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1. Introduction

Let H = H(U) denote the class of analytic functions in the open unit disk
U={2€C:|z|]<1}. Forac Candn e N={1,2,---}, let

Hla,n] ={f e H: f(2) =a+apz" + ap 12" +---}.

Let f and F' be members of H. The function f is said to be subordinate to F', or
I is said to be superordinate to f, if there exists a function w analytic in U, with
w(0) = 0 and |w(z)| < 1, and such that f(z) = F(w(z)). In such a case, we write
f < For f(z) < F(z). Ifthe function F is univalent-in U, then f < F' if and only
if f(0) = F(0) and f(U) C F(U) (cf. [9,14]).

Definition 1.1 [8]. Let.¢: C* — C andlet h be univalent in U. If p is analytic

in U and satisfies the differential subordination

¢(p(2), zp/(2)) =N (2), (1.1)
then p is called a selution.of the differential subordination. The univalent function
q is called a dominant of the:solutions of the differential subordination, or more
simply a dominant if p < ¢ for all p satisfying (1.1). A dominant ¢ that satisfies

¢ < ¢ for all dominants ¢ of (1.1) is said to be the best dominant.

Definition 1.2 [9]. Let ¢ : C* — C and let h be analytic in U. If p and

©(p(z), zp'(z)) are univalent in U and satisfy the differential superordination

h(z) < ¢(p(2), 2p'(2)), (1.2)
then p is called a solution of the differential superordination. An analytic function

q is called a subordinant of the solutions of the differential superordination, or more
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simply a subordinant if ¢ < p for all p satisfying (1.2). A univalent subordinant ¢

that satisfies ¢ < ¢ for all subordinants ¢ of (1.2) is said to be the best subordinant.

Definition 1.3 [9]. We denote by Q the class of functions f that are analytic

and injective on U\ E(f), where

B(1) = {¢ € 0 tim 7(2) = oo

and are such that f/(¢) # 0 for ¢ € OU\E(f).

Let M denote the class of functions of the form

1 o0
Z) = ; In Z akzk
k=0

which are analytic in the punctured open unit disk D = {z € C : 0 < |z| < 1}. For
any n € Ng = NU{0}, we denote the multiplier transformations D(n, \) of functions
feMby

D(n, \)f :§+§:(k“”) 2 (N> 0; 2 e ). (1.3)

k=0

Obviously, we have

D(s, \)(D(t, \) f(2)) = D(s +1,A) f(2)

for all nonnegative integers s and ¢t. The operators D(n,\) and D(n, 1) are the
multiplier transformations introduced and studied by Sarangi and Uraligaddi [13]
and Uralegaddi and Somanatha [15,16], respectively. It is easily verified from (1.3)

that



2(D(n,N)f(2)) =AD(n+ 1, f(z) — A+ 1)D(n,\) f(2). (1.4)

By using of the principle of subordination, Miller et al. [10] obtained some
subordination theorems involving certain integral operators for analytic functions
in U. Also Owa and Srivastava [11] investigated the subordination properties of
certain integral operators (see also [1]). Moreover, Miller and Mocanu [9] considered
differential superordinations, as the dual problem of differential subordinations (see
also [2]). In the present paper, we investigate the subordination and superordination
preserving properties of the multiplier transformation D(n, A) defined by (1.3) with

the sandwich-type theorems.

The following lemmas will be required in our present investigation.

Lemma 1.1 [6]. Suppose that the function H : C* — C satisfies the condition:

Re{H (is,t)} <0,

for all real s and t. < —n(1 + s?)/2, where n is a positive integer. If the function

p(z) =1+ pu2™ + -+ is.analyticin U-and

Re{H(p(2),21/(2))} >0 (2 €U),

then Re{p(z)} >0 in U.

Lemma 1.2 [7]. Let 5,7 € C with 3 # 0 and let h € H(U) with h(0) = c. If
Re{fSh(z) +~} > 0 for z € U, then the solution of the differential equation:

) o
Q(Z)er—h() (z €U)



with q(0) = ¢ is analytic in U and satisfies Re{Bq(z) + v} > 0 for z € U.

