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Notations

Let G,H,and K be groups.

H & K : the direct sum

H % K : the free product

H,*y H, : the free product of H, and H, with H., H.-1 amalgamated

HNN(H,,H.+:) : the HNN extension of H, with associated subgroups
H. and H.-:.

G = H : G isisomorphic to H

G/H : the quotient of G by H

AutG : the automorphism group of G

EndG : the endomorphism ring of G

sgpu{ } : the subgroup generated by a subset of H

la,b] : the commutator of a and b

ZG : the integral group ring

IG : the augmentation ideal

— ®¢g — : the tensor product of ZG -modules

rk(G) : the rank of the torsion-free part

d(G) : the least number of generators

V() = 1~ rk(H,(G)) + d(Hy(G))

Hi (G, A) : the k-th homology group of G with coefficients in A

H*(G, B) : the k-th cohomology group of G with coefficients in B

Hy(G) : the second integral homology of G

v



H?(G) : the second integral cohomology of G
p1, p2 : the standard surjections

11, pto : the standard injections

A - B : the inclusion of A into B

7. : the integers

ker v : the kernel of «

ima : the image of «

Notation concerning presentations.
Let @ be a group presentation.

m2(p) : the second homotopy module
M(p) : the relation module

X(g) : the Euler characteristic

Notation concerning pictures.

Let P be a picture.

O(P) : the boundary of P

W(P) : the label of P

—P : the mirror image of P

< P > : the equivalence class containing P

PW : the spherical picture obtained from a spherical picture P by
surrounding it by a collection of concentric closed arcs with

total label W



W (v) : the label of a path ~
W(A) : the label of a disc A
expr(P) : the exponent sum of R in P

exp, (W) : the exponent sum of z in W

Notation concerning graphs.

V' @ the vertex set

E : the edge set

E™T : the orientated edge set

t(e) : the initial vertex of e

7(e) : the terminal vertex of e

H, : the vertex group of graphs of groups
H. : the edge group of graphs of groups
K, : the vertex group of graph products

K. : the edge group of graph products

Miscellaneous notation.

Let o be a sequence of words.

[To : the product of terms of o

< 0 > : the equivalence class containing o

o(v) : the sequence associated with v

vi



Chapter 1

Introduction

Combinatorial group theory is connected with several parts of mathemat-
ics, in particular, algebra and low dimensional topology. This discipline was
initiated by Poincare, Dehn, Tietze, and other topologists.

Let ¢ =< x; r > be a finite group presentation, where x is a set and
r is a set of elements of the free group F' on x. We call x and r a set of
generators and a set of relators, respectively. Then we can get a group G is
isomorphic to F'/N, where N is the normal closure of r in F.

We may associated ¢ with a 2 dimensional CW-complex C' which consists
of a 0-cell, 1-cells and 2-cells of which boundaries are the elements of r. Then
the above G is the fundamental group of C.

Therefore, to any topological space there is an associated group, which is

the fundamental group of the space. In trying to investigate the properties of



certain spaces we are led to problems in a combinatorial group theory. Con-
versely, some problems in group theory are solved by geometric and topological
discussions of suitable fundamental groups.

A main concept in this thesis is the second homotopy module () of the
given presentation @. It can be investigated by an algebraic method - identity
equations or a geometric method - pictures. These are to be reviewed late in
Preliminaries. Pictures have dual concepts to cancelation diagrams but more
convenient to get a set of generators of ma(p).

Graphs of groups and graph products of groups are the main topics in this
thesis which are group constructions from given groups. They can be defined
by using graphs.

In chapter 3, we study some exact sequences concerning the graph of
groups. We get exact sequence about relation modules(Th 3.2.9), augmenta-
tion ideals(Th 3.2.4), second homotopy modules(Th 3.2.13) and their relation
ships(Cor 3.2.8, Th 3.2.16, Th 3.2.17). And then we can describe relation mod-
ules, augmentation ideals and second homotopy modules of graph of groups in
terms of relation modules, augmentation ideals and second homotopy modules
of given vertex groups.

In chapter 4, we study two extreme cases of a graph product of groups that
is, the free product of groups and the direct products of the groups. Therefore
a graph product shares many interesting properties of these extreme cases.

After determining a generating set of the second homotopy module of a



graph product, and we calculate second homology groups and cohomology

groups(Th 4.3.3) we apply it to study the efficiency(Th 4.4.4).



Chapter 2

Preliminaries

In this chapter we will introduce basic concepts concerning to the thesis.

2.1 Graphs

A graph T' consists of two disjoint non empty sets V', E and three functions

L E— Vi~ BT QS 2F

)

satisfying : t(e) = 7(e7!), (e7!)t=¢, el#e forall e e E. Theset V is
the set of vertices and E is the set of edges. We call «(e) and 7(e) the initial
and the terminal point of e € E respectively. And an orientation E* of T’
consists of a choice of exactly one edge from each edge pair e, e~ !(e € E). We
will refer to the pair (V, ET) with the functions ¢, 7 as an oriented graph

with an oriented edge set ET. We call e € E a loop if 1(e) = 7(e).



A graph T' is simple if whenever i(e;) = t(e3) and 7(e;) = 7(ez), then
€1 = es.

We call T is finite if both V and FE are finite. A simple graph T is
complete if for any two distinct vertices u and v, there is an edge e with

te) =u, T(e) =v.

A pathis a finite sequence ey, ey, --- , e, of edgessuch that 7(e;) = t(ei11)
for all ¢ < n. A closed path is a path ey, ey, -+, e, with 7(e,) = t(e1). A
path is simple if 1(e;)(i =1, 2, ---, n) are all distinct.

We write ejeq---e, instead ey, es, ---, e,.

A subgraph T'" of T' consists of subsets V/(V' C V) and E'(E’' C E)
such that for any e, e € E’, «(e), 7(e) € ¥'. A graph T is connected
if given any two vertices of I' there is a path joining them. And we call a
connected subgraph of I' a component of I' 'if no connected subgraph of T’
properly contains it.

