANGAM(SEED4, DF2/2);

ESTIMATEQ = (1/(I*K)) *
( (DF2 / UTS) * S02 - (DF3 /.USS) * SE2);
GPQ(ILL, KKK|) = ESTIMATEQ ;
END;
T — Sort GPQ and find PERCENTILES;
FINAL=J(IT2, IT1, 0);
DO MM = 1 TO IT1;
X = GPQ(|, MM|);
B =X,
X[RANK(X),] = B;
FINALC|,MM|) = X;

END;
LOWERBDO = FINAL(|IT2 * ALPHA/2,|);
UPPERBDO = FINAL(|IT2%(1-ALPHA/2),|);

PRINT LOWERBDO UPPERBDO;

DO LL = 1 TO IT2 ;
USS = 2 * RANGAM(SEED3, DF3/2);
ESTIMATEE = (DF3 / USS) * SE2 ;
GPQ(ILL, KKK|) = ESTIMATEE ;

END;

k—————— Sort GPQ and find PERCENTILES;

FINAL=J(IT2, IT1, 0);

DO MM = 1 TO IT1;
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X = GPQ(l, MMI);
B = X;
X[RANK(X),] = B;
FINAL(|,MM|) = X;

END;
LOWERBDE = FINAL(|IT2 * ALPHA/2,|);
UPPERBDE = FINAL(|IT2*(1-ALPHA/2),1);

PRINT LOWERBDE UPPERBDE;
RUN;

— 105-



	1. INTRODUCTION
	2.CONFIDENCE INTERVALS IN TWO-FACTOR CROSSED MIXED MODEL
	2.1 Two-factor Crossed Mixed Model with One Covariate
	2.2 Distributional Results
	2.3 Confidence Intervals on Variance Components Using et al. Method
	2.4 Generalized Confidence Intervals on Variance Components
	2.5 Confidence Intervals on Variance Components Using PROC MIXED

	3. SIMULATION AND CONCLUSION
	3.1 Simulation Study
	3.2 Simulation Results
	3.3 A Numerical Example
	3.4 Concluding Remarks

	REFERENCES
	Appendix