Lemma 1.3 [8]. Let p € Q with p(0) = a and let q(z) = a + apz" + -+ be
analytic in U with q(z) # a and n € N. If q is not subordinate to p, then there exist
points zg = roe’ € U and ¢y € AU\ E(f), for which q(U,,) C p(U),

q(z0) = p(Co) and  zoq'(20) = mCop'(Go)  (m = n).

A function L(z,t) defined on U x [0, 00)is-the subordination chain (or Léwner
chain) if L(-,t) is analytic and univalent in U for all ¢ € [0;00), L(z, -) is continuously

differentiable on [0, 0c0) forall z € U and L(z,s) < L(z,t) for0 < s < t.

Lemma 1.4 [9]. ' Let ¢ € Hla, 1], let p : C* — C and set p(q(2), 2¢'(2)) = h(z).
If L(z,t) = v(q(2),t2¢'(2)) s a subordination chain and p € Hla,1] N Q, then

hz) <o (p(?), 2p'(2))

implies that

q(z) < p(z).
Furthermore, if ©(q(2),2¢'(2)) = h(z) has a univalent solution q € Q, then q is the

best subordinant.

Lemma 1.5 [12]. The function L(z,t) = ay(t)z + ---, with ay(t) # 0 and

limy o |a1(t)| = o0, is a subordination chain if and only if

Re { 20L(z,t)/0z

R 0< .
8L(z,t)/8t}>o (z€eU; 0<t <)
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2. Main Results

Firstly, we begin by proving the following subordination theorem involving the

multiplier transformation D(n, \) defined by (1.3).

Theorem 2.1. Let f,g € M. Suppose that

Re {1 + Zz/;,(j))} > 5 (2.1)
(¢(2) :== (1 = a)2®D(n+ 1,N)g(z) + az’D(n, N)g(z); A>1—a; 0<a<1; z€ ),

where

1LAaP+ (A1) +a) - |01-a) (A =1+

0= 2.2
(A= Dbo)(l — o) (22)
If f and g satisfy the following subordination condition :
(1= )22 D@+ 1, A)f () + az2D(n, \) () < B(2), (2.3)
then
2Z2DN) f(2)= 22 D(ns X)g(2). (2.4)
Moreover, the function z2D(n, \)g(z) is the best dominant.
Proof.  Let us define the functions F' and G, respectively, by
F(z) :=2*D(n,\)f(2) and G(z):= 2*D(n, \)g(z), (2.5)
We first show that, if the function ¢ is defined by
2G"(z)
=1 2.
q(2) + ) (z € U), (2.6)

5



then

Re{q(2)} >0 (z€U).

Taking the logarithmic differentiation on both sides of the second equation in (2.5)

and using (1.4) for g € M, we obtain

A(2) = (A =14 a)G(2) + (1 — a)G'(2). (2.7)

Now, by differentiating both sides of (2.7), we obtain the relationship:

2 @) 2G"(2) 2q'(2)
ey 7 e g O Lr )i - ) .
_ 4 2q (%) L\ '
A D |
We see from (2.1) that
Re {h(z) + %} >0 (4el),

holds true and by using-Lemma-1.2; we-conclude that the differential equation (2.8)
has a solution ¢ € H(U) with ¢(0) = h(0)="1. Let us put

u+A=14a)/(1—-a)

where 9§ is given by (2.2). From (2.1), (2.8) and (2.9), we obtain

H(u,v) =u+

+6, (2.9)

Re{H(q(2),2¢'(2))} >0 (2 €U).

Now we proceed to show that Re{H (is,t)} < 0 for all real s and t < —(1 + s%)/2.