A graph T is a tree if T' has no simple closed path. And a tree T is
mazimal if for each u, v in V, there exists a path ey, ey, ---, e, such that

t(e1) = u,and 7(e,) = v.



2.2 Second homotopy modules

Let p =< x; r > be a group presentation, where x is a set and r is a set of
cyclically reduced words on x U x~1.
Let N be the normal closure of r in F, where F' is the free group on x.
Then the quotient group G of F' by N is called the group defined by ¢.
We denote by w the set of all words on xUx~!. If s is a subset of r then

sV is the set of all words of the form
WSW (W ew, Ses, e ==£1).

Let o be a finite sequence of elements of vV, say o = (c1, ¢ca, -++, cn),
where ¢; € ™ (i = 1, 2, ---, n). Then we define I[lo to be the prod-
uct cicp---c,. If Ilo is freely equal to 1, then o is called an identity
sequence. We define the inverse o=% of o to be (c;', ---, &', b)),
and for W € w we define the conjugate' WoW =+ of o by W to be
(We W=t We,W=t oo We, W), We define operations on sequence as

follows. Let
C; = WiRiEiWi_l (WZ cEw, R, € r, g = :f:l, = 1, 2, S n)

(1) Replace each W; by a word freely equal to it.
(2) Delete two consecutive terms if one is identically equal to the inverse
of the other.

(3) The opposite of (2).



(4) Replace two consecutive terms ¢;, c¢;41 by either ¢; 11, ¢ip17t ¢icipr or
i Cip1 G

Two sequences o1, oo will be said to be (Peiffer) equivalent if one can be
obtained from the other by a finite number of applications of the operations
(1), (2), (3) and (4). The equivalence class containing o will be denoted by
<o >.

The set of all equivalence classes forms a group under the following binary
operation

<o > + <o09>=<0109 >

where o104 is the juxtaposition of the two sequence oy, o3.

We let ms(p) denote the subgroup of consisting of all elements < o >
where ¢ is an identity sequence. We can think of an identity sequence as a
relation (an identity) among relators. So m(p) gives us a description of all
relations among relators.

We note that the group of all equivalence classes is not abelian under the
operation + but the subgroup m(p) is abelian ([31]).

We can also consider m(p) as a left ZG-module by the G -action given
by

WN-<og>=<WeoW't> (WeF).

We call my(p) the second homotopy module of .



2.3 Pictures

In this section, we introduce the basic concepts of the pictures and the identity
sequences. We also study some short exact sequences concerned about the
second homotopy modules associated with amalgamated free products.

A picture P is a geometric configuration consisting of the following:

(a) A disc D?* with a basepoint O on 9D?.

(b) Disjoint discs Ay, Ay, -+, A, in the interior of D?.
Eachdisc Ay (A=1, 2, ---, n)has p(A) basepoints Oy,, Oy,, -+, Oy,
on 0A,, encounted in the order Oy,,; Oy,, ---, O/\pw if we start at O,, and

travel once around JA, in the clockwise direction.

(c) A finite number of disjoint ares g, ao, =+, Q.

Each arc lies in the closure of D* —Ji_, Ay and is either a simple closed
curve having trivial intersection with 8D? U @A; U A, U --- U OA,, or a
simple non-closed curve which joins two points of 9D? U9A; UIA, U --- UOA,,
neither point being a basepoint. Each arc has a normal orientation, indicated
by a short arrow meeting the arc transversely, and is labelled by an element
of xUx1.

A picture P is called to be connected if

LA Ay o A U (Ja, ao oo o)

is connected.

For each disc A, the corners of A are the closures of connected com-



ponents of A — (J{a1, oo, -+, am}, where a1, ag, ---, a, are arcs
of A. The regions of P are the closures of connected components of
D? — (U{discs} U J{arcs}). An inner region of P is a simply connected
region of P that does not meet 9D?.
We remark that when we refer to the discs of P we mean the discs
Aq, Ay, -+, A, , but not the ambient disc D?. We define P to be 9D?.
We say that P is spherical if no arcs meet OP. If P is spherical then we

often omit OP.

Definition 2.3.1. A picture P is over a presentation ¢ if the following con-
ditions hold:

(1) Each arc is labelled by an element of x Ux *.

(2) If we travel around OA) once in the clockwise direction starting at Oy
and read off the labels on the arcs encountered then we obtain a word which

belongs to rUr™ and we call this word the label of Ax(A =1, 2, --- | n).



Example 2.3.2. Let p =< z,y: 2°, xyx 3y~ > . Then the following picture

s a spherical picture over .

Figure 2.1.1. Spherical picture.

Let y and s be subsets of x and r respectively. An arc labelled by an

1 is called a y-arc and a disc labelled by an element of

element of y Uy~
sUs™1 is called an s-disc.
The label on P (denoted W (P) ) is the word read off by traveling around

0D? once in the clockwise starting at O.

10



Example 2.3.3. Let p =< a,b,c: a? [a,b],[b,c],|a,c]>.
Then W (P) = ¢ tabcab™!.

Figure 2:1.2. Labelfof P

A circle in a picture over g consists of a collection of distinct arcs
a1, ag, ---, ap and distinct Ay, Ag, ---, A, such that «; joins A; to
Ai1 (i =1, 2, -+, n subscripts mod n), and all oy, ag, - -, «, have
the same label and the same orientation. We call a circle C' minimal if there
is no circles contained in the region enclosed by C. A disc A in the region
enclosed by C' will be said to be adjacent to C if A is joined to one of the

discs A1, As, -+, A, by an arc.

11



A (transverse) path in P is a path in the closure of D? — J{_; A\ which
intersects the arcs of P only finitely many times. If we travel along a path ~
from its initial point to its terminal point, we will cross various arcs, and we

can read off the labels on these arcs, giving a word W (), the label on .

A spray for P is a sequence v = (71, 72, ---, Yn ) of simple paths sat-
isfying the following; for A =1, 2, ---  n, v, starts at O and ends at the
basepoint Og(n)y of Ag(n), where € is a permutation of {1, 2, ---, n} (de-

pending on v );for 1 <A <p<n, v and 7, intersect only at O; travelling
around O clockwise in P we encounter the paths in the order vy, 72, -+, Yn-

The sequence o(7) associated with v is

(W () W(vewy) W(m)7Th 5 W) Wa(Yeey) W () 7).

A picture will be said to represent a sequence o if there is a spray for the

picture whose associated sequence is o.

12



Example 2.3.4. Let 0 = (¢ a,blc, ¢7[b,cle, be™a, c]cb™t, ba?b1).

Then the following picture represents o.

Figure 2.18. Spray offl®

Remark 2.3.5. (1) —P is called the mirror image of P .

Figure 2.1.4. Mirror image of P.

13



(2) Py + Py is the sum of Py and Py .

+
Il

Figure 2.1.5. Sum of P; and P, .

Theorem 2.3.6. ([31] Theorem 2.1(ii)) Every identity sequence can be repre-

sented by a spherical picture.

Now we introduce the basic operations on pictures.

(A) : Deletion of a closed arc which encircles no discs or arcs of P (such a
closed arc is called a floating circle).

(A)~! : Insertion of a floating circle.

A cancelling pair is a spherical picture with exactly two discs, and when
their basepoint lie in the same region like Figure 2.1.6.

(B) : If there is a simple closed path 5 in P such that the part of P
encircled by [ is a cancelling pair, then remove that part of P encircled by
G.

(B)~! : The opposite of (B).

(C) : Bridge move.

14



Figure 2.1.6. Cancelling pair.

=

Figure 2.1.7. Bridge move.

=

)
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Remark 2.3.7. Since we allow only one basepoint on each disc, when a relator
1s a proper power, we need more caution. That is to say, P; and Py are

cancelling pairs, whereas P is not. So we will only insert basepoints for discs

whose labels are proper powers.

~— _

Figure 2.1.8. Cancelling pairs.

P
S IH

Figure 2.1.9. Non - Cancelling pair.

Two spherical pictures will be said to be equivalent if one can be trans-

formed to the other by applying a finite of operations (A), (A)~!, (B), (B)™,
or (C).

16



We let <P > denote the equivalence class containing P.
The set > of all equivalence classes of all spherical pictures over g forms

a group under the following binary operation
<P >4+<Pr> = <P +Py >

where the inverse of < P > is < —P > and the identity is the equivalence
class containing the empty picture.

Let P be the spherical picture obtained from a spherical picture P by
surrounding it with a collection of concentric closed arcs with total label W

like Figure 2.1.10.

Figure 2.1.10. Spherical picture PV .

17



Remark 2.3.8. If <P > represents o then PV represents WoW !,

Theorem 2.3.9. ([31] Theorem 2.5) Let 0 and o' be sequences represented
by P, and P’ respectively. Then o and o' are equivalent iff P and P’ are

equivalent.

Remark 2.3.10. The group > is abelian under the operration +. Con-
sider the following Figure 2.1.11. Then the sequences o(y), o(y') are equiv-
alent since they are spray for Py + Py ([31] Theorem 2.4).  And since

o(y')=o0(y"), by Theorem 2.3.9. P + Py and Py 4Py are equivalent.

Py + P

Figure 2.1.11. Equivalent spray.

We can consider ) as a left ZG -module by the G -action given by
WN-<P> = <PV > (W eF).

Then we call my(p) the second homotopy module of .

18



And now we define a map ¢ : m(p) — >, by < o >—— P where P is
a spherical picture representing o. By Theorem 2.3.6 ¢ is well-defined and
injective. By Theorem 2.3.9 1 is surjective. And by the above Remarks 2.3.8
and 2.3.10, 1 is a module homomorpsism. From now on, we will identify
ma(p) with > .

Consider a collection X of spherical pictures over p. We introduce two
further operations on my(p) as follows.

(D) If there is a simple closed path [ in a picture such that the part of
the picture enclosed by ( is a copy of P or —P (P € X)), then we delete that
part of the picture enclosed by .

(D)~ The opposite of (D).

Two spherical picture will be said to be equivalent (rel X ) if one can be
transformed to the other by applying a finite of operations (A), (A)~!, (B),
(B)™, (C), (D) or (D).

Theorem 2.3.11. ([31] theorem 2.6) The elements < P > (P € X) generate
mo(p) if and only if every spherical picture is equivalent (rel X ) to the empty

picture.

Remark 2.3.12. Theorem 2.6 in [31] actually refers to the situation where

several basepoints are allowed. But it is easily modified to our situation.

If the elements < P > (P € X) generate my(p) then we say that X

generates a(p) .

19



2.4 The augmentation ideal

Let G be a group written multiplicatively. The integral group ring ZG of G
is defined as follows. Its underlying abelian group is the free abelian group on
the set of elements of G as a basis ; the product of two basis elements is given
by the product in GG. Thus the elements of the group ring ZG are sums

Zm(:v)a:

zeG

where m is a function from G to Z which takes the value zero except on a
finite number of elements of G'.
The multiplication is given by
<Zm(:v)fv> ; (Zm’(y)y> = > (mlz)- m'(y) zy.
z€G e z,4EG
The group ring is characterised by the following universal property. Let
1 : G — ZG be the obvious embedding.

A (left) G-module is an abelian group A together with a group homo-
morphism o : G — AutA. In other words, the group elements acts as an
automorphism on A. We shall denote the image of a € A under the auto-
morphism o(x), x € G, by x-a or simply za if this notation cannot cause
any confusion.

Since AutA C EndA , the universal property of the group ring yields a ring
homomorphism ¢’ : ZG — EndA, making A into a (left) module over ZG .

Conversely, if A is a (left) module over ZG then A isa (left) G'-module, since

20



any ring homomorphism takes invertible elements into invertible elements, and
since the group elements in ZG are invertible. Thus we need not retain any
distinction between the concepts of G-module and ZG -module.