From (2.9), we have



. ' y
et} = e {25 st A—1+a)/(1—-a) * 5}
A1+ )/l -
A= 14+a)/(1 —a)+is|? (2.10)
< - Es(s)
S AT /0= a) Tl
where
o= (252w e )

For ¢ given by (2.2), we can prove easily that the expression Ej(s) given by (2.11) is
positive or equal to zero. Hence from (2.9), we see that Re{H (is,t)} < 0 for all real
s and t < —(1 4 s?)/2. Thus, by using Lemma 1.1, we conclude that Re{g(z)} > 0
for all z € U. That is, ¢ is convex in U.

Next, we prove that the subordination condition (2.3) implies that

F(z) < G(?) (2.12)

for the functions F' and G-defined by (2.5). Without loss of generality, we can
assume that G is analytic and univalent on U and G’(¢) # 0 for |[¢| = 1. For this

purpose, we consider the function L(z,t) given by

A-ltag o (L-a)1+d)

L(z,t) = 5 G(z) 2G'(z) (2€U; 0<t< ).
We note that
ILEDL oo (M) £0 (0<t<oo A>0).
0z |, A




This shows that the function

L(z,t) =a1(t)z+ - --

satisfies the condition a;(t) # 0 for all ¢ € [0, 00). Furthermore, we have

Re{%} - Re{% F(1+1) (1 + Zg,,;(;))} >0,

since G is convex and (A — 1+ «)/(1 — «) > 0. Therefore, by virtue of Lemma 1.5,
L(z,t) is a subordination chain.~We observe from the definition of a subordination

chain that

L(¢,t) ¢ L(U,0) = ¢(U). (€€ U; 0 <t <'o0)

Now suppose that F'is not subordinate to GG, then by Lemma 1.3, there exists points

zo € U and (p € dU such that

F(z) = G(¢o) and — 20F'(2) = (1 +)¢eG'(Gp) -~ (0 < t < 00).

Hence we have

Lo t) = 25 0 + B0 )
= #F(Zo) + 1 ; aZoF’(Zg)

= (1 =)z D(n+1,1) f(20) + azgD(n,\) f(2) € 6(U),
by virtue of the subordination condition (2.3). This contracts the above observation

that L((o,t) € ¢(U). Therefore, the subordination condition (2.3) must imply the

subordination given by (2.12). This evidently completes the proof of Theorem 2.1.
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We next prove a dual problem of Theorem 2.1, in the sense that the subordina-

tions are replaced by superordinations.

Theorem 2.2. Let f,g € M. Suppose that

Ref1+ 208> oo

(6(2) :== (1 — a)2®D(n+ 1,N)g(z) + az’D(n, N)g(z); A>(1—a); 0<a<1; 2€U),

where § is given by (2.2). If (1 —a)z?D(n+1,A) f(2) + az2D(n, \) f(2) is univalent
in U and 22D(n, \) f(2) € H|[0,1} N Q, then

#(z) = (1= a)z2D(n + 1, \) f(2) + az’D(n, N).f(z) (2.13)

implies that

22D(n, N)g(z) R 22D(n,\) f(2).
Moreover, the function z2D(n, \)g(z) is the best subordinant.

Proof.  Let us define-the functions F' and-G, respectively, by (2.5). We first

note that, if the function ¢ is defined by (2.6), by using (2.7), then we obtain

o) = 25 0 + T
(2.14)

= ¢(G(2), 2G'(2)).

After a simple calculation, the equation (2.13) yields the relationship:

2¢"(2)
¢'(2)

2q'(2)

1+ D+ —1+a)/0—a)

=q(2) +

9



Then by using the same method as in the proof of Theorem 2.1, we can prove that
Re{q(z)} > 0 for all z € U. That is, G defined by (2.5) is convex(univalent) in U.