We leave it to the reader to word the definition of a right G-module. A
(left) G -module is called trivial if the structure map o : G — AutA is
trivial, i.e., if every group element of G acts as the identity in A. Every
abelian group may be regarded as a trivial left or right G -module for any
group G .

The trivial map from G into the integer Z. sending every x € G into

1 € Z, gives rise to a unique ring homomorphism
£: 2G — Z.

This map is called the augmentation of ZG. If ZTIZ(I’)’E is an arbitrary

zelG
element in ZG then

€ (Z m(:c):v) = Zm(x)
zeG zeG

The kernel of € is denoted by IG and is called the augmentation ideal of ZG .

Lemma 2.4.1. ([22]) (i) An abelian group IG is free on the set
W={xz—-1]1#xze€G}.

(ii) Let S be a generating set for G. Then the set S —1={s—1|s e S}

generates 1G as a ZG -module.

21



2.5 Some exact sequences concerning my(p)

Let p =<x; r> and X be a generating set for m(gp).

Let G be the group defined by ¢, that is, G = F//N |, where F is the free
group on x and N is the normal closure of r in F'.

The relation module M (p) of p is the abelianization N/N’ of N re-

garded as a left ZG -module, with G -action by
WN.UN' = WUW'N' (WeF, Ue&cN).

Let
Py=17G, P.=@DZGt., o=@ 7Gtr, Ps =@ ZGte.

rex Rer PeX

Then we have the following exact sequence ([31]).

(1) 0 — mo(p) =>"B == M(p)— 0
<P>— i@VViNtRi (PreiX)
tp+— RNZ’:1 (Rer)

where P represents

o= (WiR® Wi, WoR,2 Wyt - W,R, W, 1),

We often write p(PP) instead of pg(< P >).
We regard Z as a left ZG -module with the trivial G -action. There is the

augmentation map ¢ : Py — 7Z which takes each element of G to 1. The

22



kernel of this map is called the augmentation ideal denote by IG .

(2) 0—IG2 p 7 —0
(3) 0— M(p) 2 P 251G —0
ow
WN' - |t. (WeN
— o) ven
tp— aN —1 (x € x).
Here & : ZF — ZF is the Fox derivation ([27] Section IL.3) and

p : ZF — ZG is induced by the natural epimorphism F — G.
We call w1, po the standard injections and p;, po the standard surjections.

If we put the three sequences (1), (2), (3) together we get the exact sequence
85 s 0 E
(4) PP =P P —%Z-—0

where
03 > tp =2 (IP)
Oy = pi1p2

81 = pP1-

23



Chapter 3

Graphs of groups

3.1 Graphs of groups

In this section we introduce fundamental facts about the graphs of groups.

Definition 3.1.1. A graph of groups, G consists of
(1) an oriented graph T with a vertex set V. and an oriented edge set E™;
(2) for each v € V, a group H, (vertex group) and for each e € E™, groups
H., H.-: (edge groups);

(8) for each e € EY, there is an isomorphism
Yo + He — Ho—1
for a subgroup H. of H,. and a subgroup H.-1 of H (.
(e) (e)

Let T be a maximal forest in I' and let F(E™) be the free group with

basis ET. Let G be the quotient of F(E™)x (x,evH,) by the normal closure

24



of the set {g.e(Vege) e : e€ ET, g. € H}U{e : e € T}. Then G is

called the fundamental group of the graphs of groups G ([12]).

Remark 3.1.2. A Graph of groups is a general concept of the followings.

(1) Let T be a simple graph such that for each e € Et, 1(e) = vy where
vo is a fized verter, and suppose all H., H.-1(e € EY) and H,, are trivial.
Then G is the free product of the vertex groups H,(v # vy). We denote it
G = *,ev H,.

(2) If T' consists of a single verter v and a single oriented edge e then G is
the HNN extension of H, with associated subgroups H. and H.-1. We denote
it G=HNN(H,, H+1).

(8) If T' has two vertices u,v and a single oriented edge e joining u and v,
then G 1is the free product of H, and H, with H. and H.-1 amalgamated.
We denote it G = Hy xpy, Hy.

(4) If T is a tree then G is called the tree product of the vertex groups ([22]).
(5) If all vertex groups and edge groups are trivial then G is the fundamental

group of T'.

Now we will write down a presentation ¢ for G from presentations for
vertex groups.

For v € V, let H, be a group given by a presentation
Qy=<Xy; 8,y>
( so that H, is the quotient group of the free group on x, by the normal
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closure S, of s, ).

+ —1
For e € E7, let a;., Qe

(1 € I(e)) be non empty freely reduced words on

X y(e); X r(e) Tespectively. We assume that the mapping
Qie Sie) — Qi1 Sre) (1 € I(e))
defines an isomorphism from
H. = sgp{aic Sye) : 1 € 1(e)} of Hye
to

H1 =5gp{a; o1 Syey* - -€ L{e)}-of [ Hrrey.

Let T be a maximal tree in I' and let
p=<x, (WeEV), elee BT —T); s, (vaV), rilec EY, i€l(e)) >

where

w1 TR
Tie = (ie €0; 1€

and ¢ is the empty word if e € T, and é =¢ if e ¢ T.

Let G be the group defined by ¢. Then G is the quotient of the free group

on

va Ufe:ecE"-T}
veV

by the normal closure of
{s,(veV), ri.lee B, ielle))}.
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It is well known that the natural map H, — G (v € V) are injective. We
can thus regard H, (v € V) as sgpc{zR : x € x,}, and we can regard

H.: (e € ET) as sgpe{a e R : i€ I(e)}. We let
C. = sgp{é R} (e € ET).

Then C, is trivial if e € T' and is infinite cyclic otherwise.

For e € E*, let F, be the free group with basis
Ye={yic : 1 €1(e)}
and let N, be the normal subgroup of the epimorphism
Fo— He By Yie = Gielt

then N./N! is an H.-module with action defined as follows.

Let a € H, and let WN. € N./N!. Now a = Ula;.)R for some word
Ulaie) inthe aj s (i € I(e)). Define a:WN/, =UNU""'N! where U = U(yj.)-
Then action is well-defined.

Let X,(v € V) be the collection of all spherical pictures over g,(v € V)
and let X = Uyey X,. If e ¢ T then Y, denotes the collection of all spherical
pictures Py as in Figure 3.1.1 and if e € T" then Y, denotes the collection of

€1, e

all spherical pictures Qu, asin Figure 3.1.2 where W = W (a;) = a3 a3’ - - - a3

is an element of N,. And let Y = U.cp+Ye.
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Figure 8711, Py, |

Figure 3.1.2. Qw .
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Then we get the following.

Theorem 3.1.3. ([2]) X UY generates ma(p).

3.2 Exact sequences and their relationships

We study some exact sequences of graphs of groups and their relationships

among them.

Theorem 3.2.1. There is a short exact sequence.

(1) 0— @B+ (ZG ®p, ZH,) ~ (Guev(ZG @p, ZH,))

O(Bee 10 ZG R0, ZCs) 25 ZG — 0

where q and p are defined by

q:ng @ mh — ng @,y mh — (ER - ng @~ mh) + ((eR — 1)ng - mh) Qc(e 1,

p:(kd @IW,ag" ® (1 = éR)) — kg’ -Ih' + ag”’(1l — ¢R).

Proof.

pg(ng ® mh)
= p(ng @) mh — ER(ng @-() mh) + (ER — 1)ng - mh ®@c(e) 1)
=ng-mh — éRng - mh+ (éR — 1)ng - mh

=(1—éR)ng-mh+ (éR—1)ng-mh =0.
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Example 3.2.2. For G = H, xyg, H,,

q(ng @ mh) = (ng ®p, mh — (ng g, mh)
pq(ng ® mh) = p(ng ®u, mh — (ng @, mh))

=ng-mh—ng-mh =0.

Example 3.2.3. For G = HNN(H,, H.+1),

q(ng @ mh)
=ng @y, mh — éR(ng ®u, mh) + (R — 1)ng-mh ®1
= (1—-éR)(ng®mh) +(éR - 1)ng-mh®1
plkg @Ih ;ag" @ (1 —€éR)) =kg - IW + ag’(1 — éR).
Thus
pq(ng @ mh)
= p((1 — éR)(ng ® mh) (ER =1)ng - mh ® 1)

= (1—éR)ng - mh+(éR —1)ng - mh = 0.

Theorem 3.2.4. There is a short exact sequence.
(2) 0 — @eep+(ZG ®@u, Z) 2 (Doev(ZG ©p, L)) < 7 — 0

where 0 and &* are defined by

0:ng®@mr— ng Qe m — eRNG @7y m,
e (kg @l)—elkg) - l=k-1

where € : G — 7., augmentation.
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Proof.
e*0(ng ® m)

= £*(ng D,y m — ER(Ng -y M)

e*(1 —éR)(ng @ m)

=e((1—€éR)ng) -m =0.

Example 3.2.5. For G = H, xy, H,,

d(ng @ m) = ng Qpu, m—ng g, m,
e* (kg @) =c(kd)- 1=k 1l

Thus €*0(ng @ m) = e*(ng ®u, m =ng u, m) = ng - m —ng -m = 0.

Example 3.2.6. For G= HNN(H,, H.),

d(ng ® m) = (ng @u, m) + (=€R)(ng @p, m) = (1 = eR)(ng Qu, m),
e* (kg @) =¢e(kg) - l=k-L.

Thus £*0(ng®@m) =e((1 — éR)ng) - m = 0.

The following is a relationship between the above Theorem 3.2.4 and Corol-

lary 3.2.8.
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Theorem 3.2.7. 0 — @.cp+(ZG @p, TH.) —5 (®per (ZG @y, TH,))
B (Pecpt_12GRc,1C,) 2L IG — 0 is short exact if and only if 0 — Peep+(ZGRy.7) N (Boev(ZGE

18 short exact.

Proof. we have the following commutative diagram :

0 0 0
| | |
0 — @eep+(ZG®y, IH,) Do Errr-LH) LA TR
B (Beer+ZG-Rpc, IC,)
| | |
0 — @ecp+(ZG Ry, ZH,) ) A LZG\ — 0
D(@eens ZG®0, IC.)
le ) ls* le
0 - @eer(ZGRuZ) Do “BuevBCG®yZ), /S Z — 0
| l |
0 0 0

where ¢*={l1®e+1®es}, e1: ZH, — Z, 9 : ZH. — Z, augmen-
tations. By [31], the third column is exact and by tensoring, the 1st and 2nd
columns are exact. Middle row is from Theorem 3.2.1. Therefore by 3 x 3

Lemma, the proof is completed. O
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Corollary 3.2.8. There is a short exact sequence.

(3) 0 — @ecp+(ZG @y, [H,) = (Bvev(ZG @, TH,))

B (Beepr_1ZG ®¢, I1C,) 5 IG — 0

where q and p are the restriction of q¢ and p in Theorem 3.2.1, respectively.

We will consider the exactness of a short sequence which characterizes the
relation module of the graphs of groups in terms of the relation module of free

factors and vertex groups.

Theorem 3.2.9. There is a short exact sequence.
(4) 0> ByeyZG Oy So/Ss’ LuRIR! 0@ 002G @ TH, — 0

p (1'®, Sy E—NSE" )
¥ (sR)) = 0
b (rieR) = 1® (iR —1)

where a; R s a generator of H.. Thus a;eR —1 1is a generator of IH,.

Then we get the following important corollaries.