Next, we prove that the subordination condition (2.13) implies that

F(z) < G(2) (2.15)

for the functions F' and G defined by (2.5). Now considering the function L(z,t)
defined by
A—1+a ey

3 G(z) + TzG/(z) (2€U; 0<t<00).

L(z,t) =
we can prove easily‘that L(z,1) is a subordination chain as in the proof of Theorem
2.1. Therefore according to Lemma 1.4, we conclude that the superordination condi-
tion (2.13) must imply the superordination given by (2.15). Furthermore, since the
differential equation (2.14) has the univalent solution G, it is the best subordinant of

the given differential superordination. Therefore we complete the proof of Theorem

2.2.

If we combine this Theorem 2.1 and Theorem 2.2, then we obtain the following

sandwich-type theorem.

Theorem 2.3. Let f, g, € M(k =1,2). Suppose that

(fr(z) :=(1— @)22D(n 4 1, \)gr(2) + az?D(n, Ngr(2); k=1,2; A>(1—a); 0<a<1; z€ U),
(2.16)
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where & is given by (2.2). If (1 —a)z?D(n+1,\) f(2) + @z®D(n, \) f(2) is univalent
in U and 2*D(n, \) f(z) € H[0,1] N Q, then

¢1(2) < (1 —a)2?D(n + 1, \) f(2) + az’D(n, \) f(2) < ¢a(2)

implies that

22D(n, \)g1(2) < 22D(n, \) f(2) < 22D(n, \)ga(2).

Moreover, the functions 22D (n, N)g1(z) and 22D(n +1,\)g2(2) are the best subordi-

nant and the best dominant, respectively.

The assumption of Theorem 2.3, that the functions (1 — a)22D(n+ 1,\) f(2) +
az’D(n, ) f(z) and z2D(n,A) f(2) need to be univalent in U, may be replaced an-

other condition in the following result.

Corollary 2.1. Let f,gr € M(k =1,2). Suppose that the condition (2.16) is

satisfied and

WEY
Re{l + ) } > —0 (2.17)
(1/}(2,’) = (1 —-0a)2®D(n+ 1,\)f(2) + az’D(n,\) f(2); z € U) ,

where § is given by (2.2). Then

$1(2) < (1 —a)2?D(n+ 1, A) f(2) + az’D(n, \) f(2) < ¢2(2)

implies that

11



22D(n, \)g1(2) < 2°D(n, \) f(2) < 2°D(n, \)ga(2).

Moreover, the functions 22D (n, X)g1(z) and z>D(n, \)g2(2) are the best subordinant

and the best dominant, respectively.

Proof.  In order to prove Corollary 2.1, we have to show that the condition
(2.17) implies the univalence of ¥(z) and F(z) := z2D(n, \) f(z). Since ¢ given by
(2.2) in Theorem 2.1 satisfies the inequality 0 < § < 1/2, the condition (2.17) means
that v is a close-to-convex function in U (see [4]) and hence 1) is univalent in U.
Furthermore, by using the same techniques as in the proof of Theorem 2.1, we can
prove the convexity(univalence) of F' and so the details may be omitted. Therefore,

from Theorem 2.3, we obtain Corollary 2.1.

Setting n = 0, A = 2 and @ = 0 in Theorem 2.3, we have the following result.

Corollary '2.2. Let f, g€ M(k = 1,2). Suppose that

g

(m(z) _ 29i2) +320k(2)

5 ;k—1,2;ZEU>.

If (22 f"(2) + 32%f(2))/2 is univalent in U and 2> f(z) € H[0,1] N Q, then

PERMC) er 322f(2)

$1(2) < $2(2)

implies that

221 < 22 f(2) < 22g0(2).

12



Moreover, the functions z2g1(z) and z2g»(z) are the best subordinant and the best

dominant, respectively.

By using the same method as in the proof of Theorem 2.3, we have the following

sandwich-type theorem.

Theorem 2.4. Let f, g, € M(k =1,2). Suppose that

Re {1+ ZHI >

(Pr(2) = (1 —a)zD(n+ 1L, Ngi(2) + azD(n, Ngr(2); k=1,2; A>0; 0<a<]1; z€U),

where

(1—a)+ A2 —|(1—a)— N
AN1 — )

If (1 —a)zD(n'+ LN f(2) +azD(n, ) f(2) is univalent in U and zD(n,\)f(z) €
H[1,1) N Q, then

5

$1(2) < (1 —=a)zD(n+1,\) f(2) + azD(n,\) f(2) < ¢2(2)

implies that

2D(n, \)g1(2) < zD(n, \) f(2) < zD(n, X)ga(z2).