Corollary 3.2.10. ([24] Theorem 1) If G = H, *u, H, then
0— (ZG ®@y, Su/Su") ® (ZG @y, Su/Sy") = R/R" — ZG @y ITH. — 0

18 exact.
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Corollary 3.2.11. ([24] Theorem 2) If G = HNN(H,, H.) then
0—2ZG®y Sy/Sy' — R/R' — ZG @y IH, — 0
15 ezact.
(g®sS,', h®35S,") > g-sR'+h-5R' -2 0
U(g-sR') = g¥(sR') =0 and
(g rieR') =g @ (aieRR —1).
Thus 1 is onto (a;cR—1 : generators of IH. as ZH.-module).
Now we consider short exact sequences concerning the second homotopy
modules of graphs of groups and vertex groups.
Pv(z) is a free ZH,-module with bases bs, (s € sy)
ie., P = @ace,ZHybyy

P® is free ZG -module with bases bs(s € 8y), by, (i € I(e), e € ET)

P(z) = @’UGV(@SGSU)ZGE D (@GGE+ZG?7G)
where m and a are corresponding to by, and b, . respectively.

PY s a free ZH.-module with bases b;.(i € I(e)).

Theorem 3.2.12. There is a short exact sequence.

(5) 0> By ZG @y, PP 5 PO La 76 @, PO — 0

Oé(l Rm, bsﬂ,) = bsﬂ,.

B(bie) = —1®m, bie.
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Now we study exact sequences concerning the second homotopy modules.
From Theorem 3.1.3, we need to consider two kinds of identity sequences for

m2(p).

< 0 >, means that we consider ¢ as an identity sequence over g.

Theorem 3.2.13. There is a short exact sequence.

(6) 0= B,eyZG ©y, T2(Qu) 5 Tha(p) > o ZG @y, Ne/ N — 0

E(I® <o>q,) =<0>,
n (<o >,) =0 (0 is an identity sequence over Q)

n (< ow >p) = 1QWN,' (WicN,).

Lemma 3.2.14. The following diagram is commutative

PON W 7 &;/P L o

[e%
—

0 —  ByyZG @y PP
l@uEv(1®¢v) l¢ l®e€E+(1®96)

0 = @uevZG @y, So/S’ - R/R' - Deep+ LG @y, IHe — 0

¢v . Pigz)_) Sv/Sv/

0. - PV IH,.
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Proof.

(1 ® bsp)) = ¢(bs) = sR'.
P(1® ) (1 ® bsa) = p(1®58,") = sR'.

(1 ®0.)(B(bs0) = O.

(1®0.)(B(br.)) = (1®0.)(-1®bi) = —-1® (1 — a;.R)and
Yo(bs) = ¢(sRk') = O.

Vo(br,.) = Y(rieR") = 1® (ai R —1).

Lemma 3.2.15. The following diagram is commutative

0 - 69UEVZG ®Hv HZ(QU) i HZ(@) i) @66E+ ZG ®He Ne/Né — 0

l@uev(l(@“v) ln l@e€E+ (1®ue)

0 —  SuwevZG &4, Pv(z) S PO 5 @eeE+ZG H, Pe(l) — 0.
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— g% —1y. 1 .
Proof. o= (W; sy W;"): Wj is a word on X,, s € 8,.

aA(l®@ky)(I® <0 >g,) =a <1 ® Z e; W; S,y bs,v>

SESy
_a<zgjws 1®bsv> > & W Rb..
SESy SESy

KE(I® <0 >q,)) = k(< 0 >,) Z»sJWRb

SESy

1@ pen(<o>y) =10 p(0) =0, <o> € Il(p,).

10 (< 0 >0) = (010 W) =10 3 g (G0 )5

i€l(e)
Br(< o >,) (Z@WRZ)&N):O.

SESy

< aw > =5 (Ub = X oo ()b

iel(e)

From these, we get the following

Theorem 3.2.16. (6) is short exact if and only if (4) is short exact.
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Proof. Consider the following commutative diagram :

0 0 0

| | |
O — B,y ZG @y Ma(Qy) = Ta(p) = &, cpy ZG®y NN, — O

| Bvev(1®ky) I l@eem(l@ue)

0O - @evZGey, P,® % PO L g 7G4 PY - O

|®vev(186) 19 |@een+(1€6)
O — ®,0ZG®y S/S' % R/R' % &, ., 2G®, IH, — O
! ! !
0 0 0

By Section 2.5 (1), the 1st and 2nd column are exact. By Section 2.5 (3), the

third column is exact. Therefore by 3 x 3 Lemma, the proof is completed. [

Theorem 3.2.17. (4) is short exact = (2) is short exact.
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Proof. Consider the following diagram :

0 0 — OZG®y IH,)
| | |
0 — @®ZG®, S,/S' % R/R' % &@ZG®, IH) — 0
11 (I) Iz
®(ZG @u, P

5 PO 4 0
D(BZG ®¢, IC,)

la (IT) le
Q(ZG @, IH,
(26 @x 1) T3 <2108 0
O(DZG ®c, IC.)
I !
0 0

where a = (1 ®46) @ id.

We consider commutativity (I):

pp(1® sS, 1) = p(sR') = 3 (B)m,t,
and
§(1® 1) (1®38,) =6 (X190 (L), taw)

=0 (Z(g—i)m(l ® trw)

We consider commutativity (II):

~—
I
]
~—~
|Q)
8|0
=
ST
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06(1®tyy) =0(tew) =1—2zR
05(1® (1 —éR) =0(te) =1—¢€R
pa(l®t,,) =p1®(1—2zR))=1—-2zR
pa(l1®(1—¢€éR))=p(1® (1 —€éR)) =1—¢ER.
Since v and ¢ is surjective, we can define ¥~! and 6=! by the axiom of
choice. For each generator 1 ® (1 —a;.R) of ZG @y IH.,
v ' (1 ® (1 —a;eR)) = -1 R’ For t,, and t., 6 '(ty,) = 1® t,, and

0 (t) =1® (1 —€R).

Consider the mapping ad ™)~

Let b € im(ad~'pp~'). Then there exists a € GZG ®; [H. such that

ad a1 (a) = b.
q(b) = qad ™ wp™(a) = 066y~ (a) = b~ (a) = 0.