Moreover, the functions zD(n,\)g1(z) and zD(n,\)gz(2) are the best subordinant

and the best dominant, respectively.

Next, we consider the integral operator F, (¢ > 0) defined by (cf. [3,5,15,16])

13



C

F(NE) = o5 /Oztcf(t)dt (f € M; ¢>0). (2.18)

Now, we obtain the following sandwich-type result involving the integral opera-

tor defined by (2.18).

Theorem 2.5. Let f, g, € M(k =1,2). Suppose that

Re {1 + quéf))} S (2.19)

(gbk(z) =22 AAGRERIER: P >8.c>1; z € U) ,

where

1 (=12 = |1 F(e=u)%
4(c—1)

If 22D(n, \) f(2) 48 univalent in U and z2D(n, \)F.(f)(z) € H[0,1] N Q, then

J= (c>1). (2.20)

22D(n, N)gi(z) < 22D(n, \) f(2) < 2> D(n,N\)ga(2)

implies that

22D(n, \)F.(91)(2) < 22D(n, \)F.(f)(2) < 22D(n, \) F.(g2)(2).

Moreover, the functions z>D(n, \)F.(g1)(z) and z>D(n, \)F.(g2)(2) are the best sub-

ordinant and the best dominant, respectively.

Proof.  Let us define the functions F' and Gy (k = 1,2) by

F(z) = 22D(n, ) F.(f)(z) and Gi(z) := 2°D(n, \)F.(g)(2),

14



respectively. From the definition of the integral operator F, defined by (2.18), we

obtain

2(D(n, N Fe(f)(2)) = eD(n, M) f(2) = (¢ + 1) D(n, ) Fe(f)(2)

Then from (2.19) and (2.21), we have

cor(z) = (¢ — 1)Gr(2) + 2G(2).

Setting

2GY(2)
Gi(2)

and differentiating both sides of (2.22), we obtain

qe(z) = LF be=.1.2: 2 D

AN 210

L ) G(2) +c 2 1"

(2.21)

(2.22)

The remaining part.of the-proof is similar to that of Theorem 2.1 and so we may

omit for the proof involved.

By using the same methods as in the proof of Corollary 2,1, we have the following

result.

Corollary 2.3. Let f,gr € M(k = 1,2). Suppose that the condition (2.19) is

satisfied and

e 220)

(@Z)(z) = 22D(n, \)f(2); A>0; z¢€ U) ,



where § is given by (2.20). Then

22D(n, \)g1(2) < 2°D(n, \) f(2) < 2°D(n, \)ga(2)

implies that

ZZD(n7 )‘)FC(gl)(z> = ZZD(n’ )‘)Fc(f)(z) = ZQD(”? /\)FC(QZ)(Z)
Moreover, the functions 22D (n, \)F.(g1)(z) and z22D(n, \)F.(g2)(2) are the best sub-

ordinant and the best dominant, respectively.

Taking n = 0 in Theorem 2.5, we have the following result.
Corollary 2.4. Let f, g € M(k = 1,2). Suppose that

Re {1 + ZZ“((ZZ))} A 5

(gbk(z) = 2N (A — Y 0 > 1) s U) ,

where § is given by, (2.20). If 22 f(z) is unwalent in U and 2°F.(f)(z) € H[0,1]N Q,
then

Pgi(2) < 2°f(2) < 2°g2(2)

implies that

2F(01)(2) < 2Ff)(2) < 22Fa(g2) (=),

Moreover, the functions 2*F.(g1)(2) and 2°F.(g2)(2) are the best subordinant and

the best dominant, respectively.
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