Therefore im(ad~tup~1) C kerg.

Suppose b € kerq i.e., ¢(b)=0.

Since « is onto, there is an element ¢ € B(ZG @y, PSV) ® (8 54 ZG @¢, 1C,)
such that a(c) =b. Then 0= ¢(b) = qa(c) = 0J(c).

Thus 6(c) C kerf. Since kerf = imyu, there is an element d € R/R’ such
that u(d) = d(c).

Take ¢ (d) = a then ad tup=t(a) =b.

Thus kerq C im(ad " uyp™1).

40



Thus kerq = im(adtpp™).
On the other hand, by (I), ad'up™ = a(l ® u,) = 0 and by (II)
pad ™! = pad~tu = Ou = 0. Therefore we get the exactness of (2).
Actually we know ad~'up~t = ¢ by the following calculations, where ¢

is in Theorem 3.2.1.

q(1®(1—ai7eR)) = 1®L(e) (1—ai7eR)—|—(—éR®T(e) (1—aiﬁR)—l-(l—CLLGR)@(éR—l))

ad M1 ® (1 — aieR)) = ad u(—ri R’
a; e aai el
= —ad~1( Z (aagé Yotz — (ai, cfa; 6,1) Z =58 olp

TEX,(e) TEX(e)

+((ase)e — 1) te(te =0 if e€ T)

= _Q(Z(ag;e Gtm we) T eRZ aa —1

vEX TEXre

+a; JR=1)(1® (1¢R))
— (D (%) (1@ (1 —aR) — eR Yo (2t
+(a; R —1)1 (1 — éR))

@ (1 -zR)
—(1®ye) (1 — aieR) — €R @y (1 — a; 1 R)

+(a;eR—1)®c, (1 —€ER)

Therefore ¢ = ad*pp~! in Theorem 3.2.1. O
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Chapter 4

Graph products

4.1 Graph products

In this chapter we will describe homology (cohomology) of a graph product
in terms of homology(cohomology) of each vertex group and consider the effi-
ciency of a presentation of a graph product in connection with presentation of
vertex groups.

For each v € V, let K, be the group defined by a presentation
O, =< a, ; s, > which is called a vertex group and for each uv € ET,

let r, , consist of all words [a, b] = aba™'b"!(a € a,, b€ a,).

Leta:Uav, s:Usv, r= U Iy, v

veV veV u veEtT
Let @ be the group presentation < a; s, r > . The group G defined by

o is called a graph product of the groups K,(v € V') ([10], [18], [19] and [20]).
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If all K,(v € V') are infinite cyclic group then G is called a graph group ([13],
[14], [15], [16] and [35]). A graph product has two extreme cases. If the edge
set E1 is empty then G is the free product of the groups K, (v € V). If a
graph I' is complete then G is the direct product of the groups K, (v € V).
Therefore a graph product shares many of the interesting properties of these
extreme cases ([18]).

We assume for the rest of this chapter that I' is finite.

4.2 Calculation of H, and H? from I,

Let ¢ =< x ; r > be a finite group presentation and let G be the group
defined by p. Let II, = IIy(p) be the module of equivalence classes of identity
sequences over (.

Let L be a set of identity sequences such that {< o > ; ¢ € L} generates
II; (as a ZG-module). Then there is a partial free resolution of the trivial

left G-module Z

P zct, = P z6tr 2 @ z6t, 2 26 - L — 0

o€l Rer TEX

(see [31]). Thus if A is any right G -module we have

ker 1 ® 69

(G A) = 3955,

In particular, taking A to be the trivial right G'-module Z we have
(1) HQ(G) = ker (52 / im (53
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where 0o and 03 are the maps

(2) dy - @ Ztp — @ ZLt,, tp — Zezpm(R)tm

Rer TEX TEX

(3) d3 - @ Lty — @ Zitg, ty — Zesz(a)tR

el Rer Rer
(Here expr(o) is the exponent sum of R in o, and exp,(R) is the exponent

sumof z in R).
Similarly if B is any left ZG -module we have

ker Homyg (03, 1)
im Homzg (02, 1)~

H*(G7B)xs
In particular, taking B to be the trivial left G -module Z we have
(4) H*(G) = ker 43* / im "

where 6,° and 3% are the maps

(5) 6" @ Zt,* = @ Fl B t g Zempm(R)tR*

TEX Rer Rer
(6) &3 @thf — @ Zt,", tg* — Zesz(a)tg*.
Rer oel oel

) = ker 52
(0 Bafg)) = im 6
Z?% (or Z*(p)) = ker 83"

10) B? (or B%(p)) = im &y



4.3 H, and H? of a graph products

Let L and L,(v € V) be sets of identity sequences which generate II5(p) and
(o) (v € V) respectively.
For each triangle {u, v, w} in I" we have a collection of spherical pictures

of the form depicted in Figure 4.3.1 with a € a,, b € b,, ¢ € c,,.

Figure 4.3.1. Triangle oa .

For each e € E, with «(e) =u, 7(e) = v, let S =xx9-- 2, €s,. Then
for each b € b,, we have a spherical picture og; over p of the form depicted

in Figure 4.3.2. Similarly we get o7, (T'= y192- - Yn € Sy, a € Q).
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Figure 4.3.3. or,.
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Theorem 4.3.1. ([2] Theorem 3.1.4) m(p) is generated by
L=(JL)uMuy
veV
where

M = {osp |we E*, Ses,, bea,}U{or, |wekE" TeEs, aca,}

and

Y ={Pa | A = {u, v, w} triangle in I'}.

Remark 4.3.2. An identity sequence o is said to be cockroft if expr(c) =0

for all R er.

Since we need to consider L, and M only, (7), (8), (9) and (10) are given

as follows.

Zs(p) = (D Za(pu) D (€D Ztr)

veV Rer
By(p) = (P Bapn) P U
veV

where U is the image of the map

@ Zt, — @ Ztr by t, — Zeng(a)t}g.

ceM Rer Rer
And
Z(p) = (P Z(0.) P K
veV
B2(p) = @ Bi(p.)
veV
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where K is the kernel of the map

@ Ztg* — @ Zts" by tg* —— Zeng(a)t}g*.

Rer oceM Rer

Therefore we get following Theorem.

Theorem 4.3.3.

(i) Ha(G) = (@ H,(K,)) @ (@ Ztg | U)

veV Rer
(i) HX(G) = (P HYK.)) P K.
veV

Example 4.3.4. Let K, be the group defined by g, =< a, b a®, b*, abab >,
and let K, be the group defined by @, =< x | 2% >, i.c, K, =53, K, = Zs.
Let a® = Sy, b2 = Sy, abab = S3, z2 =T. Then 0s,.z, 05, 2, 0S5 2 OT. a,

and or,, are following pictures.

Figure 4.3.4. og, 4.
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Figure 4.3.5. 03, o -

Figure 4.3.6. og,, 4.
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Figure 4.3.7. oq, 4-

Figure 4.3.8. or,4.
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And
53 tO’Sl m) 3tR1, Rl = [CL, ZL’]

53 t0'52 m) = Qth, R2 = [b, l’]

S

(
(
3(tos,, z) = 2tRy + 2t Ry
s(tor, o) = —2tR;

(

53 tO’T b) = —Qth.
Since tRy, tRs are independent, from 2tR, + 2tR, = 0, 2tR; = 0,

2tRy = 0.
(Ztg, ® Ztg,)/U

= <tR17tR2 | 3t31, QtRQ, QtRl =3
= Ztp,|2LtR, = Ls.
Therefore Hy(Ss @ Zs) = Ho(S3) @ Za, because Ha(Zs) = 0.

Remark 4.3.5. The second homology groups of cyclic groups are trivial,
because the second homology module of infinite cyclic groups and finite cyclic

groups are generated by the empty and dipoles, respectively.

If K, and K, are infinite cyclic group then g, =<a| >, p, =<b| >,
and U is trivial. Therefore Zty,; = Z. We has a direct summand for each

edge e € ET.

Corollary 4.3.6. If all K,(v € V) are infinite cyclic groups then

Hy(G) = Pz

|E]
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If po=<al| >, p,=<b]|b*>, then U = gp{ntr} where R = |a,b].

Therefore Ztr/U has a presentation < tg |ntg > . Therefore Ztgr/U = Z,.

Corollary 4.3.7. If K, are infinite cyclic group and K, are finite cyclic

group of order n then

2

Hy(G) Loy,

If p, =<a|a™> and p, =<b|b" >, then U = gp{mtg, ntg} where
R = [a,b]. Therefore Ztr/U has a presentation < tg |mtg, ntg > . Therefore
Ztr/U = Zq where d is the greatest common divisor of m, n. Therefore we

get

Corollary 4.3.8. If K, and K, are finite eyclic groups of order m and n

respectively then

Hy(G) & Ly ) Zn.

4.4 Efficiency

We regard a finite group presentation p =< x; r > as a 2 — CW complex

with one vertex. Then we get a chain complex

Brecltn 2 pexlts 5 7 — 0.
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Let
Hyp = kerds

Hlp - @mex Ztm / 1m52
Hop = 7Z
and let y(p) be the Euler characteristic, i.e., x(p) =1 — |x| + |r|.

Then we know that
X(G) = rk(Hop) — rk(Hip) + rk(Hyp) = 1 — rk(G/G") + rk(Hz2p),

where rk( ) means the rank of the torsion-free part.
Let u(G) = 1—rk(H1G) + d(H2G) where d( ) means the least number of
generators. It is well-known [23] that x(p) > u(G).

Now we consider the efficiency of groups and presentations.

Definition 4.4.1.
(a) A presentation @ for a group G is called efficient if x(po) = u(G).
(b) A group G 1is called efficient if there is an efficient presentation for G,
and if not then G 1is called non-efficient.
(c) A presentation o is called minimal if x(po) < x(p) for any presen-

tation p for G.

B. H. Neumann ([29]) asked all finite groups are efficient whenever their
second homology groups, the Schur multiplicators, are trivial. The example
made by Swan ([36]) showed that the answer is negative. After that, many

important results about efficiency have been established.
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The efficency of groups and presentations are studied as follows.
Remark 4.4.2. Examples of non-efficient groups.
(2], [4], [26], [36]).
Remark 4.4.3. p =< a,b,c,d | a®,b* 2 d?, (bc)?, (cd)?, [a,b], [c,d], [a,d] >
By Tietze transformations, we get another presentation
o =<d, t, u| (tud)?, d*, (ud)?, v’ =13 u'®>.

And by Howlett’s Theorem,

SO

But

x(@)=1=3+5=23

we suspect @' is minimal but can not get an efficient presentation.

We assume that all @, (v € V) are efficient. Then
1—lay| + [so] =1 —rk(H1G,) + d(HyG,) for v € V.

—lal +Is| = = Y rk(HiG,) + > d(HyG).

veV veV

o4



Thus

X(p) =1—la| +s|+ x| =1 =) rk(FiGy) + Y d(HsG,)+ Ir|.

veV veV

From Theorem,

X(G)=1=> rk(HiG,) + Y _ d(H:G\) + d(®reltz/U).
veV veV

Therefore we get

Theorem 4.4.4. If all p,(v € V) are efficient then g is efficient if and only

if d(@rerZtr/U) = |r|.

Example 4.4.5. For each v € V', @y =< Tu, Yy | >, y,°, (Toys)® >, where
o, 1S an even positive integer. Then @, is efficient and U = Gre2Ztr. So

o 1is efficient. The special case that all e, (v € V') are same is a partial result

of [8](Theorem 1).

Corollary 4.4.6. If there is a prime number p which divides exp,(S) for all

S €s, forall x € a, then there is an epimorphism;

®rerZtr/U onto ! Lpy=7p DLy ® DLy

J

~
l—times

where | = d(®rerZtr/U).
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